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Exercise 1.1. The purpose of this exercise is to find the most general infinitesimal transfor-
mation " ~ x*+e(x) that defines conformal transformations as the set of diffeomorphisms
that leave the metric unchanged up to a overall scale factor, which in general can be coordi-
nate dependent.

Let us consider the metric tensor g,,(x) of a d-dimensional space-time. Show that the
above definition of “conformal transformations” requires:

P oz 0x°
guv(x) = %ngo(x) = Q(x)QQW(fE) . (1.1)

Another way to phrase this in the flat case is that the Jacobian of the transfomation is an
orhogonal metric times a coordinate dependent prefactor.
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o = Q)R] (1.2)
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Expand Eq. (1.1) at linear order in e¢"(x) (assuming Q ~ 1 — O(e)) and obtain the
“Killing equation” (we restrict to constant metric v, = 1n,,))

2
Opep + Ouep = 3(0”60)77up- (1.3)

Deriving a second time, permuting the indices and taking linear combinations show that
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0,0,€, = pi

(000° €anup — 00 €anlyp + 0y oty - (1.4)

Finally, contracting the indices and applying 0, to the resultinh equation and O to eq. (1.3),
obtain:

2—d
0,0¢, = 76’#&,(8‘760) ,
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0,0¢, + 0,0¢, = ED@UEUW (1.5)

Symmetrizing the first equation show that

(2—d)0,0,(0¢€,) = g,,00%€,, (1.6)



and taking the trace show that f(x) = (0%€¢,) satisfies the following second order differential
equation:

(d—1)0f(z) =0. (1.7)

Inserting the above constraint in eq.(1.6) argue that for d > 2 it must be f(x) = A+ B,a*,
which translates in the general expression

e =c*+a,x’ +b,,,27 2" 1.8
7 vp

Plugging the general solution into eq. (1.4) we observe that the coefficient b,,, can be
expressed in terms of only one vector b, = b,

1
leP = ;l (baaun,uﬂ + bUUpT/lW - bfu””ﬂ) (19)

Finally, using eq. (1.3) show that the symmetric part of a,, is proportional to the matriz
Nuw, While the antisymmetric one is completely unconstrained.

Recognize the transformations associated to the above parameters:

't =at+ " translations

't =t + Xt . dilatations

¥ =ax*+a'x” . Lorentz rotations

2 =t + 2(bya’)at — 2*b" . Conformal boosts

(1.10)

Exercise 1.2. Show that in d = 2, given the coordinates (z°, z') with a flat metric on the
plane, and the transfomation z; — w;(z;), the condition

;oo OxP Ox° B )
g,u,l/(x) - wwg[m'(l‘) - Q(I’) guy(l‘) . (111)
corresponds to
ouw’ 1\ 2
<@> (821) - (820) <8z )
ow® owr  Ow® ow!
020 029 + 0z 021 =0 (1.12)

Show that the above conditions are equivalent to the Cauchy-Riemann equations for holo-
morphic (or anti-holomorphic) functions:
ow* ouw’ ouw’ ow'!
R — :|:_ , R — q:_
020 0z! 020 0z!
Conclude that conformal transformations in d = 2 are those for which the function w(z) is
holomorphic, where

(1.13)

2=+, z=2"—it, w=u’+iw, wW=uw’—iw (1.14)



Exercise 1.3. Starting from the infinitesimal transformations we can define the differential
form of the generators acting on functions. Given a coordinate transformation x — =’ =
&(x) ( therefore x = £7Y(2")), we have f(x) — f'(z) = f(& Y (x)). The implementation of
function can be implemented through differential generators J such that f'(x) = e’ f(z). In
the case in exam we get:

Translations : f'(z) = f(a — ) = f(z) — O,.f(x) = P, =0,

Lorentz : f'(x) = f(a") —wha"0, f(x) = M,, = — (2,0, — x,0,)
Dilatations :  f'(x) = f(z") — X0, f(x) = D =210,

Conf. boosts: f'(z) = f(x) — (2b"z,2"0, — 2°b"0,) f(x) = K, = (22,270, — 2°0,)

(1.15)

Using the above representation compute all the commutation relations among the conformal
algebra generators.

Exercise 1.4 (DIFFICULT). Recalling the definition of conserved charge

Q.= — / dS,e, T (1.16)
Y

where 3 is the boundary of some region ¥ = 0B and dS,, is the normal to the surface. The
commutator with the Stress Tensor itself is fived by symmeties:

(Qe, TH] = €20, T" + (0,€”)TH — 0,e" T + OF'e, T (1.17)

Contracting with € " and integrating over a surface ¥’ shaw that :
[Qeu Qe’] = Q—[e,e’] (118>
where [e,€'] = ((0-€)¢ — (0-€)e) is the Lie bracket. [Hint: choose a smart surface, for

instance a cube in flat coordinates and show that the integral of (€-0)(Tye ") —(0Pe, )(Tye”)
vanishes. To do this integrate by part and recall that €, € satisfy the Killing equations|.

Exercise 1.5. Using the definitions of the previous exercise, compute the algebra of con-
formal transformations by applying the Lie bracket. We write down the explicit form of
e'. We strip out the parameters of the transformation, which we collectively call f*. Then
et = f?%". The nature of the index a depends on the kind of transformation considered:

o translations: e — et = oK
jons: et Lol §R
e rotations: e — €}, = ofx, — oz,
o dilatations: et — et = x#
- M H— 9l SHp2
o SCT: e = e = 2atx, — Oba

Let us see an example. Consider the € the killing vector associated to dilatations and €
the one associated to translations. Then

Q0. Qp,) — Cli(auw(s; — 4§+ [D.P) =P, (1.19)

Compute all the other commutation relations.



