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Motivation

• A new set of sum rules allowing for comparison between spectral functions from experimental
data and lattice correlators, or between spectral functions from different data sets;
may help shed light on discrepancies such as lattice-exp. data and KLOE-BaBar

• Similar to “window method,” but start with a window on the spectral function instead
of a window defined in Euclidean time; narrow region in 𝑠 instead of in 𝑡 (See also Colangelo et al. ‘22)

• Applications:

Ø Comparisons between R-ratio data and lattice data  
Ø Potentially useful for reconsidering hadronic 𝜏-decay data:  more precise 𝜏 spectral function   

(Boito et al. ‘20) available; progress with lattice computation of isospin-breaking (IB) effects 
(see Mattia Bruno’s talk)
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Rational-weight sum rules

Consider a class of rational weights                                                        ,             Euclidean, fixed   
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z = q2 plane                Taking radius to infinity leads to sum rule

Relation between spectral weight and Euclidean quantity       
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This can be recast in terms of                                                                                               as

Examples: choose                                                                                    and                   :   
<latexit sha1_base64="bH+yPqhTE5DcnP7+RSa9JmY6di8="></latexit>
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Note: arbitrary vertical scales!
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Another type of sum rule:  exponential weights

Because                                                                                 , 

choosing

leads to new sum rule

Why is this interesting?

Choose a physically interesting weight                               (the "mold"), and replace by 
approximation (the "cast")                                    (Hansen, Lupo and Tantalo ‘19)

• Get to choose values of      ; pick values where              has small errors
• Sum rule is exact for the cast ⇒ throw away the mold!
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For a given weight                        , minimize

Given the times                                    this yields the coefficients        , determining the exp. weights

Examples: choose                                                                                                                 :     
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tn > · · · > t1 > 0 <latexit sha1_base64="LBePucIjM0HQJl/a0f0p3+Avd+M=">AAAB6nicdVDLSgMxFM3UV62vqgsXboJFcDUkpVO7LLjRXUX7gHaomTTTxmYeJBmxDP0ENy4Uces/+B/u/AGXfoNpq6CiBy4czrmXe+/xYsGVRujVyszNLywuZZdzK6tr6xv5za2GihJJWZ1GIpItjygmeMjqmmvBWrFkJPAEa3rDo4nfvGJS8Sg816OYuQHph9znlGgjnV13L7v5ArJR2SnhCkS2g3AFO4YUHYxQEWIbTVGo7py8vT9nLmrd/EunF9EkYKGmgijVxijWbkqk5lSwca6TKBYTOiR91jY0JAFTbjo9dQz3jdKDfiRNhRpO1e8TKQmUGgWe6QyIHqjf3kT8y2sn2q+4KQ/jRLOQzhb5iYA6gpO/YY9LRrUYGUKo5OZWSAdEEqpNOjkTwten8H/SKNq4bJdOTRolMEMW7II9cAAwOARVcAxqoA4o6IMbcAfuLWHdWg/W46w1Y33ObIMfsJ4+AHTNkZM=</latexit>xj
<latexit sha1_base64="kIgfd6noWHc35SgHmLvzr83o4xI=">AAAB7XicdVDLSgMxFM3UV62v+ti5CRahboakdGqXBRFcVrCt0A4lk2ba2ExmSDJKKf0HNy4Ucev/uPNvTKcKKnrgwuGce7n3niARXBuE3p3c0vLK6lp+vbCxubW9U9zda+s4VZS1aCxidR0QzQSXrGW4Eew6UYxEgWCdYHw29zu3TGkeyyszSZgfkaHkIafEWKl915fl85N+sYRcVPOquA6R6yFcx54lFQ8jVIHYRRlKjYMwQ7NffOsNYppGTBoqiNZdjBLjT4kynAo2K/RSzRJCx2TIupZKEjHtT7NrZ/DYKgMYxsqWNDBTv09MSaT1JApsZ0TMSP/25uJfXjc1Yd2fcpmkhkm6WBSmApoYzl+HA64YNWJiCaGK21shHRFFqLEBFWwIX5/C/0m74uKaW720aVTBAnlwCI5AGWBwChrgAjRBC1BwA+7BI3hyYufBeXZeFq0553NmH/yA8/oBsL6RdQ==</latexit>

wn(E)

<latexit sha1_base64="TSqaYFLr1z1fNRbvTfFvcXg3nhU="></latexit>
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For a given weight                        , minimize

Given the times                                    this yields the coefficients        , determining the exp. weights

Examples:   choose                                                                                                           :       

<latexit sha1_base64="7OKIzh0LAcRCmNKxEevt+zRuXPg="></latexit>Z 1

Eth

dE

����wn(E; {tj}, {xj})/E2 � 2W (E2)/E

����
2

<latexit sha1_base64="wDBg2HKAKyhBfBZLZ3oHgD4CXj8=">AAAB73icdVDLSgMxFM3UV62v+ti5CRahbobM0KndCAURXFawD2hryaSZNjSTGZOMUIb+hBsXirj1d9z5N6ZTBRU9cOFwzr3ce48fc6Y0Qu9Wbml5ZXUtv17Y2Nza3inu7rVUlEhCmyTikez4WFHOBG1qpjntxJLi0Oe07U/O5377jkrFInGtpzHth3gkWMAI1kbqtMvq7OLGPRkUS8hGVa/i1CCyPeTUHM8Q13MQcqFjowyl+kGQoTEovvWGEUlCKjThWKmug2LdT7HUjHA6K/QSRWNMJnhEu4YKHFLVT7N7Z/DYKEMYRNKU0DBTv0+kOFRqGvqmM8R6rH57c/Evr5vooNZPmYgTTQVZLAoSDnUE58/DIZOUaD41BBPJzK2QjLHERJuICiaEr0/h/6Tl2k7VrlyZNCpggTw4BEegDBxwCurgEjRAExDAwT14BE/WrfVgPVsvi9ac9TmzD37Aev0AewqR3A==</latexit>

W (s = E2)

<latexit sha1_base64="KEZrFk5IU9d9VQ5GpxgK+jI/M/I=">AAAB+HicdVDLSgMxFM3UV62vWpdugiK4GpLSqV2Vgi5cVrBVaMuQSVMNZjJDckeoxS9x48IHbt37B67c+TemrYKKHggczrmHe3OiVEkLhLx7uZnZufmF/GJhaXllda24XmrbJDNctHiiEnMaMSuU1KIFEpQ4TY1gcaTESXSxP/ZPLoWxMtHHMExFL2ZnWg4kZ+CksLgGoa53+wnYOoS0TsLiNvFJNajQGiZ+QGiNBo6UA0pIGVOfTLDdyL++lA4etpph8c2leRYLDVwxazuUpNAbMQOSK3Fd6GZWpIxfsDPRcVSzWNjeaHL4Nd5xSh8PEuOeBjxRvydGLLZ2GEduMmZwbn97Y/Evr5PBoNYbSZ1mIDSfLhpkCkOCxy3gvjSCgxo6wriR7lbMz5lhHFxXBVfC10/x/6Rd9mnVrxy5NipoijzaRFtoF1G0hxroEDVRC3GUoRt0h+69K+/We/SepqM57zOzgX7Ae/4AEZaVog==</latexit>

tn > · · · > t1 > 0
<latexit sha1_base64="LBePucIjM0HQJl/a0f0p3+Avd+M=">AAAB6nicdVDLSgMxFM3UV62vqgsXboJFcDUkpVO7LLjRXUX7gHaomTTTxmYeJBmxDP0ENy4Uces/+B/u/AGXfoNpq6CiBy4czrmXe+/xYsGVRujVyszNLywuZZdzK6tr6xv5za2GihJJWZ1GIpItjygmeMjqmmvBWrFkJPAEa3rDo4nfvGJS8Sg816OYuQHph9znlGgjnV13L7v5ArJR2SnhCkS2g3AFO4YUHYxQEWIbTVGo7py8vT9nLmrd/EunF9EkYKGmgijVxijWbkqk5lSwca6TKBYTOiR91jY0JAFTbjo9dQz3jdKDfiRNhRpO1e8TKQmUGgWe6QyIHqjf3kT8y2sn2q+4KQ/jRLOQzhb5iYA6gpO/YY9LRrUYGUKo5OZWSAdEEqpNOjkTwten8H/SKNq4bJdOTRolMEMW7II9cAAwOARVcAxqoA4o6IMbcAfuLWHdWg/W46w1Y33ObIMfsJ4+AHTNkZM=</latexit>xj
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No reason to prefer mold over cast ⇒ throw away mold and use cast!



Comparison between R-ratio and lattice:   rational-weight sum rules

• R-ratio data (Keshavarzi, Nomura and Teubner ’19)

• Lattice: from ABGP ‘22 light-quark connected part only; compare only errors!

lattice spacings                                                            , extrapolate to continuum limit
(pion-mass mistunings and finite-volume effects smaller than statistical errors) 

• Do NOT compare central values!   Lattice errors order of magnitude larger
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a = 0.06, 0.09, 0.12, 0.15 fm

R-ratio rel. error lattice rel. error
W15 0.4756(16) 0.3% 0.468(26) 5.6%
W25 0.08912(34) 0.4% 0.0838(33) 3.9%

Table 1. Rational weights

R-ratio rel. error lattice rel. error
W 0

15 0.4785(16) 0.3% 0.496(17) 3.4%
W 0

25 0.08857(34) 0.4% 0.0798(18) 2.3%

Table 2. Exponential weights

1



Comparison between R-ratio and lattice:   exponential-weight sum rules

• R-ratio data (Keshavarzi, Nomura and Teubner ’19)

• Lattice:  from ABGP ‘22 light-quark connected part only; compare only errors!

lattice spacings                                                            , extrapolate to continuum limit
(pion-mass mistunings and finite-volume effects smaller than statistical errors) 

(W’ is exponential-weight version of W)

• Do NOT compare central values!   Lattice errors order of magnitude larger
• Lattice errors almost factor 2 smaller!    (No attempt yet to optimize choice of weights)
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a = 0.06, 0.09, 0.12, 0.15 fm

R-ratio rel. error lattice rel. error
W15 0.4756(16) 0.3% 0.468(26) 5.6%
W25 0.08912(34) 0.4% 0.0838(33) 3.9%

Table 1. Rational weights

R-ratio rel. error lattice rel. error
W 0

15 0.4785(16) 0.3% 0.496(17) 3.4%
W 0

25 0.08857(34) 0.4% 0.0798(18) 2.3%

Table 2. Exponential weights

1



How useful are these numbers?

Compare with BaBar-KLOE discrepancy

Assume that above s = 0.95 GeV2 there is no discrepancy (no KLOE data above 0.95 GeV2):
allows us to to compute the spectral weights with W’15 and W’25:

Lattice accuracy:     0.017 for W’15  ;       0.0018 for W’25

⟹ Need factor ∼4 improvement for W’15 ;  factor ∼2 improvement for W’25

(W’25 better “designed” than W’15)
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�15(BaBar�KLOE) = 0.0091(39)

�25(BaBar�KLOE) = 0.00153(52)



Comparison between R-ratio and hadronic 𝜏-decay data

• In an isospin-conserving world, one can simply replace any exclusive I = 1 spectral distribution

by the corresponding distribution obtained from non-strange vector hadronic 𝜏 decays
(for example, 𝜋-𝜋+ by 𝜋-𝜋0 and the sum of 2𝜋+ 2𝜋- + 𝜋+𝜋-2𝜋0 by 2𝜋-𝜋+𝜋0 + 𝜋-3𝜋0, etc.)

Why is this again interesting?

• A new 2𝜋 + 4𝜋 𝜏-based spectral function exists which combines ALEPH and OPAL data,

can be improved by BELLE II data  (Boito et al. ‘20)

• Isospin breaking (IB) is a problem, but the lattice can help out!   (Mattia Bruno’s talk)
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Issues:  exclusive vs. inclusive

Lattice can compute (1st order) IB correction:

• However, this is inclusive!   

Only 10% of a𝜇HVP from above   𝑠 =  1.937 GeV, assuming IB ~ 1% leads to 0.1% uncertainty

Below 𝑠 =  1.937 GeV  only 2𝜋, 3𝜋, 4𝜋, KK relevant at the 1-2% IB level

KK dominated by I = 0  (Babar ‘18, Boito et al. ‘22), 2𝜋 and 4𝜋 are I = 1, 3𝜋 is I = 0 (not quite)

Thus

• This is Euclidean!   Problem, because on the 𝜏 side, we are restricted to s < m𝜏
2

However, bulk of 2𝜋, 4𝜋 for the weights we consider from s below m𝜏
2

Ø For practical purposes, IB in 2𝜋+ 4𝜋 can be considered inclusive!
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Issues:  3𝜋 overcounting; missed 4𝜋 contribution

• The lattice IB correction contains a 3𝜋 contribution due to 𝜌-𝜔 interference, but since we only

replace 2𝜋 + 4𝜋 by 𝜏-based data, this leads to overcounting the 3𝜋 contribution 

BaBar ‘20 analysis of                                   allows for quantitative estimate of overcount:

amounts to -0.54(54) × 10-10 for a𝜇HVP -- estimates for sum rules follow

• s > m𝜏
2  contributions:   negligible for 2𝜋

small for 4𝜋 if we bound IB by 2% in this (non-resonant) region
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Results

• Define                                                        then we obtain from the R-ratio:

Note: IB corrections much smaller than statistical errors

• Can compute these spectral weights also from the 2𝜋 + 4𝜋 𝜏-based spectral function;
We find for the differences:

• Sets the stage for the required lattice computation of the IB part
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I2⇡+4⇡
W I2⇡+4⇡

W (m2
⌧ ) IB3⇡ overcount IBs>m2

⌧

W15 0.4008±0.0014 0.3995±0.0014 -0.00041(41) < 0.00026
W25 0.06620±0.00029 0.06459±0.00027 -0.00012(12) < 0.000033
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Remarks

• New set of sum rules potentially useful for comparing spectral and lattice data,

as well as electroproduction and hadronic 𝜏-decay data

• To do:   more precise lattice correlators

search for optimal sum-rule weights 

• 𝜏-decays:   need lattice computation of IB part of the hadronic vacuum polarization
if we use both the 2𝜋 and 4𝜋 data, an inclusive lattice computation is sufficient!

• Potential improvement of 𝜏-decay data from BELLE II – only 2𝜋 and 4𝜋 need to be analyzed!
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