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‣ The parameters matching QCD+QED to our world can be 
unambiguously determined by imposing a complete set 
of experimental hadronic measurement


‣ The separate determination of isospin-breaking corrections 
is prescription dependent


‣ Important phenomenological interest, for example


• Comparison of iso-symmetric quantities in theoretical 
g-2 determinations


• Radiative corrections to weak decays relatively to QCD 
decay constants and form factors
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Motivations



‣ Phenomenology 
[Gasser & Leutwyler, Phys. Rep. 87(3), pp. 77-169 (1982)] 
[Gasser, Rusetsky & Scimemi, EPJC 32, pp. 97–114 (2003)] 
[Gasser & Zarnauskas, PLB 693(2), pp. 122-128 (2010)]


‣ Lattice 
[RM123, Phys. Rev. D 87(11), 114505 (2013)] 
[BMW, Phys. Rev. Lett. 111(25), 252001 (2013)] 
[BMW, Science 347 (6229), pp. 1452-1455 (2015)] 
[QCDSF, JHEP 93 (2016)] 
[BMW, Phys. Rev. Lett. 117(8), 082001 (2016)] 
[MILC, Phys. Rev. D 99(3), 034503 (2019)] 
[RM123-Soton, Phys. Rev. D 100(3), 034514 (2019)] 
[FLAG, EPJC 80, 113 (2020)]
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Background literature

https://www.sciencedirect.com/science/article/pii/0370157382900357?via=ihub
https://link.springer.com/article/10.1140/epjc/s2003-01383-1
https://www.sciencedirect.com/science/article/pii/S0370269310009548?via=ihub
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.87.114505
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.111.252001
https://www.science.org/doi/10.1126/science.1257050
https://link.springer.com/article/10.1007/JHEP04(2016)093
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.117.082001
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.99.034503
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.100.034514
https://link.springer.com/article/10.1140/epjc/s10052-019-7354-7


‣ For an observable     one ideally wants an expansion 
(FLAG notation) 
 
 

‣ A complete set of hadron masses defines      
unambiguously


‣ The separation in 3 contributions requires additional 
conditions, and are scheme-dependent
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General problem

<latexit sha1_base64="PTyLaZXM9XYjvpU9KA6ng6svu2k=">AAACF3icdVDLSsNAFJ34tr6qLt0MFkERQlJqbReC6MalotVAU8vNdNoOnUnCzEQoIX/hxl9x40IRt7rzb5w+BJ8HLhzOuZd77wlizpR2nHdrYnJqemZ2bj63sLi0vJJfXbtUUSIJrZGIR9ILQFHOQlrTTHPqxZKCCDi9CnrHA//qhkrFovBC92PaENAJWZsR0EZq5m3vOvXjLssO/ABk6mW7XjP1OyAEjKgA3ZUiPa9l28WdrJkvOLZbreyVq/g3cW1niAIa47SZf/NbEUkEDTXhoFTddWLdSEFqRjjNcn6iaAykBx1aNzQEQVUjHf6V4S2jtHA7kqZCjYfq14kUhFJ9EZjOwZnqpzcQ//LqiW5XGikL40TTkIwWtROOdYQHIeEWk5Ro3jcEiGTmVky6IIFoE2XOhPD5Kf6fXBZtt2yXzkqFw6NxHHNoA22ibeSifXSITtApqiGCbtE9ekRP1p31YD1bL6PWCWs8s46+wXr9APgSoHY=</latexit>

X� = X̄ +X� +XSU(2)

<latexit sha1_base64="KlKa3hNUuHGyq6MQ1+qaDuHKAkA=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmYkxuQW9OIxAbNAMoSeTk3Spmehu0cIIV/gxYMiXv0kb/6NnUVwfVDweK+Kqnp+IrjSjvNuZVZW19Y3spu5re2d3b38/kFTxalk2GCxiGXbpwoFj7ChuRbYTiTS0BfY8kdXM791h1LxOLrR4wS9kA4iHnBGtZHq7V6+4NhupXxeqpDfxLWdOQqwRK2Xf+v2Y5aGGGkmqFId10m0N6FScyZwmuumChPKRnSAHUMjGqLyJvNDp+TEKH0SxNJUpMlc/ToxoaFS49A3nSHVQ/XTm4l/eZ1UB2VvwqMk1RixxaIgFUTHZPY16XOJTIuxIZRJbm4lbEglZdpkkzMhfH5K/ifNM9st2cV6sVC9XMaRhSM4hlNw4QKqcA01aAADhHt4hCfr1nqwnq2XRWvGWs4cwjdYrx9diY1X</latexit>

X

strong IB
electromagnetic IB

iso-symmetric
<latexit sha1_base64="6ulyne0lopt+Mh4FjLOoXrdf0nA=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiB4GmYkxuQW9OIxglkgGUNPpydp09M9dPcIIeQfvHhQxKv/482/sbMIrg8KHu9VUVUvTDjTxvPenczS8srqWnY9t7G5tb2T391raJkqQutEcqlaIdaUM0HrhhlOW4miOA45bYbDi6nfvKNKMymuzSihQYz7gkWMYGOlRuumkwxYN1/wXL9SPi1V0G/iu94MBVig1s2/dXqSpDEVhnCsddv3EhOMsTKMcDrJdVJNE0yGuE/blgocUx2MZ9dO0JFVeiiSypYwaKZ+nRjjWOtRHNrOGJuB/ulNxb+8dmqicjBmIkkNFWS+KEo5MhJNX0c9pigxfGQJJorZWxEZYIWJsQHlbAifn6L/SePE9Utu8apYqJ4v4sjCARzCMfhwBlW4hBrUgcAt3MMjPDnSeXCenZd5a8ZZzOzDNzivHxxFj4Q=</latexit>

X�



‣ This is quite technical to describe fully, so before 
anything else… 
 
The key choices in designing a scheme are 
 
1) which variables are kept fixed when 
2) which variable parametrises 


‣ Both 1) and 2) define the scheme and are sufficient to 
define the isospin expansion
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High-level strategy

<latexit sha1_base64="7z7O+08KuGIk42SGgzZf+GUczDQ=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiB4GmZEY3ILevEYwSyYGUJPpydp0tM9dPcIIeQvvHhQxKt/482/sbMIrg8KHu9VUVUvSjnTxvPendzS8srqWn69sLG5tb1T3N1rapkpQhtEcqnaEdaUM0EbhhlO26miOIk4bUXDy6nfuqNKMyluzCilYYL7gsWMYGOl2wDzdIADI71useS5frVyVq6i38R3vRlKsEC9W3wLepJkCRWGcKx1x/dSE46xMoxwOikEmaYpJkPcpx1LBU6oDseziyfoyCo9FEtlSxg0U79OjHGi9SiJbGeCzUD/9KbiX14nM3ElHDORZoYKMl8UZxwZiabvox5TlBg+sgQTxeytiAywwsTYkAo2hM9P0f+keeL6Zff0+rRUu1jEkYcDOIRj8OEcanAFdWgAAQH38AhPjnYenGfnZd6acxYz+/ANzusH/2KRKg==</latexit>

↵ ! 0
<latexit sha1_base64="1VJWXKGyMfzXm2HKLU2Mno4QRyU=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAhuDInU2i6EohuXFewD2hAmk0k7dGYSZiaFEvonblwo4tY/ceffOH0IPg9cOJxzL/feE6aMKu2679bS8srq2npho7i5tb2za+/tt1SSSUyaOGGJ7IRIEUYFaWqqGemkkiAeMtIOh9dTvz0iUtFE3OlxSnyO+oLGFCNtpMC2exFhGkF+yYPslAdRYJdcx6tVzys1+Jt4jjtDCSzQCOy3XpTgjBOhMUNKdT031X6OpKaYkUmxlymSIjxEfdI1VCBOlJ/PLp/AY6NEME6kKaHhTP06kSOu1JiHppMjPVA/van4l9fNdFz1cyrSTBOB54vijEGdwGkMMKKSYM3GhiAsqbkV4gGSCGsTVtGE8Pkp/J+0zhyv4pRvy6X61SKOAjgER+AEeOAC1MENaIAmwGAE7sEjeLJy68F6tl7mrUvWYuYAfIP1+gFzC5OU</latexit>

�m = mu �md



‣ Isospin breaking effects are small. 
Up to 1% corrections, unphysical theories are within 
a linear correction from the physical point 
 

‣ The space of all possible prescriptions can be explored 
with the knowledge of the observable derivatives


‣ The variable      can be changed using Jacobians 
Requires knowledge of variable derivatives
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Linear expansion

<latexit sha1_base64="116OkuVikXYhIrNsF4IsC1XnInI="></latexit>

XM (M,↵) = X� +
@XM

@M
(M �M�) + (↵� ↵�)

@XM

@↵

<latexit sha1_base64="nz05IjRll6SOadn54O+Kok0/rrw=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmYkxuQW9OJFSMAkQjKEnk5N0qZnobtHCCFf4MWDIl79JG/+jZ1FcH1Q8Hiviqp6fiK40o7zbmWWlldW17LruY3Nre2d/O5eU8WpZNhgsYjljU8VCh5hQ3Mt8CaRSENfYMsfXkz91h1KxePoWo8S9ELaj3jAGdVGql918wXHdivl01KF/Cau7cxQgAVq3fxbpxezNMRIM0GVartOor0xlZozgZNcJ1WYUDakfWwbGtEQlTeeHTohR0bpkSCWpiJNZurXiTENlRqFvukMqR6on95U/Mtrpzooe2MeJanGiM0XBakgOibTr0mPS2RajAyhTHJzK2EDKinTJpucCeHzU/I/aZ7Ybsku1ouF6vkijiwcwCEcgwtnUIVLqEEDGCDcwyM8WbfWg/VsvcxbM9ZiZh++wXr9AEzdjUw=</latexit>

M



‣ Same data than leptonic decay IB corrections 
[M Di Carlo, Lattice 2022]


‣ Physical point DWF ensemble with 


‣ Bare parameters derivatives through operator insertions


‣ Electro-quenched QEDL


‣ Universal FV QEDL effects subtracted from masses


‣ Using best AIC fit results, statistical errors only
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Physical point setup

<latexit sha1_base64="/fWKdeVcOVIW3voy4z3l8nfCcgU=">AAACAXicdZDLSsNAFIYnXmu9Rd0IbgaL4Cokta0ui25cVrAXaEKZTCft0JkkzkyEEtqNr+LGhSJufQt3vo2TNoqK/jDw851zmHN+P2ZUKtt+NxYWl5ZXVgtrxfWNza1tc2e3JaNEYNLEEYtEx0eSMBqSpqKKkU4sCOI+I21/dJHV27dESBqF12ocE4+jQUgDipHSqGfuI1dSTm6gbTnlqcuRGgqeBnzSM0saVe1qrQxzcwK/iGPZM5VArkbPfHP7EU44CRVmSMquY8fKS5FQFDMyKbqJJDHCIzQgXW1DxIn00tkFE3ikSR8GkdAvVHBGv0+kiEs55r7uzFaUv2sZ/KvWTVRw5qU0jBNFQjz/KEgYVBHM4oB9KghWbKwNwoLqXSEeIoGw0qEVdQifl8L/TatsOTWrclUp1c/zOArgAByCY+CAU1AHl6ABmgCDKbgHj+DJuDMejGfjZd66YOQze+CHjNcPOM6WyQ==</latexit>

a ' 0.12 fm

https://indico.hiskp.uni-bonn.de/event/40/contributions/534/attachments/447/935/lattice2022_mdc_v2.pdf


‣ Choose a variable set       


‣ If      is not known experimentally, predict 
Choose prescription for 


‣ Derivatives in      can be computed using the Jacobian 
 

‣ Compute IB corrections, for example QED corrections
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Scheme application
<latexit sha1_base64="nz05IjRll6SOadn54O+Kok0/rrw=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmYkxuQW9OJFSMAkQjKEnk5N0qZnobtHCCFf4MWDIl79JG/+jZ1FcH1Q8Hiviqp6fiK40o7zbmWWlldW17LruY3Nre2d/O5eU8WpZNhgsYjljU8VCh5hQ3Mt8CaRSENfYMsfXkz91h1KxePoWo8S9ELaj3jAGdVGql918wXHdivl01KF/Cau7cxQgAVq3fxbpxezNMRIM0GVartOor0xlZozgZNcJ1WYUDakfWwbGtEQlTeeHTohR0bpkSCWpiJNZurXiTENlRqFvukMqR6on95U/Mtrpzooe2MeJanGiM0XBakgOibTr0mPS2RajAyhTHJzK2EDKinTJpucCeHzU/I/aZ7Ybsku1ouF6vkijiwcwCEcgwtnUIVLqEEDGCDcwyM8WbfWg/VsvcxbM9ZiZh++wXr9AEzdjUw=</latexit>

M

<latexit sha1_base64="ld8Pd/DBsE+sYEc+JN1gO8KFZZ0="></latexit>

@XM

@(M,↵)
=

@X

@(m0,↵)


@(M,↵)

@(m0,↵)

��1
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M
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M�
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M
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<latexit sha1_base64="yHPayzcynryPeL8dIVuuaizpf20="></latexit>

X� =
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@M
(M� � M̂) + ↵

@X
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‣ Prescription: take physical renormalised quark masses 

‣ Then with  
 
 

‣ Generally implicit scheme for EFT calculations


‣ Introduced in lattice calculations by RM123 
as “GRS scheme” for electro-quenched theories
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Quark mass scheme

<latexit sha1_base64="CLBs1kbhkvPUsjlb9wZ48mUo/oI=">AAACInicdZDLSgMxFIYz9VbrbdSlm2ARKmiZkVrbhVB047KCbYV2HDKZtA1NZoYkI5Shz+LGV3HjQlFXgg9j2o54/yHw5T/nkJzfixiVyrJejczM7Nz8QnYxt7S8srpmrm80ZRgLTBo4ZKG49JAkjAakoahi5DISBHGPkZY3OB3XW9dESBoGF2oYEYejXkC7FCOlLdes8qukE/Xp6LjA3ST2R+l1j7vyE+MU97nrp7jrmnmraFcrh+Uq/A120ZooD1LVXfO544c45iRQmCEp27YVKSdBQlHMyCjXiSWJEB6gHmlrDBAn0kkmK47gjnZ82A2FPoGCE/frRIK4lEPu6U6OVF/+rI3Nv2rtWHUrTkKDKFYkwNOHujGDKoTjvKBPBcGKDTUgLKj+K8R9JBBWOtWcDuFjU/g/NA+KdrlYOi/laydpHFmwBbZBAdjgCNTAGaiDBsDgBtyBB/Bo3Br3xpPxMm3NGOnMJvgm4+0dHWyl7A==</latexit>

m� = (m�
ud,m

�
s ,m

�
u �m�

d)

<latexit sha1_base64="062pHQg1GSPRolVoxneGUNcf9/Q="></latexit>

m̂ = (m�
ud,m

�
s ,m

�
u �m�

d)

m̄ = (m�
ud,m

�
s , 0)

pure QCD

iso-symmetric QCD

[RM123, Phys. Rev. D 87(11), 114505 (2013)]

<latexit sha1_base64="mjZtOxv+SkomrEwW+tKogoA5+V0=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFRKptd0V3bisYB+QhDKZTtqhk0mYuRFK6Ge4caGIW7/GnX/j9CH4PDBwOOde5p4TpoJrcJx3q7Cyura+UdwsbW3v7O6V9w86OskUZW2aiET1QqKZ4JK1gYNgvVQxEoeCdcPx1czv3jGleSJvYZKyICZDySNOCRjJ84lIR8SHBDv9csWx3Ub9vNbAv4lrO3NU0BKtfvnNHyQ0i5kEKojWnuukEOREAaeCTUt+pllK6JgMmWeoJDHTQT4/eYpPjDLAUaLMk4Dn6teNnMRaT+LQTMYERvqnNxP/8rwMonqQc5lmwCRdfBRlApuIs/x4wBWjICaGEKq4uRXTEVGEgmmpZEr4TIr/J50z263Z1ZtqpXm5rKOIjtAxOkUuukBNdI1aqI0oStA9ekRPFlgP1rP1shgtWMudQ/QN1usHWKiRVA==</latexit>

↵ ! 0

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.87.114505


‣ Connected       meson masses as a proxy for quark masses 

‣ Variable set 
 
 

‣ Scheme defined by 
 
 

10

BMW 2013 scheme

<latexit sha1_base64="JSGISKAcQSegKM34dn8VHHF6i1w=">AAAB73icdVDLSsNAFL2pr1pfVZduBovgKiRSa7srunFZwT6gDWUynbRDJ5N0ZiKU0J9w40IRt/6OO//GaVrB54ELh3Pu5d57/JgzpR3n3cqtrK6tb+Q3C1vbO7t7xf2DlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb98dXcb99RqVgkbvU0pl6Ih4IFjGBtpE7PxzKdzCb9Ysmx3Vr1vFJDv4lrOxlKsESjX3zrDSKShFRowrFSXdeJtZdiqRnhdFboJYrGmIzxkHYNFTikykuze2foxCgDFETSlNAoU79OpDhUahr6pjPEeqR+enPxL6+b6KDqpUzEiaaCLBYFCUc6QvPn0YBJSjSfGoKJZOZWREZYYqJNRAUTwuen6H/SOrPdil2+KZfql8s48nAEx3AKLlxAHa6hAU0gwOEeHuHJmlgP1rP1smjNWcuZQ/gG6/UDFGKQsA==</latexit>

q̄q
[BMW, Phys. Rev. Lett. 111(25), 252001 (2013)] [BMW, Phys. Rev. Lett. 117(8), 082001 (2016)]

[Bijnens & Danielsson, Phys. Rev. D 75(1), 014505 (2007)] 

pure QCD

iso-symmetric QCD

<latexit sha1_base64="NR3/HBkK7dxubNQrgI4Baev9Rac="></latexit>

M̂ = (M2,�
ud ,�M2,�, 2M2,�

K�
)

M̄ = (M2,�
ud , 0, 2M2,�

K�
)

<latexit sha1_base64="6vso8e5HKpxXGhmDPHBKAOn4cdc="></latexit>

M2
ud =

1

2
(M2

ūu +M2
d̄d) = 2B0mud +NLO

�M2
= (M2

ūu �M2
d̄d) = 2B0(mu �md) + NLO

2M2
K�

= M2
K+ +M2

K0 �M2
⇡+ = 2B0ms +NLO
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M2
q̄q = 2B0mq +NLO

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.111.252001
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.117.082001
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.75.014505


‣ Identical to BMW 2013 up to the substitution 

‣           and           are both equal to                         at LO


‣        is known experimentally, but potentially receives 
large corrections at NLO (Dashen theorem violations) 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Mainz scheme
[Mainz, arXiv:2203.08676]
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�M2 = �13127(104) MeV2
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8
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[FLAG 2021]  
[RBC-UKQCD, PRD 93(7), 074505 (2016)]

this analysis

[PDG 2022]

https://arxiv.org/abs/2203.08676
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.93.074505
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Pion/kaon plane landcape

Open symbols: iso QCD / Full symbols: pure QCD 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[RM123S 2019]: equivalent to quark mass scheme (electro-quenched GRS) 
[FLAG 2016]: equivalent to quark mass scheme (pheno estimate)
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Charged kaon decomposition
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[M Hoferichter, Lattice 2022]



‣ Proximity to the quark mass scheme is desired to make 
contact with phenomenology


‣ Prescription proposal (both with           ) 
 
 
 
 

‣ Scale setting with 
possibly using a theory scale as proxy

14

Prescription proposal

Iso-symmetric QCDPure QCD
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M̄⇡ = 135.0 MeV
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‣ This agrees with the FLAG 2016 prescription, but it is 
self-consistently determined by a lattice calculation


‣ Coming back to the FLAG 2016 numbers is non-trivial, 
it establishes agreement between lattice and 
phenomenology on IB corrections to the meson 
spectrum


‣ This was discussed with N Tantalo, and we plan to 
propose that for discussion to FLAG 
[N Tantalo Lattice 2022 plenary]
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Comments

https://indico.hiskp.uni-bonn.de/event/40/contributions/847/attachments/578/994/presentation.pdf
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Thank you!
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