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The hadronic LO contribution: time-like method
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The hadronic NLO VP contribution 

•  contributions containing HVP insertionO(α3)

3

aHVP
μ (NLO) = − 98.3(7) × 10−11

Krause ’96; Keshevarzi, Nomura, Teubner 2019; WP20



E. Balzani, Fifth Plenary Workshop of the Muon g-2 Theory Initiative

The hadronic NNLO VP contribution 

•  contributions containing HVP insertionO(α4)

aHVP
μ (NNLO) = 12.4(1) × 10−11

Kurz, Liu, Marquard, Steinhauser 2014

4



E. Balzani, Fifth Plenary Workshop of the Muon g-2 Theory Initiative

Space-like method: LO HVP contribution
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K(2)(z) =
1
π ∫

0

−∞
dz′ 

ImK(2)(z′ )
z′ − z

, z > 0
Π(q2)

q2
=

1
π ∫

ds
s

ImΠ(s)
s − q2

, q2 < 0

aHVP
μ (LO) = −

α
π2 ∫

0

−∞

dt
t

Πh(t)ImK(2)(t/m2)

With the imaginary part: 

ImK(2)(z + iϵ) = πθ(−z)[ z2

2
− z +

z − 2z2 + z3/2
z(z − 4) ] = πθ(−z)F(2)(1/y(z)), F(2)(u) =

u + 1
u − 1

u2

Changing the variable in the dispersive integral t → y → x : t(x) =
m2x2

1 − x2
, x = 1 + y

aHVP
μ (LO) =

α
π ∫

1

0
dx κ(2)(x)Δαh(t(x)) κ(2)(x) = 1 − x

Lautrup, Peterman, de Rafael 1972

Δαh(t) = − Πh(t)
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Space-like method: NLO HVP contribution

a(4a)
μ =

α2

π3 ∫
∞

s0

ds
s

2K(4)(s/m2)ImΠh(s)

a(4a)
μ = −

α2

π3 ∫
0

−∞

dt
t

Πh(t)ImK(4)(t/m2)

 from Barbieri Remiddi 1975K(4)

ImK(4)(z + iϵ) = πθ(−z)F(4)(1/y(z))

F(4)(u) = R1(u) + R2(u)ln(−u)
+R3(u)ln(1 + u) + R4(u)ln(1 − u)
+R5(u)[4 Li2(u) + 2 Li2(−u)

+ln(−u)ln ((1 − u)2(1 + u))]

R1 =
23u6 − 37u5 + 124u4 − 86u3 − 57u2 + 99u + 78

72(u − 1)2u(u + 1)
,

R2 =
12u8 − 11u7 − 78u6 + 21u5 + 4u4 − 15u3 + 13u + 6

12(u − 1)3u(u + 1)2
,

R3 =
(u + 1)(−u3 + 7u2 + 8u + 6)

12u2
,

R4 =
−7u4 − 8u3 + 8u + 7

12u2
,

R5 = −
3u4 + 5u3 + 7u2 + 5u + 3

6u2
.
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Obtained independently by Nesterenko, arXiv: 2112.05009
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Space-like method: NLO hadronic vacuum polarization contribution

a(4a)
μ = ( α

π )
2

∫
1

0
dx κ(4)(x)Δαh(t(x)), κ(4) =

2(2 − x)
x(x − 1)

F(4)(x − 1)

a(4b)
μ = ( α

π )∫
1

0
dx κ(2)(x)Δαh(t(x)) × 2 [Δα(2)

e (t(x)) + Δα(2)
τ (t(x))]

a(4c)
μ = ( α

π )∫
1

0
dx κ(2)(x)[Δαh(t(x))]2
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Chakraborty at al. (arXiv: 1806.08190) provided an approximated 
expression for the space-like kernel function. They added a  
uncertainty to their final result.

O(10%) This uncertainty can be eliminated using our 
exact formula .κ(4)(x)
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Space-like method: NLO hadronic vacuum polarization contribution
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• The LO integrand has a peak at 
• The NLO integrand has an integrable logarithmic singularity at 

x ∼ 0.914
x → 1
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Space-like method: NNLO HVP contribution

6a 6bll

e

6b
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6h6g1, 6g2

6b

e

e, µ

6c1 6c2 6d

9

a(6a)
μ =

α3

π4 ∫
∞

s0

ds
s

K(6a)(s/m2)ImΠh(s)

Approximated series expansion of  in the parameter  contains powers  of degree  
multiplied by constants,   terms.

K(6a)(z) r = m2/s rn n = 1,2,3,4,
ln r, ln2 r, ln3 r

K(6a)(s/m2) = ∫
1

0
dξ [ P(6a)(ξ)

1 + rξ
+

L(6a)(ξ)
ξ + r ]

L(6a)(ξ) = G(6a)(ξ) + H(6a)(ξ)ln ξ + j(6a)(ξ)ln2 ξ

P(6a)(ξ) = p(6a)
0 + p(6a)

1 ξ + p(6a)
2 ξ2 + p(6a)

3 ξ3

G(6a)(ξ) = g(6a)
0 + g(6a)

1 ξ + g(6a)
2 ξ2 + g(6a)

3 ξ3

H(6a)(ξ) = h(6a)
0 + h(6a)

1 ξ + h(6a)
2 ξ2 + h(6a)

3 ξ3

J(6a)(ξ) = j(6a)
0 + j(6a)

1 ξ + j(6a)
2 ξ2 + j(6a)

3 ξ3

Exploiting generating integral representation to fit all the term.
Groote, Körner, Pivovarov, arXiv:0111206v2
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Space-like method: NNLO HVP contribution

a(6a)
μ = ( α

π )
3

∫
1

0
dx κ̄(6a)(x)Δαh(t(x))

For  0 < x < xμ = ( 5 − 1)/2 = 0.618...

κ̄(6a) =
2 − x

x(1 − x)
P(6a) ( x2

1 − x )
For  xμ < x < 1

κ̄(6a) =
2 − x

x3
L(6a) ( 1 − x

x2 )
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Space-like method: NNLO HVP contribution
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Space-like method: NNLO HVP contribution
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a(6d)
μ =

α
π4 ∫

∞

s0

ds
s

ds′ 

s′ 

ds′ ′ 

s′ ′ 

K(6d)(s, s′ , s′ ′ ) × ImΠh(s)ImΠh(s′ )ImΠh(s′ ′ )

a(6d)
μ = ( α

π )∫
1

0
dx κ(2)(x)[Δαh(t(x))]3

a(6c)
μ =

α2

π4 ∫
∞

s0

ds
s

ds′ 

s′ 

K(6c)(s/m2, s′ /m2) × ImΠh(s)ImΠh(s′ )

 diagrams contain two HVP insertions (6c)  requires two dispersive integrationsa(6c)
μ
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Space-like method: NNLO hadronic vacuum polarization contribution
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We start from the time-like asymptotic expansions:

•  in 

•  in 
K(6c)(s/m2, s′ /m2) s′ ≈ s ≫ m2

K(6c)(s/m2, s′ /m2) s′ ≫ s ≫ m2

a(6c1)
μ = ( α

π )
2

∫
1

0
dx λ(4)(x)[Δαh(t(x))]2 a(6c3)

μ =
α
π ∫

1

0
dx κ(2)(x)[3Δαh(t(x))2Δα(2)

e (t(x))]

Two steps: 
1. Computed the approximated time-like kernel 
2. Matched the LO of the approximated time-like kernels , with those of a series expansion of a two 

dimensional generating integral representation

K(6c2)(s/m2, s′ /m2)
K(6c2)(s/m2, s′ /m2)

a(6c4)
μ =

α
π ∫

1

0
dx κ(2)(x)[3Δαh(t(x))2Δα(2)

μ (t(x))]λ(4)(x) = κ(4)(x) −
2π
α

κ(2)(x)Δα(2)
μ (t(x))
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Space-like method: NNLO hadronic vacuum polarization contribution
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a(6c2)
μ = ( α

π )
2

∫
1

0
dx∫

1

0
dx′ κ̄(6c2) × Δαh(t(x))Δαh(t(x′ ))

For xμ < {x, x′ } < 1

κ̄(6c2)(x, x′ ) =
2 − x

x3

2 − x′ 

x′ 3
G(6c2) ( 1 − x

x2
,

1 − x′ 

x′ 2 )
G(6c2) (ξ, ξ′ ) =

1
4 (32π2 − 315)

×

× (1855 − 188π2)
min (ξ, ξ′ )

max (ξ, ξ′ )2 + (988π2 − 9765)
min (ξ, ξ′ )2

max (ξ, ξ′ )3 + 24 (435 − 44π2)
min (ξ, ξ′ )3

max (ξ, ξ′ )4
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Conclusions
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❖ We provide simple analytic expressions to calculate the HVP contributions to the muon  in the 
space-like region up to NNLO. 

❖ These results will allow to extend MUonE’s original proposal to determine the LO contribution to  
to NNLO. They can also be employed in lattice QCD computations. 

❖An existing approximation for the NLO kernel induced large uncertainties. These can be eliminated using 
our exact expression . 

❖ For NNLO a combination of exact and approximated one- and two-dimensional kernels is provided. The 
uncertainty due to the kernel approximations is estimated to be less than . 

❖ Calculation of higher-order HVP corrections require a precise treatment of the QED radiative corrections 
to the HVP function. MUonE will naturally include their leading effects in the space-like approach.  

❖ These results allow to compare time-like and space-like calculations of  at NNLO accuracy. 

g − 2

a(HVP)
μ

κ(4)(x)

O(10−12)

a(HVP)
μ



Thank you for your attention!
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