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Theory status just after the white-paper (2020)

e White Paper : status in 2020
The anomalous magnetic moment of the muon in the Standard Model [Phys.Rept. 887 (2020) 1-166]

Contribution a, x 101

- QED (leptons, 10*" order) 116 584 718.931 4 0.104 [Aoyama et al. '12 '19]

- Electroweak 153.6 £ 1.0 [Gnendiger et al. '13]

- Strong contributions
HVP (LO) 6 931 + 40 [DHMZ '19, KNT '20]
HVP (NLO) —98.3£0.7 [Hagiwara et al. '11]
HVP (NNLO) 12440.1 [Kurtz et al. "14]
HLbL 92 £+ 18 [See WP]

Total (theory) 116 591 810 £43

— Error budget dominated by hadronic contributions
— Goal : 10% on the HLbL contribution
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Hadronic light-by-light scattering

HLbL
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a, x 101
93.8 4 » results from the 2020 White Paper
—16.44+0.2
—8+1
66 > Aap”*M = 251(59)x 1071 & 3xall
—1+3
15+ 10 _ _
511 » 70, 1, 0 : accessible on the Lattice
92+19 . )
» Complete lattice calculation
79 £+ 35 .
— fully-independent
6931 + 40
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HLbL Mainz effort

e Pion-pole contribution on the lattice
< Dominant contribution to the HLbL scattering in (g — 2), ). 7TO; n, 1
— Can be used to estimate systematic error in the full HLbL calculation

[A. G et al, Phys.Rev. D 94 (2016)]
[A. G et al, Phys.Rev. D100 (2019)]

e Direct lattice QCD calculation

— Compute the 4-point correlation function directly on the lattice

[Eur.Phys.J.C 80 (2020) 9, 869]
[Eur.Phys.J.C 81 (2021) 7, 651]

e HLbL forward scattering amplitudes
< Full HLbL amplitudes contain more info than just a, Y (s 1) v (Nay 1)
< Extract information about single-meson transition form factor
— Also related to e.m corrections to LO-HVP (Talk by Franziska Hagelstein
yesterday)

[ Phys.Rev.Lett. 115 (2015) 22, 222003 | 7" (A2, q2) 7" (A1, G2)
[ Phys.Rev. D 98 (2018) ]
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Pseudoscalar poles contribution ]
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The pion-pole contribution

oo 00 1
GELbLmO = /0 dQl/O dQ2/_1dT w1 (Q1, Q2,7) Fromens (—QF, —(Q1 + Q2)?) Fropeq-(—Q3,0) +
wQ(Qb Q277—) fﬂo'y*'y*(_Q% _Q%) ‘Fﬂ*o'y**y*(_(Ql + Q2)270)

[Jegerlehner & Nyffeler '09]

— Product of one single-virtual and one double-virtual transition form factors
— w12(Q1,Q2,7) are model-independent weight functions

— The weight functions are concentrated at small momenta below 1 GeV

w1
o

1 Q2 [GeV]

< Need the pion TFF for arbitrary spacelike virtualities in the momentum range [0 — 3] GeV?
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The pion-pole contribution

e Pion transition form factor at the physical point (model independent parametrization)

2 2 2 2 2
Q” Fryy (=@, 0) Q° Fryee (-Q°, —Q7)
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0150 ocD - | 0.05 |- e -
CLEO UL
= CELLO —— ;0-04 r 1
(3 0.1 L Dispersive (g
- —0.03 + |
A N N=3
LT 0.02Lf ! Dispersive ]
0.05 | 1 OPE ——
’ 0.01 pQCD ---- |
. Danilkin et al. - - - -
0 . A . 0 . , . . . . .
0 0.5 1.5 2 0 0.5 1 1.5 2.5 3 3.5 4

1 2
QQ [GEVQ] QQ [Gev2]

— Compatible with data-driven result

HLbL;x® __ +3.0 —11
a! = 62.6139 x 10

[A. G et al, Phys.Rev. D100 (2019)] [Hoferichter et al. "18]

alllPLm = (59.9£3.6)x 1071

e Also useful for the direct lattice calculation of HLbL
— study of finite-size effects

. . h S
— chiral extrapolation (m,; — mP"*)
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The pion-pole contribution

e Pion transition form f | | independent parametrization)
Lattice QCD
QzF‘/r’y* 0~257I\I\‘\\I‘Illlll\“‘lllllll‘7 Q ﬂ’Y’Y(Qz QZ)
0.2 L + This work, stat. error only ]
N=3 02k _ g
BL — r Gerardin et al. 7 ARERNEREEEE
0.15 L — r I:I Phys. Rev. D 100, 034520 (2019) B JU — = -
pQCD - - - > | + 5 s
CLEO O 0.15- o
= CELLO +—— r . 7
E 0.1 L Dispersive = > [ -I- ++ _l——l— _!_:
T o ] Ne3 |
w P i
e H / \ “\a“J g Dispersive |
0.05 | FoA ]
L 13 1 OPE —
oos- BES\“ % i pQCD ---- |
- e Danilkin et al. - - - -
i 0.5 ‘ ol ittt I T 152 25 3 35 4
Q? 0 05 1 15 2 25 3 Q? [GeV?)

Momentum Transfer Q> [GeV

— Compatible with data-driven result

HLbL;7% _ +3.0 —11
at — 62.6730 x 10

alllPLm® = (59.943.6)x 1071

[A. G et al, Phys.Rev. D100 (2019)] [Hoferichter et al. "18]

e Also useful for the direct lattice calculation of HLbL
— study of finite-size effects

. . h S
— chiral extrapolation (m, — mP"*)
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Direct lattice calculation of the HLbL contribution from Mainz )
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Strategy : exact QED kernel in infinite volume

e HVP contribution : time momentum representation [Bernecker, Meyer '12]

gV = (9)2/(1% K (20)G ()

v

Glan) = =3 3° 3 (1la) 1 (0)
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Strategy : exact QED kernel in infinite volume
e HVP contribution : Lorentz-covariant coordinate-space representation [Meyer '17]
HVP A% 4
G = (;) d*z Hy(2) G ()

Gu(x) = (Ju(),(0))

[Talk by Julian Parrino at Lattice 22]
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Strategy : exact QED kernel in infinite volume

e HVP contribution : Lorentz-covariant coordinate-space representation [Meyer '17]

= (3) [ @t B Gute)

v

Gu(2) = (Ju(2) J,(0))

Compute the QED part perturbatively (continuum + infinite volume + position space)
[J. Green et al. '16] [N. Asmussen et al. '16 '17]

HLbL _ m_€6 q Az L 1
a,u — 3 Yy x [pp];,uu)\(xay) ¢ p,;w)\o(xay)

() == [ a2 () 1l5) (2 H(0)

— ﬁp#,jw(x, y) is the four-point correlation function computed on the lattice

— L, o1wr (7, 1) is the QED kernel, computed semi-analytically (infra-red finite)

— Avoid 1/L? finite-volume effects from the massless photons = ~ e~™rL
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Task 1 : the QED kernel

e The kernel has been computed in the continuum and infinite volume

e Semi-analytical calculation : the kernel is expressed in term of a few scalar functions
e Scalar functions are pre-computed on a fine grid

e Computing the kernel for a couple (z,y) is very cheap

e Several tests of the kernel function have been done (in the continuum) :

Lepton-loop contribution to LbL

e 8d — 3d integral (22, y* and z - y)

e we reproduce the exact result at the sub-percent level

79-pole contribution to HLbL

0 /
AN/ PN . =
e assume a vector-meson dominance (VMD) model for I1

:Y!ﬁl, e again, we reproduce the exact result at the sub-percent level

[F. Jegerlehner and A. Nyffeler, '09)]

e The QED kernel will be made publicly available (soon!)
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Next step : the lepton loop contribution on the lattice

e Perform a lattice QCD calculation with unit gauge links
— it corresponds to the well-known lepton-loop contribution
— check of the QED kernel (and of the lattice implementation)

Lepton-loop contribution to a/Iij (my =2my,)

different colors

different discretizations of
the correlation function

(@) = P(@) 7 (x)
alPBl = 148.9

LbL,lc _ _ R
i Cl_ S0 Jix) = Y(atap)— UL (2)0 (@)
—400 ap” et =1471 . | o

abbL,cc = 140.0 — w(.’lﬁ) 2,)% Uu(x)@b(x + aﬂ)

0 0.02 0.04 0.06 0.08 0.1 0.12
amy,

— The QED kernel £ (z,y) suffers from very large lattice artifacts |
— QCD : the situation is even worse (very noisy estimator)
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Freedom in the choice of the QED kernel function

meb =
G’ELbL - T/ d4y/ d's Lipolur(@y) il e (2, y)

e Conservation of the vector current : 9,J,(z) =0 :
0= Z 8 ( P, /u//\a(x Yy ) = Z Hp,oa»\a(x7 ?/) + Z Lo a;gm)np,uuAa($7 y)
T T

— we can add any fonction f(y) to the standard QED kernel [RBC/UKQCD '17]

e |dea : subtract short distance contributions
L (z,y) = L(z,y) = LO0,y) = L(z,0) = L (,0) = £2(0,y) = £#)(0,0) =0

e Our preferred subtracted kernel :

A 5 T —Am2z? _
Efp,l];,uy)\ (37’ y) = £[p,a];uy)\(x> y) - a/(L )(xae Army /2)£[p,a];ow)\(07 y)
=0 (yae M) L s (.0)

fA—0:L3
If A — oo : L0

e Different definitions may affect :

— Discretization effects / Finite-size effects / Statistical precision of the estimator
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The lepton loop contribution to LbL

0 2
L£O(z,0) L2 (2,0)
Lepton-loop contribution to abbL (my = 2my,) Lepton-loop contribution to abbL (my = 2my,)
160 | i
140
120
2100
X 80
i)
e}
= 3.60
00| Gl =1489 . | S aiPbl = 151.7
aPlle = 149.0 . 40 alPlle=1501 .
400 opPh=1471 . | abPlel = 151.0 »
alPlce = 140.0 07 glblee — 1484 o 1
—500 . . . . . . 0 . . . . . .
0 0.02 0.04 0.06 0.08 0.1 0.12 0 0.02 0.04 0.06 0.08 0.1 0.12
am,, am,,

— L@ (z,y) has much smaller discretization effects
— we can reproduce the known result (a;*" = 150.31 x 107" ) with a very good precision

— Wilson-Clover : local vector current has smaller discretization effects (also observed in QCD!)

LM (z,y) with A = 0.4 is our preferred choice

Antoine Gérardin Hadronic Light-by-Light scattering contribution with Wilson-Clover quarks



The hadronic part : 5 "classes" of wick contractions

e Fully connected contribution e Leading 2+2 (quark) disconnected contribution

ele)

e Sub-dominant disconnected contributions (3+1, 2+1+41, 14+1+1+1)

0 999 9995

e 242 disconnected diagrams are not negligible !

— Large-N, prediction : 2+2 disc & - 50 % x connected  [Bijnens '16] [RBC-UKQCD '16]

— Cancellation = more difficult (correlations does not seem to help in practice ...)

e Second set of diagrams vanish in the SU(3) limit (at least one quark loop which couple to a single photon)
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Mainz results

Three recent publications
» Focus on systematics at the SU(3)s point (m; = mg ~ 440 MeV) [Eur.Phys.J.C 80 (2020) 9, 869]
» Complete calculation [Eur.Phys.J.C 81 (2021) 7, 651] [Eur.Phys.J.C 82 (2022) 8, 664]

Contribution Value x10M
Light-quark connected and (2 +2) | 107.4(11.3)(9.2)
Strange-quark connected and (2 + 2) —0.6(2.0)
Charm-quark connected and (2 + 2) 2.8(0.5)
(3+1) 0.0(0.6)
(241+1) 0.0(0.3)
(1+1+1+1) 0.0(0.1)
Total 109.6(15.9)

— Sub-leading disconnected contributions : irrelevant at the 10% level

— Light quark contribution is the main challenge
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Lattice setup

Master formula :

3
() == [ 42 (2 10) o (2)H(0)

HLbL __ m_66 q dir C 1
a,u — Yy x [p,a];uu)\(:[;7 y) ULy, o (SC, y)

e 8 of the 12 integrals (over x and z) are done exactly (sums over lattice points) — f(vy)

Once all indices have been contracted : f(y) = f(|y|)

e | will ofter show the partially integrated sum :

Y max
([ ) = / dlyl £y
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Connected contribution : methods 1 and 2

» Method 1

e Start with point sources at 0 and y
e Naively, it requires sequential inversions (2°¢ and 3¢ diagrams)
e For N values of y : 7(N + 1) quark propagator inversions

» Method 2

e Trick : reordering of the vertices at le level of the muon line

1

e Replace inversions of quark propagators by kernel evaluations (much cheaper!)

— Reduces the cost by an order of magnitude
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Integrand at the SU(3) point

» Two ensembles with m,L = 4.4 (blue) and m,L = 6.4 (balck)

120
(M, my, £)/MeV = (41056, 952, 111.59) ‘ N202 —s—
100L H200 — | 150 [ my. mywp, fy)imev = (982, 952, 73.6) H200 dir=(1,1,1,3) —=— ]
N202 —— Lin202=3.08fmM, Ly1500=2.06fm Conn: mt_+1 inf. voI """
0 kernel LW, A=0.4 Disc: ¢ +n inf.vol ——
__ 80 i 0 +n(L=21"fm)— 100 | D|SCn+nL Lpyz00 dir= (2220)
b SAE 7% +n (L = 3.1 fm) —— Disc: a4 L= LHZO&(;!,E%&}fS)
=R A S Wan(L=00)--- | "
= F e N =, £ L 1
= K Ve 4 50
= 40r o =N 1 g
X # : I\:«\ = l T
— "y N . - = Tl
2 20 ',I,(( . S [ ? 0 ! 1 /
= Lt ) —
B 50
—920L N
—40 ! L 100 s s \ s
0 0.5 1 3 0 05 1 15 2 25
Iyl [fm]

» Reasonably good understanding of finite-size effect
— pion does not saturate the integrand until very large values of |y

— pion-pole transition form factor from dedicated lattice calculation
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Continuum extrapolation at the SU(3) point

Comment about O(a) improvement with Wilson-Clover quarks

e one needs to improve the action (this is done at the level of gauge ensembles generation)
e but one also needs to use improved currents (simplified version here ...)

TP () = J, () + acy (g0) O, Sy (1)

— This has been fully implemented in the HVP (see talk by Simon Kuberski)
— This step was also done for the pion Transition Form Factor

— ... but no for the HLbL : would significantly increase the cost (more inversions)

e What we learned from the HVP and TFF calculations :
— most of the O(a) contribution is removed by simply using the improved action

— residual O(a) effects (due to the use of un-improved currents) are found to be small
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Continuum extrapolation at the SU(3) point
e m,; = my ~ 440 MeV : much cheaper calculation  [Eur.Phys.J.C 80 (2020) 9, 869]

T T T T T
wr W |
80— —
60 - X —

= 40F —
=
% ol * Connected |
= = Disconnected
< L x Full Contribution _
20— —
a0 W ]
R \ \ | L
0 0.050” 0.064” 0.076" 0.086"
2 2
a [fm7]

e Continuum value

ay SV = (65.4 £ 4.9) x 107",

e Guess the value at the physical point by subtracting and adding back the pion-pole
contribution

azlbl,SU(Z%)f n (azlbl,wo,phys B aﬁlbl,wo,SU(s)f) — (104.1+9.1) x 101t
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Toward the physical pion mass

[Eur.Phys.J.C 81 (2021) 7, 651]

e Connected and disconnected contributions for m, — mPhs

160

T, -
140 ] A m_=221 MeV ]
T
o m = 280 MeV 10+
= 120 n mn=356MeV =
= e m_=415MeV S
:i 100 s
8 =
Z 80| % 304
g :
= =
= 60 ~ e m =415MeV
S &.%"1 . m =356MeV =
T 40 e T
e m = 280 MeV
20 -50 + m =221 MeV \
[ ]
o- T T T T T T -60 T T T T
0 10 15 20 25 30 10 15 20
|y|Max./‘r:l |Y|Max./a

e Noise increases as m, decreases
— extend the data using the model f(|y|) = Aly|? exp(—M]ly|) (works very well for the 7°)

e Strong pion mass observed, but largely suppress in the sum of the two contribution

Antoine Gérardin

Hadronic Light-by-Light scattering contribution with Wilson-Clover quarks



Extrapolation to the physical point : light quark

Cont. & Inf. Vol.

X
v B=3.70
110 A B=355
100 o B=346
o = B=340
=) e B=334
= 80—
<
Q
&
+
=]
3
s
30 ml=ee
— an =5.818
07 o mL=4642
109 mL=3917
0= T T T T T T T
0.02 0.04 0.06 0.08 01 0.12 0.14 0.16 0.18

m’[GeV’]

e Light quark contribution :

azlbl,light = (107.44+11.3+£9.2) x 1071

Antoine Gérardin

Main sources of error :
e Statistical error increases as m, — mP¥s
e Finite-volume effects o exp(—mmL/2)

e Continuum extrapolation

2’ <02 GeV” | ‘ =
mL>4 .
m_’ <0.165 GeV’ | [ ]
All Data — -
s . _ = [inearina
a"<0.2GeV™ A ° . . 2
Linear in a
mL>4_| ° --- Stat.
— Stat. + Syst.
m”<0.165 GeV” °®
All Data — f L
T T T T T T
70 80 90 100 110 120 130 140 150
(Conn + 2+2)-1 11
" x 10
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Subtraction of the pion-pole contribution

x 1011

(Conn + 242)

ap

130
120
110
100

40

30
20
10

e Filled symbols :

e Open symbols :

Pion-pole subtraction

i % :::E::;: }1

- B=370 1

B B = 3.55 —a— |
B = 3.46 ——

B B =3.40 - |
B8 =3.34 —e—i

| 1 | | 1 1 1 |
0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18
m2 [GeV?]
original data

0 0
add a}"t™ P and subtract a™' ™ (a, m;)

i

Chiral extrapolation very flat : improving the continuum extrapolation
(away from the physical pion mass) might be a better strategy!
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Strange quark contribution

Integrand (Conn) Integrated (242)
le-10 0 [ 3 W 060 ® ®oo 00 VOGN WL 00
Se-11] . ¢ . R P
104
. ¢ _ -
6e-11— =
. % Y E 20 * .
g de-11-] ¢ 3 %
’E\ ; 30
9@ 2e-11— . 1 > i
= ~ e SS §§
0—e e - o & = “7 - IS §§
e 35x Strange Connected = « 11 EERH
2 ¢ Light Connected 50
-de-11— T T T T T 60 = T T T T T T T
0 5 10 15 20 25 25 5 75 10 12.5 15 17.5 20 225
yl/a [¥lptar /2

e Highly suppress as compared to light quark (charge factor)

e Strange quark contribution at the physical point :

ahlbl,strange — (—06 + 20) % 10—11

1
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Charm quark contribution

[Chao, Hudspith, Gérardin, Green, HM arXiv :2204.08844]

e Large lattice artefacts : challenging calculation
e Strategy : unphysical charm quark masses + extrapolation

e Error estimate : model averaging procedure

1500 o
N300 —v—
|| N202 —a—
B450 —o—
|| H101 —8—
AG53 —e—i
i cont.
WP %

14

—_
(S}

—_
(=)

o]

aHconn.,c X 1011
N

~
AV

[T

0 015 02 025 03 035 04 045 05 055
1/Mp, ? [GeV2]

e Charm quark contribution (dominated by the systematic error) :

apPb e — (2.8 +0.5) x 107"

W
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Summary : total contribution

Contribution Value x10M
Light-quark connected and (2 + 2) 107.4(11.3)(9.2)
Strange-quark connected and (2 + 2) —0.6(2.0)
Charm-quark connected and (2 + 2) 2.8(0.5)
(3+1) 0.0(0.6)
(2+1+1) 0.0(0.3)
(1+1+1+1) 0.0(0.1)
Total 109.6(15.9)

e Not discussed in details here : sub-leading contributions have been computed and are small

— challenging to compute! (lot’s of work done by En-Hung Chao)

e Precision of 15%
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Conclusion HLbL : Summary of lattice results

This Work

RBC 2019

WP 2020

12017

N/NJ 2009

PdRV 2009

25

50

75 100 125 150 175
Hibl 11
alu x 10

» Update since WP : complete lattice QCD results.

» Many challenges (continuum extrapolation, finite-volume effects, noisy correlators)

— lattice calculation of pseudoscalar-pole contributions (7%, 1, 1') can help there

» Close, but not yet at the target precision (< 10%)
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QED Kernel : technical details

[:[ ],uz/)\(x y Z g5 [polpavBA T(iﬁ()s(l‘ y)
A=LIILIIT

gd[pa Jowpr = = traces of gamma matrices —  sums of products of Kronecker deltas

e The tensors To(zﬁc)S are decomposed into a scalar S, vector V' and tensor T part

T () = 005 + 0Y)Va(x.v)

1
TC(EI/;();(.’E, y) = m&c(f) (TB(;(CU, y) + —(5555(1’ y))
Tgﬂg)(%y) = m(a( 9 4 8( )) ( Tos(z,y) + 5a55(:r y))
They are parametrized by six weight functions
58" + 59"

T C(mzn— 5 )T Vs e LTS 21
0p(2,y) = (Tawg = Z0ap) B+ (Yayp — T0ap) 17 + (@ays + yaws — —5=0ap)

e the weight functions depend on the three variables 22, 2 - y = |z||y| cos 8 and y?

e Semi-analytical expressions for the weight functions have been computed to about 5 digits precision
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Light-by-light forward scattering amplitudes

e Forward scattering amplitudes M\, 0,

(A1, q1) v*(Xs,q1) » 81 helicity amplitudes (\; = 0,+£1)
Miaine = Muvpe €7(X]) €(X3) (A1) €7(A2)

» Photons virtualities : Q7 = —¢f > 0 and Q3 = —¢3 > 0

Y (A2, g2) 7*(As, g2) » Crossing-symmetric variable : v = ¢1 - ¢o

e Using parity and time invariance : only 8 independent amplitudes

(Myg My ), Moy, Moooo, Mio+o, Moyot, (Mys o0+ Mot —0),
(Mg = Mo 2), (Myi 00 — Mo ,—0)

— Either even or odd with respect to v

< The eight amplitudes have been computed on the lattice for different values of v, Q?, Q3

Strategy :
1) Compute all the forward LbL scattering amplitudes on the lattice [Green et. al '15]
2) Use a simple model to describe the lattice data (input : TFFs)
3) Extract information about TFFs by fitting the model parameters to lattice data
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Description of the lattice data using phenomenology

— For each of the eight amplitudes, we have a dispersion relation :

= Vo)

M (v) = .
alv) T S, V(2= v2—ie)
_ _ (A, q1) + 7 (A2, q2) — X(px) fusion cross sections
Lattice calculation
<+ 4-pt correlation function 7 (A1)
Q3 = 0.352 CeV?
1o ‘ \ ‘ ‘ ‘ ‘ ‘ 012 —as X(p)
0.23 —a—
ol 10 s
| | 038 7" (A2, q2)
60 e
B % bt b 0.08 o
S ol % i f i i iy i . i i}g;ﬁ:&— < Main contribution is expected from mesons :
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— Assume monopole/dipole masses (fit parameters)
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