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Exercise 1.1. The purpose of this exercise is to find the most general infinitesimal transfor-
mation x

′µ ' xµ+εµ(x) that defines conformal transformations as the set of diffeomorphisms
that leave the metric unchanged up to a overall scale factor, which in general can be coordi-
nate dependent.

Let us consider the metric tensor gµν(x) of a d-dimensional space-time. Show that the
above definition of “conformal transformations” requires:

g′µν(x
′) =

∂xρ

∂x′µ

∂xσ

∂x′ν
gρσ(x) = Ω(x)2gµν(x) . (1.1)

Another way to phrase this in the flat case is that the Jacobian of the transfomation is an
orhogonal metric times a coordinate dependent prefactor.

∂xρ

∂x′µ
= Ω(x)Rρ

µ (1.2)

Expand Eq. (1.1) at linear order in εµ(x) (assuming Ω ' 1 − O(ε)) and obtain the
“Killing equation” (we restrict to constant metric γµν = ηµν))

∂ρεµ + ∂µερ =
2

d
(∂σεσ)ηµρ . (1.3)

Deriving a second time, permuting the indices and taking linear combinations show that

∂ρ∂νεµ =
1

d
(∂ν∂

σεσηµρ − ∂µ∂σεσηνρ + ∂ρ∂
σεσηµν) . (1.4)

Finally, contracting the indices and applying ∂ν to the resultinh equation and 2 to eq. (1.3),
obtain:

∂ν2εµ =
2− d
d

∂µ∂ν(∂
σεσ) ,

∂ν2εµ + ∂µ2εν =
2

d
2∂σεσηµν (1.5)

Symmetrizing the first equation show that

(2− d)∂µ∂ν(∂
σεσ) = gµν2∂

σεσ , (1.6)
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and taking the trace show that f(x) + (∂σεσ) satisfies the following second order differential
equation:

(d− 1)2f(x) = 0 . (1.7)

Inserting the above constraint in eq.(1.6) argue that for d > 2 it must be f(x) = A+Bµx
µ,

which translates in the general expression

εµ = cµ + aµνx
ν + bµνρx

νxρ (1.8)

Plugging the general solution into eq. (1.4) we observe that the coefficient bµνρ can be
expressed in terms of only one vector bµ ≡ b σσ µ:

bµνρ =
1

d

(
b σσ νηµρ + b σσ ρηµν − b σσ µηνρ

)
(1.9)

Finally, using eq. (1.3) show that the symmetric part of aµν is proportional to the matrix
ηµν, while the antisymmetric one is completely unconstrained.

Recognize the transformations associated to the above parameters:

x′µ = xµ + cµ : translations

x′µ = xµ + λxµ : dilatations

x′µ = xµ + aµνx
ν : Lorentz rotations

x′µ = xµ + 2(bρx
ρ)xµ − x2bµ : Conformal boosts

(1.10)

Exercise 1.2. Show that in d = 2, given the coordinates (z0, z1) with a flat metric on the
plane, and the transfomation zi → wi(zj), the condition

g′µν(x
′) =

∂xρ

∂x′µ

∂xσ

∂x′ν
gρσ(x) = Ω(x)2gµν(x) . (1.11)

corresponds to (
∂w0

∂z0

)2

+

(
∂w0

∂z1

)2

=

(
∂w1

∂z0

)2

+

(
∂w1

∂z1

)2

∂w0

∂z0

∂w1

∂z0
+
∂w0

∂z1

∂w1

∂z1
= 0 (1.12)

Show that the above conditions are equivalent to the Cauchy-Riemann equations for holo-
morphic (or anti-holomorphic) functions:

∂w1

∂z0
= ±∂w

0

∂z1
,

∂w0

∂z0
= ∓∂w

1

∂z1
(1.13)

Conclude that conformal transformations in d = 2 are those for which the function w(z) is
holomorphic, where

z = z0 + iz1 , z = z0 − iz1 , w = w0 + iw1 , w = w0 − iw1 (1.14)
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Exercise 1.3. Starting from the infinitesimal transformations we can define the differential
form of the generators acting on functions. Given a coordinate transformation x → x′ =
ξ(x) ( therefore x = ξ−1(x′)), we have f(x) → f ′(x) = f(ξ−1(x)). The implementation of
function can be implemented through differential generators J such that f ′(x) = eJf(x). In
the case in exam we get:

Translations : f ′(x) = f(xµ − cµ) = f(x)− cµ∂µf(x) ⇒ Pµ = ∂µ

Lorentz : f ′(x) = f(xµ)− wµνxν∂µf(x) ⇒Mµν = −(xµ∂ν − xν∂µ)

Dilatations : f ′(x) = f(xµ)− λxµ∂µf(x) ⇒ D = xµ∂µ

Conf. boosts : f ′(x) = f(x)− (2bνxνx
µ∂µ − x2bµ∂µ)f(x) ⇒ Kµ = (2xµx

ρ∂ρ − x2∂µ)

(1.15)

Using the above representation compute all the commutation relations among the conformal
algebra generators.

Exercise 1.4 (DIFFICULT). Recalling the definition of conserved charge

Qε = −
∫

Σ

dSµενT
µν (1.16)

where Σ is the boundary of some region Σ = ∂B and dSµ is the normal to the surface. The
commutator with the Stress Tensor itself is fixed by symmeties:

[Qε, T
µν ] = ερ∂ρT

µν + (∂ρε
ρ)T µν − ∂ρεµT ρν + ∂µερT

ρν (1.17)

Contracting with ε
′µ and integrating over a surface Σ′ shaw that :

[Qε, Qε′ ] = Q−[ε,ε′] (1.18)

where [ε, ε′] = ((∂ · ε)ε′ − (∂ · ε′)ε) is the Lie bracket. [Hint: choose a smart surface, for
instance a cube in flat coordinates and show that the integral of (ε·∂)(Tµνε

′ν)−(∂ρεµ )(Tρνε
′ν)

vanishes. To do this integrate by part and recall that ε, ε′ satisfy the Killing equations].

Exercise 1.5. Using the definitions of the previous exercise, compute the algebra of con-
formal transformations by applying the Lie bracket. We write down the explicit form of
εµ. We strip out the parameters of the transformation, which we collectively call fa. Then
εµ = faεµa . The nature of the index a depends on the kind of transformation considered:

• translations: εµa → εµν = δµν

• rotations: εµa → εµνρ = δµνxρ − δµρxν

• dilatations: εµa → εµ = xµ

• SCT: εµa → εµν = 2xµxρ − δµνx2

Let us see an example. Consider the ε the killing vector associated to dilatations and ε′

the one associated to translations. Then

[QD, QPρ ]→ 1

d
(∂µx

µ)δνρ = δνρ → [D,Pρ] = Pρ (1.19)

Compute all the other commutation relations.

3


