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LO-HVP from Lattice QCD
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Time-Momentum representation (Bernecker & Meyer, 2011)

> 1
allOHVP =202 | / dt *K(m,t)V(t), V(t)= 3 Z / dz (J;(Z, t)Ji(O)>.1
L i=1,2,3



RBC/UKQCD windows

abO*HVP decomposed as a sum of three contributions that probe
different (Euclidean) time regions:
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Window observables of a;;°~"™"" as a probe of R"*/(FE)
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> 2 w w 2a
! dt “K(m, )V (#)0"[#) =a) = ——5—
* ay), w={SD,W, LD}, probe RM4(E) more locally in energy E.
= Key test of SM (lattice QCD + QED) vs experimental eTe™ —
hadrons (independent of g, — 2).

= Lattice data for w = SD, W are very precise, no S/N problem. 3



Outline of our twisted-mass lattice QCD calculation

We computed the u,d, s, ¢, quark-line connected and disconnected contribu-
. SD w
tions to a;,~ and a,,

QED effects.

in the isospin symmetric limit m,=mg, neglecting o,

Connected contributions: f = u,d, s, c

f
Vi) =3 3 [ estat@n sty =i x
F—'TJ f

Disconnected contributions: f, f' = u,d, s, c.




Twisted-mass (tm) and Osterwalder-Seiler (OS) currents

= For connected contributions, two different ways to approach the
continuum limit.

= We computed V.J (t) employing two distinct lattice versions of the
local e.m. current (peculiar to tm-LQCD):

TPO% o Pyt T oc gy
- -
f f
00024 E:Egsla,-- — =+ is the sign of the twisted Wilson
S 0"0‘2” S QQQQ 0Sa| | parameter.
§§ - Qaea ] f,08 fitm :
Di oot5 @ ORI FALR Qa%. | = Connected V5,7 (t) and V7 (t) differ
UOU::) 373 gauge confs x10% sources "ﬁg.,; by O(a?) cut-off effects, including
05 05 i3 2 a?-dependent FSEs.

1
t [fm] 5



Simulations at the ~ physical point

Four (~) physical point ensembles, with a € [0.057 fm — 0.080 fm)].
L ~ 5.1 fm and L ~ 7.6 fm to control Finite Size Effects (FSEs).

M, € [136,141] MeV, M.L > 3.5, V=L3xT, T=2L.
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This work
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Planned simulations at @ < 0.05 fm, and on larger volume at a ~ 0.068 fm. ©



Details of the ETMC ensembles

ensemble B V/a* a (fm) ape My (MeV) || L (fm) | M.L
cB211.072.64 | 1.778 || 643 x 128 | 0.0796 (1) | 0.00072 | 140.2 (0.2) 5.10 3.62
cB211.072.96 | 1.778 || 96 x 192 | 0.0796 (1) | 0.00072 | 140.1 (0.2) 7.64 5.43
cC211.060.80 | 1.836 || 80 x 160 | 0.0682 (1) | 0.00060 | 136.6 (0.2) 5.46 3.78
cD211.054.96 | 1.900 || 96° x 192 | 0.0569 (1) | 0.00054 | 140.8 (0.3) 5.46 3.90

ensemble Zy Za 8.
|| ErERE)| G E) = RCs have < 0.1% uncertainties.
cB211.072.96 0.706402 (15) 0.74274 (20) - |wasak| act|on for |uons
cC211.060.80 || 0.725405 (13) | 0.75841 (16) g .
cD211.054.96 0.744105 (11) 0.77394 (l[))

= Wilson-clover twisted mass fermions at

_ maximal twist for quarks (automatic O(a)
#inversions (conn)

ensemble 14 s c improvement)'
cB211.072.64 || 10% | 16 4
cB211.072.96 || 10% | 16 4
cC211.060.80 || 10° | 16 4
cD211.054.96 || 10% | 64 24

Cbl/c’ibora{‘o(\



General fit ansatz

For all connected contributions to ;)" and a;” we perform combined
continuum fits employing both tm and OS lattice correlators.

= General structure of the fit ansatz ( w = {SD, W} ):
0
w _ w,cont w r 2 w
Clu (E) = |:CLM (Z) +Aau (L) +F1a aTLTAaM (L):|

2

|1 A M) DY
0

+ D5 aﬂ

g0t FTA DY and DY are free fitting parameters (n, = {0, 3}).

“w
. a}f"”"t,A do not depend upon the regularization r» = {tm, OS}.

» Aaj(L): based on MLLGS modelization of Finite Size Effect, tuned
to reproduce known lattice results (only for u + d contribution).

= Term proportional to FJ describes a-dependent FSEs due to O(a?)
distortions of the pion spectrum. 8



Connected-light contribution to

the intermdiate window: a;) (()




Light (u+ d) connected contribution to a;
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Typical accuracy of 0.1 — 0.2% for all ensembles and regularizations.
At a ~ 0.008 fm evidence for a?-dependent FSEs (F}™ # F%).
Negligible for OS and:

AV (0L ~ 7.6 fm vs. L ~5.1fm) ~ 1.5 (5) x 10710

We show continuum /infinite-volume extrapolation performed using
MLLGS-like ansatz (slide 8) w.o. a* terms or Logs.



Analysis of the systematics

We selected all fits (N ~ O(10)) leading to x?/d.o.f. < 1.8.

al¥(£) = 205.1 (6) (8) x 10~ 1°

a' —tm, (n'™, n9%)=(3,0)

a' —tm, (n'™, n9%)=(0,0)

a' — 08, (n'™, n°%)=(3,0) }—{

a* — 08, (n'™, n°%)=(0,0) } }

('™, n9%)=(3,0) +4444444»444444+
('™, n9%)=(0,0) +44444444444.44444444444+
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Averaging procedure: (xy, o) is mean and std. dev. of k-th fit
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Connected-light contribution to

the short-distance: a;”(()




Light (u+d) connected contribution to a;”

Lattice evaluation of aﬁD suffers from dangerous a?log (a?) artifacts
generated by the short-times integration [Ce, Harris, Meyer et al. (2021) ]

e 2n
1+ch-((z) 1, K(myt < 1) oc t?
n=1

_ 1
V(it<m™a)x 3

— aiD )

to
/ dt V(t,a) t*K(m,t) = A+ D a®log (a®) + O(a?)

Naive continuum extrapolation of free theory cut-off effects
3.5 T T T

‘ ; 3 e = a®log (a?) cut-off effects
B ' OS regularization v already present in the
E P tm regularization 8 ! free-theory correlator.
s’ ‘ : :
g 1 5 5 = AaPPert(¢f) are cut-off
s, ‘D ic ‘B 0
5 3 : effects of the tm (OS)
05 ! O(a?) massless correlator.
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Perturbative O(a?) subtraction of cut-off effects
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a2 [fm?]

Three options:

= No perturbative subtraction: continuum limit missed by ~ 1 x 10~ *°
(effect larger than any other source of systematics).

2 0 o 5 ..
= LO O(%) subtraction: sufficient to get correct continuum limit.

= Full O(a®"/t*") subtraction: makes lattice data even flatter. 12



X2/dof =12, a3P(¢) =48.18 (2) x 1071°

49.5 — ; —£ ; :
. 485f
= <l> . ] Fitting function OS —
— gl a* term included
X : Fitting function tm
—
Q Lattice data OS~w
U)@i
ar & Lattice data tm+-&-
46.5 | &
1 #
65 0.001 0.002 0.003 0.004 0.005 0.006 0.007
a? [fm?)

Achieved a remarkable precision better than 0.1%.

We subtracted from the raw lattice data the O(a?"/t?") free-theory

cut-off effects for both regularizations.

a* term on tm regularization necessary to have a good x?/dof.

13
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= Final error entirely due to systematics in continuum extrapolation.
= A (M, — MP"¥*) term not visible.

= Alternative continuum limit extrapolation with ultra-short distance

regulator (Backup). g8



Strange and charm connected

contributions to aZV and aﬁD



Calculation details

Strange contributions

= Valence s quark mass tuned alternatively using M, or M, as input.
= Both determinations included in final analysis of systematics.
= Subtraction of perturbative O(a?l) cut-off effects in a;,” (s).

o

= Finite size effects and M;°* mistuning effects not visible within accuracy.

Charm contributions

= Valence c quark mass tuned alternatively using M, or M;,y as input.
= Both determinations included in final analysis of systematics.

= Added a fourth (coarser) lattice spacing a ~ 0.09 fm with pion masses
M3 € [250 — 350] MeV to improve continuum limit extrapolation.

= No M:;** dependence observed, negligible finite size effects.

= Subtraction of perturbative O(a?) cut-off effects in aiD(c)_ More
effective if evaluated with mg = m%"e. 15



range and charm connected contributions

Fit function M,, - Fit function M Fit function M, - Fit function My

T . . .
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i | Lattice data M,, tma Lattice data M,,, tma|
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a? [fm?] a? [fm?]

16



w

Disconnected contribution to a,

and aiD




Disconnected contribution to ¢, and a;”

aﬁD(disco) x 1010 a}f’ (disco) x 1010
0.005 — Fitting function: a2 term included “02 —— Fitting function: a* term included
: Fitting function: constant fit : Fitting function: constant fit
0 Lattice data® i Lattice data®

—0.005] ! 08 ‘{7 %
; ‘% —08} i %
—0.01} ! 1

—0.015

0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0 0.001 0.002 0.003 0.004 0.005 0.006
; 91 2
a2 [fm?) a? [fm?]

= Various noise-reduction techniques employed: one-end-trick, exact
deflation of low-modes, hierarchical probing.

= Small cut-off effects within accuracy. No study of Finite Size Effect.

- aﬁD ( w

disco) completely negligible, al‘;v(disco) ~0.3% a,, .

asP (disco) = —0.006 (5) x 1071, @,V (disco) = —0.77 (17) x 107°

0.007

17



Disconnected contribution to ¢, and a;”

aﬁD(disco) x 1010 a}f’r(disco) x 1010

L. . B) .
Fitting function: @ term included

0.005 — Fitting function: a2 term included -0.2

R

Fitting function: constant fit : Fitting function: constant fit

—04}

Lattice dataw Lattice datam

—0.005] ! 08 ‘{7 %
; ‘% —08} i %
—0.01} ! 1

—0.015

0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0 0.001 0.002 0.003 0.004 0.005 0.006 0.007
; 91 2
a2 [fm?) a? [fm?]

= Various noise-reduction techniques employed: one-end-trick, exact
deflation of low-modes, hierarchical probing.

= Small cut-off effects within accuracy. No study of Finite Size Effect.

= a3 P (disco) completely negligible, a; (disco) ~ 0.3% a, .
| ETMC-22 | BMW-20 | CLS/MAINZ-22 | RBC/UKQCD-18
ay (disco) x 10™° [ —0.77 (17) [ —0.85(6) [  —0.81(9) [ —1.00 (10)

17



as? x 10" | a}) x 100

= * rhad software package. 0.04% of

¢ 48.27 22) 205.1 (1-0 the total aﬁD (or 0.10).

s ¥ fom Borsanyi et al. (Nature,
2021). 0.18% of the total a}) (or
0.40).

( )
s | 9.071(75) | 27.27 (24)
¢ | 11.64 (16) | 2.95 (13)

)

disco | —0.006 (5) | —0.77 (17

1B 0.03* 0.43 (4)**
m ¥¥X ppod & lattice. 0.46% of total

aED (or1.10).

b | 0.32 (2)** -

total | 69.33 (29) | 235.0 (1.1)

Precision achieved on afLV and agD is ~ 0.5%.

18



Per-flavour lattice comparisons...

...include only results from at least 3 lattice spacings and 1 phys. point ensemble.

—.— ETMC-22 - ETMC-22 —&— ETMC22
—a—  BMW-20 ] BMW-20 —a— BMW-20
—@—  CLS/MAINZ-22 —.— CLS/MAINZ-22 — . CLS/MAINZ-22
YQCD-22 YQCD-22

Lehner et al.-20

—— Lehner et al.-20 -

e Aubin et al.-22

202 204 206 208 210 212 214 26 265 27 275 28 285 29 295 30 2.6 2.8 3 3.2 3.4
a}}’(é) x 1010 a;‘y(s) x 1010 a}}’(c) x 1010
[aSP +al¥] x 101 ‘ s ¢ | total, incl. disc., IB, b
ETMC-22* 2534 (1.2) | 363 (0.3) | 14.6 (3) 304.3 (1.4)
Fermilab/HPQCD/MILC-22 | 253.5 (0.9) | 36.3 (0.2) | 14.63 (5) 303.8 (1.1)

*Preliminary: conservative error (Assuming 100% correlation between a5” and a}). 19



Comparison with ¢t¢~ — hadrons results

eTe~ — hadrons from Colangelo et al. arXiv:2205.12963 (2022).

5o
5 o
' ' ETMC-224
5 o ——
5 o BMW-204
5 g
— 5o i CLS/MAINZ-2248
5o
5 o
5 o _ | Informal average
1.60] T
:
e~ (Cola 22
: : 420 ete™ (Colangelo et al.-22)
R D . KNT-22 (private comm.) = =
ETMC-224 ¢t 580
5o
5 o
ete (Colangelo et al -22) ' '
5 o
67.5 63 6.5 69 695 70 705 230 235 240 215
aSP x 1010 af’ x 1010

= Tension in a rises to 4.2¢ if we combine ETMC '22, BMW '20 and

i

CLS/Mainz '22 (informal average — next WP).

= Deviation of e"e™ — hadrons data w.r.t. the SM in the low and

(possibly) intermediate energy regions, but not in the high energy region.
20



Towards the determination of

I(-Q?)




Light-connected contribution ( ) (1)

/ it V(1 sm (Qt/2)]

Q2
I1(—Q?) will be directly = From II(—Q?) one can determine
measured by MUonE for Aanaa(M2) using the Adler function
Q? < 0.14 GeVZ2. method.

We applied the bounding method to the light-connected correlator V(t):

W( cut) 7ECH(tCUt).(t7tcut) S W(t) < W( cut) Elow.(titcut)

ooi2| \ QZ =1 GeVZ, OS-current, cD211.054.96
_ Vi (teut)
L Eeff (tcut) = IOg ( Vg(tcuctu+a) )

—~ 004 Lower bound —
&

Q" Upper bound —

? 003 Average after convergence L] Elow is the energy Of the ||ghtest

E oo I = 1 7m state, obtained from a a
S ——— N

R MLLGS fit to the tail of Vy(t).

0032! .

21
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Light-connected contribution ( ) (1)

We computed ﬁgon"(—QQ) on all the ETMC (=) phys. point ensembles.

0.07

OS regularization
06| ©B211.072.64—

¢C211.06.80 —
0.05
¢D211.054.96 —
0.042
0.041
0.04
0.039
0.038
0.037
0.036
0.035

0.034
1

0.04

0.03

ﬁgonn<4Q2)

0.02

Q [GevY) Q
= Typical accuracy is 0.4%, 0.8% and 2% at Q% =5 GeV?, 1 GeV?
and 0.1 GeV2. Increased statistics is needed at small 2.

= FSEs analysis and combined tm-OS continuum extrapolation in
progress (perturbative subtraction of cut-off effects needed to
suppress the a?log (a) terms). -



Conclusions

= We performed a first-principle evaluation of the isosymmetric QCD
contribution to afD and aKV.

= Thanks to our dedicated simulations at the (~) physical point, and to a
high-statistics computation of the VV correlator, we achieved a relative
precision better than 0.5% on both afD and aXV

= For aiD our SM determination agrees with data-driven results at 1.6 o
level (No NP at high E, consistent with EW precision tests).

= Our result for a)y confirms the tension between lattice (SM) and

+

dispersive (data-driven) e”e~ — hadrons results. Current tension

between lattice (informal average) and R(E)-driven results is 4.2

(problems in data-driven results? NP at low/intermediate E? ).

Work in progress

= Inclusion of O(a?,,) QED-effects and strong IB contribution.

= New dedicated ensembles to study FSEs, analysis of aﬁD.

00/,8 e 200° 23



Thanks for your attention!
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Backup slides



Renormalization constants



Hadronic determination of 7,

We define:

Cun (¢
RV (t) = QM(I 8tgf§7}£()i')

P and A are pseudoscalar and axial local bare currents in Csp and Cpp.

Owing to the exact flavor symmetry of massless Wilson fermions
(g = 0):

t/a>1
Ry(t) "E" 7y

= Freedom in the choice of 1, (provided pf is kept constant at all 3):

Zy (q) = Zv(0) + O(a®piAgep, a®p?)

= We choose 1] such that Mp™ = M;=0Q0D.

= Mj#oRYP = 689.89 (50) MeV , [Borsanyi et al., Nature (2021)].



Ry around the physical strange quark mass

0.7064

0.7063

0.7062

0.7061

0.7060

R,(0)

0.7059

0.7058

I A
?0 au =0.019 7
= O ay =0.021| -
) ]
b _af E
L % ]
E &P ]
;UJ cB211.072.64 *:
10 20 30 40 50 60
t/a

~
o

R,(®)

0.7256

0.7254

0.7252

0.7250

0.7248

0.7246

= Remarkable precision better than 0.01%.

au_=0.016

au = 0.018

cC211.060.80

10 20 30 40 50 60 70

t/a

80



Hadronic determination of 74

We define: C ( )
Ra(t 2

( ) He o ~05 A 8t021§( )
P and A are pseudoscalar and axial local bare currents in C4p and
Cpp. In the large time limit t/a > 1 (X = tm, OS):
—-MEt + e~ M7 (T—1) Zin Gos

R — 2
oMX + Ral®) = 2004 505 § 708 G (00125

€
Cep(t) = IGB

We impose (true up to O(a?) lattice artifacts):

S _ ftm _ 2CL,UJ G%m
P 1 ME" sinh (aME™)

os

. G2
and using %’ = Gtm , We can extract Z 4 through

- ME?® sinh (aM8%) Zs
Ra(t)= RaA()=L = 57z
a(®) A()M;;nsinh(aM;,M) Zp A

Za(pq) = Za(0) + O(a®ulAgep, (apft)?) = any choice of uff legitimate.



R, around the physical strange quark mass.

0.7590

0.7440
I ¢C211.060.80

0.7435 L
i 0.7585
s 7 s
Z< 0.7430 =2
o ¥ [-4
0.7580 ff
i
i
07425 o e, - 0019 1 i 0 ay =0.016
@ au_=0.021 1 i 0 au =0018
07420 bt vt b 0.7575
10 20 30 40 S0 60 70 10 20 30 40 50 60 70 80
t/a t/a

We interpolate Z4(ug) at Za(pg = p"v) with M, (uP"*) = 689.89 (50) MeV.



Strange and charm quark masses



Strange quark mass in the MS scheme at 1 = 2 GeV.

We determine m2"¥* using two different hadronic inputs (both included
in the ¢) and a” analyses).

= From the mass of the fictious n, meson: M°QCP = 689.9(5) MeV.
= From the mass of the vector ¢ meson: MP% =1.01946(2) GeV.

0.11

From M, &

— 10 From M fE=)
=
O n arXiv:2104.13408 (ETMC)-&
%

O o005l

™ : El]

I 3

5 0.09 3 ¢

g :

0.085

: |
00001 0002 0003 0001 0005 0006 0007 0005 0009
a? [fm?]

0.08

Good agreement with previous ETMC determination from my.



Charm quark mass in the scheme at ;1 = 3 GeV.

We determine mE"¥* using two different hadronic inputs (both included
in the ¢) and a” analyses).

= From the mass of the 7. meson: M, = 2.984 (4)g4isco GeV.
= From the mass of the J/W resonance: M,y = 3.097 (1)aisco GeV.

3 GeV) [GeV]
L=

i

From My, &
From M =1
arXiv:2104.13408 (ETMC)&

me(p

0 0001 0002 0003 0004 0005 0006 0007 0008 0009
a? [fm?]

Good agreement with previous ETMC determination from mp.



Cross-check for a)) (/)



Cross-check: a, at fixed physical volume

We performed the continuum extrapolation at fixed L ~ 5.46 fm, which
corresponds to the cC.060.80 and cD.054.96 ensemble volumes.

‘Xz/do f = 0.85, ‘a}‘f"(é) :‘204,03 (57) X 10*1‘0

208 | .

aly (¢,L ~ 5.5 fm) x 1010

; Fitting function OS - Lattice data tm®g
2007 Fitting function tm tm: MPhs
Lattice data OSw 0S: Mg”w’”
mpl 8 & 0. o o o o o 0. o .0 o .4 o 1
0 0.001 0.002 0.003 0.004 0.005 0.006 0.007
a? [fm?]

= Ata ~ 0.08 fm we interpolated a;) (¢) at L ~ 5.46 fm, linearly in
e~M=L using our results at L ~ 5.10 fm and L ~ 7.64 fm.



Analysis of the systematics at L. ~ 5.46 fm

al’(6) = 204.03 (61) (68) x 1071

(l,-l _ tlfl, ( /u/ ) ()S) <0 0)

at — 08, ('™ n9)=(0,0)
(TI,m],II/(')'S):(;S?O)
( /m ()S) (0 5)

(/m ()S) (00)

203 204 205 0.0 05 10 15
ay () x 10 x*/d.o.f.

We add to a, (¢, L ~ 5.46 fm), the FSE estimated from the
MLLGS-model multiplied by the correcting factor k = 1.25 (25):

Aa)) (¢,L ~5.46 fm) = 1.00(20) x 107'% = a) (¢) = 205.03(93) x 10~ *°

M



Cross-check for a;” (/)



Cross-check for a;

Introduce an UV regulator ¢,,;, and define:

aSD (Ea tmin) = 4042

em

[t PR Vi) - 00 t0, )

tmin

= Switch the order in which the limit ¢ — 0 and ;0 — 0 are
performed (perform a — 0 first).

» Residual Logs a?/[log(a?/w3)]™ generated by integration at
short-times become a?/[log(t2,,,,/w?)]".

= After performing cont. extr. at fixed t,,;,, take t,in — 0 limit.
= To speed-up convergence we add continuum perturbative O(a?)

contribution in ¢ € [0, t,in]:

Iz Iz

tmin
aSD(ga tmzn) = aSD (& tmln) + / dt tQK(mNt) ‘/me.t-(t) : [1 - @(t> to, A)]
0

= We use t,,;,, € [0.08,0.15] fm, kept fixed for all ensembles.



957 aiP(0) = 48.27 (22) x 1071e-
S 9 Continuum extrapolated data fixed #,,;, -©-
= s
X 48.5 - +
ER o o
> a5t ® @
Q ®
O;)@i AT -
465}
16

(‘) (),(]‘l]5 ()vl‘]l ()v(]‘15 (].[‘]2
2 2
toin [fm?]

For small tmin: @57 (£, tmin) X toyin-
ayP(¢,0) = 48.41 + 0.03 £ syst x 107*°.
Good agreement with our previous determination:

ayP(¢) = 48.27 (22) x 10717

0.025



Finite size effects



Finite Size Effects in the MLLGS-model (1)

Assuming the dominance of w7 states contributions in Vp(t):

L
Vilt 1)~ Vaelts 1) = S valdn e, o >+¢>(’“ ):m

Lellouch-Luscher FV quantisation

= A, and ¢1; depend on the time-like pion form factor Fy(w) .
= |n th MLLGS model:

M2 — A (0)
F(GS)( ) = ]WQ P o

= The (twice-subtracted) w7 amplitude A,, depends on three
parameters M,, M- and g,rnx:

2 3
Do) = 2mn 2
prm\W 67 w2’ v = w T

= FSE determined from V22(t) — Vir(t, L) with

1 [ ap273/?
Voct _ d 2 1— s Fﬂ- 2 —wt
20 =g | et [1-TF] 1RGP




Finite Size Effects in the MLLGS-model (1)

M, ~ 135 MeV , M, ~ 775 MeV , Lyprr ~ 149 MeV

2.5

MLLGS-model, 50 77 states=—

CHEN MLLGS-model, & = 1.25 (25)
I\X s Borsanyi et al. (Nature 2021)~e-
&

HT}\ 1

8

= 0

L [fm]

= Correcting factor x = 1.25 (25) to take into account deviation
between the FSEs from the MLGGS-model and the BMW result.



Disconnected contributions




Disconnected contributions per flavor

l, s, c are flavour-diagonal light, strange and charm contributions.

us, uc and sc are flavour off-diagonal light-strange, light-charm and
strange-charm contributions.

asP (disco) x 1012
Ensemble l s @ us uc sc
cB211.072.64 | —3.36 (11) | —2.090 (58) | —1.18 (18) | +5.29 (12) | —1.52 (23) | +1.67 (17)
cC211.060.80 | —3.36 (14) | —2.090 (69) | —0.78 (13) | +5.53 (19) | —1.48 (24) | +1.37 (18)
cD211.054.96 | —3.54 (16) | —2.084 (71) | —0.71 (14) | +5.60 (19) | —1.50 (22) | +1.27 (17)

a)Y (disco) x 10"

Ensemble l s c us uc sc
cB211.072.64 | —1.086 (48) | —0.149 (20) | —0.030 (57) | +0.635 (48) | +0.00 (7) | —0.02 (5)
¢C211.060.80 | —1.300 (63) | —0.159 (27) | —0.033 (46) | +0.726 (73) | —0.03 (9) | +0.04 (6)
cD211.054.96 | —1.201 (52) | —0.149 (28) | +0.018 (56) | +0.627 (70) | +0.02 (9) | —0.02 (7)




Effect of perturbative
subtraction in vector correlator




Light-connected (Unsubtracted)
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Light-connected (subtracted)
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range-connected
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Charm-connected
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Charged, neutral and OS
pion masses



Charged, neutral and OS pion masses

= In our twisted-mass mixed action setup, three different type of pions
occur (charged, OS, neutral): masses differing from each other by O(a?).

= Charged (or tm) pion is the only Goldstone (M,+(mq = 0) = 0) at finite
a: in the sea and in the valence.

= OS pion is the heaviest: only in the valence.

ensemble M (MeV) | MOS (MeV)
cB211.072.64 | 140.2 (0.2) | 297.5 (0.7)

cB211.072.96 | 140.1 (0.2) | 298.4 (0.5)
cC211.060.80 | 136.6 (0.2) | 248.9 (0.5)
cD211.054.96 | 140.8 (0.3) | 210.0 (0.4)

= Neutral pion the lightest: only in the sea.
= Neutral pion mass calculated on the cB211.072.64 ensemble (ETMC
(2018) arXiv:1807.00495):

My = ME°°P _ Mo =26 (22) MeV.

2
= M, estimated to be ~ 13 (11) MeV ( ) on our finest lattice.

_a
0.06
= Dominating contributions: in VO (¢) two tm 7, in V™ (t) tm-+neutral 7.



tm mixed-action setup




Local and renormalizable mixed action employed
[ Frezzotti and Rossi (2004) | :

S = SYM[U] + Sq,sea[\Ijb \Ijha U] + Sq,val [q?, U] + Sq,ghost[d)?a U]

= Gluonic sector: improved Iwasaki action Sy 5/[U] (not detailed
here).

= Fermionic sector: sea quark action Sy sc, Written in terms of
degenerate quark doublet ¥} = {useq, dseq }, and heavy
non-degenerate doublet U} = {cseq, Ssea )

= Fermionic sector: valence quark action S ,q; written in terms of
quark fields q;Z, where f = u,d, s, ¢, and the replica index 7 runs
from 1 to 3 with r} = (—1)7*",

= Ghost sector Sy ghost introduced to cancel contribution of Sy 41 to
fermionic determinant.



\
sea and 5(],1’(1[

Sea quark action

Sgsea =a*>_{We(x) [v-V + o — iz WE ] 0,
+ Un(@) [V + o + psm —iysT W] 0}
Valence quark action

Suunt =G0 |1 T 4= 1y 0aWE | 0
xT

(—1)7+?
Critical Wilson-clover operator

a
V[/(S’l‘ov. = _§V* “V +me, + 7/171/ [Q/w QV/L]

32



Role of the replica fields (1)

= We want to make sure that any connected or disconnected
single-flavour contribution (G = connected ¢, s or ¢ ; sum of
disconnected) we considered, admits (separately) a well defined
continuum limit.

= For connected contributions this must be true for both tm and OS
regularizations.

= Given the mixed action S, for each contribution a}f*G to a}f
considered separately, suitable renormalized currents
JGren  JiGren “ayist such that:

al7f7G - em/ dt Ku wa /d3 JG T”I )J/G T”L(O»

o) = 1—0(t to, A) w = SD
b O(t, to, A) — O(t, t1,A) w=W



Role of the replica fields (Il)

The mixed action S serves to this goal, and the QCD correlators of
interest can be easily reconstructed as a — 0.

= Connected, flavour f, contrib. in tm reg. (RC = Z,):
f
= (J}'™(2)J™(0)), with J)'™(x) = gj(z)yuq7 (z)

f
= Connected, flavour f, contrib. in OS reg. (RC = Zy):

f
C =05 @05 o), with @) = @)y @)
f

= Disconnected, flavours f, f/, contrib. in OS reg. (RC = Zy) :

O O = —(Jf (@) J1 (0)), with J{U) (@) = G5 P, (@) 75 o (@)

f f
= For Wilson fermions Z{)/ = Zy ( known to 2-loops order, proof to

appear in paper).



Comparison with ete™
and other lattice determinations




Comparison with e"e™

H window (w) H a;; (LQCD) ‘ ap(ete”) [1 ‘ Aay H a;(2m) [1] ‘ Aay [a); (2) H
SD 69.3 (0.3) [*] 684 (0.5) | 0.9(0.6) | 13.7(0.1) 0.066 (43)
w 2350 (1.1) [} | 2294 (1.4) 56 (19) || 1383 (12) 0.040 (14)
HVP 7075 (55) [2] | 693.0 (3.9) | 145 (6.7) || 494.3 (3.6) 0.029 (14)

[¥] = this work.
[1] = Colangelo et al. arXiv:2205.12963 (2022).

[2] = Borsanyi et al. (Nature, 2021).

= a))(2m) is m — m states contribution below 1 GeV from ete™ [1].

= Almost constant rescaling of ay;(2m) ( ~ 4% ) sufficient to
reconcile all window contributions.



Connected-strange contribution

to a) and a;”: o) (s) and a;”(s)




Connected-st

Fit function M, Fit function M,
29— Lattice data My, OSwLattice data M,,, OS%
.| Lattice data My, tme Lattice data M, , tma
BV5L
= .
= 285 a* term included ¥
% i ;
X sl ¢
S/ {)H—m v v |
m
I ot
S : o
2651 a* term included
96 Lt ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 0.001 0.002 0.003 0.004 0.005 0.006 0.007
a? [fm?)

= Strange quark mass tuned alternatively using M, or My as input
(Backup).

= Typical precision achieved for a;} (s) is 0.1% (0.4% using My).

= Finite Size, and M, mistuning effects not visibile within accuracy.



Analysis of the systematics for ;"

a) (s) = 27.27 (15) (19) x 10710
M,, a®> —tm — OS, a* — OS,

My, a* —tm — OS, a* — OS,

”/m ()S) (

0)
n'™m n ()5) ( )
n/m ()S) “)
0)

My, a® —tm — OS,
My, a®> —tm — OS,

n/m ()S) ( 0)

/m ()%) (

M,,, a® —tm, a* —tm,

"/m ()S ( 0

M,., a®> —tm,

7

!
nim ()S) )
) H

a2 —tm — 08, a* — tm, (n'" n%%)=(3,0)

'™ n0%)=(0,0)
M,,, a®> —tm — OS, a* — OS, (n'™n%)=(3,0) I—-—I

)=
M,,, > —tm — 0S, a' — 08, ( tm n08)=(0,0) H
M,,, a® —tm — OS, (n'n%%)=(

(o
(
(
(
,a? —tm, a* —tm, (n
(
(
(
(

M,,, a®> —tm — OS, a* — tm,

26.8 27.0 272 274 0.00 0.25 050 0.75
) (s) x 101 X*/d.o.f.

= Performed a total of about 30 different fits.

= Final estimate comes from combining the results obtained using
M, and M, to determine the physical strange mass m?"¥s.



Connected-strange contribution to

Fit function M,, - Fit function My
9.6 —
. Lattice data M,,, OSw Lattice data My, OS=
951 :
Lattice data M,,, tmB Lattice data M, tmB
94f
] v
o B —
S 93} v M
(e} g v
— g2l %
X h -
o o1t & , ]
5/ \ / a* term included
9+ .
O]di '
891 !
ssl | a8
EE o
87L \E\
H . . . . . . . |
0 0.001 0.002 0.003 0.004 0.005 0.006 0.007

a? [fm?)

= Subtraction of perturbative O(a?) cut-off effects evaluated with
mg = mbare £ 0.

= Typical precision achieved for a;,”(s) is 0.1%.

= Finite Size, and M, mistuning effects not visibile within accuracy.



aSP(s) = 9.071 (45) (60) x 1010

i
My, a* —tm
M,, a* —tm —OS I
My, a* — 08
M,,, at —tm H
M, a*—tm — 0S8
M, a'— 08 H

8.95 9.00 9.05 9.10 9.15 0.00 0.25 0.50 0.75 1.00 1.25

aiP(s) x 101 X?/d.o.f.

= Performed a total of about 30 different fits.

= Final estimate comes from combining the results obtained using
M, and M, to determine the physical strange mass m?"¥s.

= Total error dominated by continuum limit extrapolation.



Connected-charm contribution to

W SD. W SD
a, and a;”: a, (c) and a;"(c)




arm contribution to a;’

Fit function My Fit function M,,

. |Lattice data My, OSs  Lattice data M, OSw
A3 Lattice data My, tma  Lattice data M, . tmB v
v
o
= 3
— 4r a* term included 2
X : ®
< | v .
o= 351 &
ﬁ@i : v B
%/ —*
25 0001 0002 0003 0000 0005 0006 0007 0005 0009
a? [fm?]

= Charm quark mass tuned alternatively via M,_or M,y as input
(Backup). Visible a* cut-off effects.

= Added a fourth (coarse) lattice spacing a ~ 0.09 fm with
M, € 250, 350] MeV. No data on the cB211.072.96 ensemble.

= No M, dependence or FSEs observed.



Analysis

of the systematics for a)) (c)

a¥ ()= 2.95 (4) (12) x 1072
Mypor a' — trm — O, (" mO%)=(3.3) ]
Mg, a = tm = OS, (" mO)=(0,3) — D
M, a* — tm — OS, (n™ m%%)=(33) |—-—| -
M, . a* — tm — O, ('™ mO%)=(3,0) |—-—| _
M,,. a' — tm — OS. (n'™ m®)=(0,3) |—-—| .
M,.. a* —tm — OS, (n"™m%9)=(0,0) |—-—| l
My, a' = OS, (n'™m%%)=(3,3) |——-| I
M, a* — 08, (n'™ m9%)=(3,0) |--| .
M, a' — OS, (n'™m%%)=(0,3) I—-—I I
M, a' — 08, (n'™ m%)=(0,0) |—-—| I
27 28 2.9 3.0 31 0.0 05 10 15
a},‘"(c) x 1010 x%/d.o.f.

= Performed a total of about 60 different fits.

= Final estimate comes from combining the results obtained using
M,,. and M,y to determine the physical charm mass mphys



Connected-charm contribution to

Fit function M, - Fit function My
135
Lattice data M, , OSs Lattice data My, OSw
13 Lattice data M, , tma Lattice data My, tme|

D(e) x 1010

S
1

a* term included

0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008
a? [fm?]

0.009

= Subtraction of O(a?) cut-off effects more effective if evaluated with
mg = mbare +£ 0.

= Added the fourth (coarse) lattice spacing with a ~ 0.09 fm.

= Typical precision achieved for aﬁD(c) is~01%onB, C,D

ensembles (~ 0.5 — 0.8% on the A ensembles).
= No M, dependence or FSEs observed.



Analysis of the asP

aP(c) = 11.64 (10) (13) x 10710

My, a* —tm — OS, (n'™ n2%)=(3,0) |—|

M)y, at — tm — OS,

n'™ n05)=(0,3) |_|
My, a* —tm — OS, (' n%%)=(0,0) |—|

M,,, a' —tm — OS, (n'™n%%)=(3,3)

o
o

M,.. a* —tm — OS, (n'™ n%)

M, a* —tm — OS, (n"™n%)=(0,3)

n'™ n%)=(0,0) |—|

11.4 11.5 11.6 11.7 11.8 0.00 0.25 0.50 0.75

aﬁD((:) x 1010 x*/d.o.f.
= Performed a total of about 60 different fits.

M, a* —tm — OS,

= Final estimate comes from combining the results obtaining using
M, and M,y to determine the physical charm mass mphys.

= a* corrections on both tm and OS regularizations needed to have a

good 2 /dof.



Impact of scale setting uncertainty on a;;

M

a;, = / dr T2 V(1) K¥(a,7), T=1t/a

= V% is the vector correlator in lattice units, K is full kernel for each
window.

= Uncertainty Aa on the lattice spacing propagates to a;; only through
dependence of K on a (kernel parameters m,, to,t1, A must be

converted in lattice units):

w
Aau

dlog (a’j)
dlog (a)

= C" can be computed from derivative dK" /da.

P
a a

w
ay

SD W LO-HVP
Cv [ 0.134 (1) | 0.436 (5) | 1.79 (3)

= Estimate for C'"¥ obtained on the cB211.072.64 ensemble.
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