Relative Cohomology and Feynman Integrals

Hjalte Frellesvig
Niels Bohr International Academy (NBIA), University of Copenhagen.

May 29, 2023

! The Niels Bohr
s s Jass  [nternational Academy

CARISBERG FOUNDATION

Relative Cohomology and Feynman Integrals.



Introduction

VA </ e o7 Py -7 wz)zmowﬁws%€€7
<

CAAVAY

N 1S k o \ e @Nm%’é{?

For state-of-the art two-loop scattering amplitude calculations
O(1000) Feynman diagrams — (9(10000) Feynman integrals

d?k;
a1, -a Da1 Dap (k) H7Td/2

Linear relations bring this down to (9(100) master integrals
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For state-of-the art two-loop scattering amplitude calculations
O(1000) Feynman diagrams — (9(10000) Feynman integrals

d?k;
a1, -a /Da1 Dap(k) H7Td/2

Linear relations bring this down to O(100) master integrals

Linear relations may be derived using IBP (integration by part) identities

/d% 0 ¢"N (k)

472 9k DI (k) DEF (k) "

Systematic by Laporta’s algorithm = Solve a huge linear system.
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The linear relations form a vector space
I= E CiIz'
1Emasters

Subsectors are sub-spaces
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The linear relations form a vector space

I = Z CiIi

1Emasters
Subsectors are sub-spaces

Not all vector spaces are inner product spaces
—1 .
(] =Y (@) (C71), (sl with  Cy = (viv))

= Z C; <U¢‘ (Ci = <vv;‘> if Cij = 62])
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The linear relations form a vector space

I = Z CiIi

1Emasters
Subsectors are sub-spaces

Not all vector spaces are inner product spaces
—1 .
(] =Y (@) (C71), (sl with  Cy = (viv))

= Z C; <U¢‘ (Ci = <U’U,Zk> if Cij = 62])

If only there were a way to define an inner product
for Feynman integrals...
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u = B" is a multivalued function in {z}

d):%dxl/\---/\dxn is a form
P

Ty
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Theory
B (z)N(x)
1= [d"z C
/c xi“' /(ZS @[CL.

u = B" is a multivalued function in {z}

¢ = %dxl/\--ﬁ\dxn is a form
Ty Tp

w = dlog(u) is the twist

(¢|C]., is a pairing of a twisted cycle (C) and a twisted cocycle (¢)
(equivalence classes of contours and integrands respectively)
P. Mastrolia and S. Mizera, Feynman Integrals and Intersection Theory, JHEP 1902 (2019) 139

dim of the set of ¢s, is the number of master integrals.
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u = B" is a multivalued function in {z}

d):%dxl/\---/\dxn is a form
Tyt T

w = dlog(u) is the twist

(¢|C]., is a pairing of a twisted cycle (C) and a twisted cocycle (¢)
(equivalence classes of contours and integrands respectively)
P. Mastrolia and S. Mizera, Feynman Integrals and Intersection Theory, JHEP 1902 (2019) 139

dim of the set of ¢s, is the number of master integrals.

We also need the dual Feynman integral:

Tqual Z/CU_1§ = [Cl)w
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The intersection number ($|€) is a pairing of a twisted cocycle ¢
with a dual twisted cocycle &

Lives up to all criteria for being a scalar product.
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The intersection number ($|€) is a pairing of a twisted cocycle ¢
with a dual twisted cocycle &

Lives up to all criteria for being a scalar product.

(@l¢) = / (ug)(u ™€)
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The intersection number ($|€) is a pairing of a twisted cocycle ¢
with a dual twisted cocycle &

Lives up to all criteria for being a scalar product.

(@l¢) = / (U reg (716
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The intersection number ($|€) is a pairing of a twisted cocycle ¢
with a dual twisted cocycle &

Lives up to all criteria for being a scalar product.

(0le) = / (U)reg (17E) = ...

(@l€) = D Res(p¢)  with  (d+ dlog(u))i = ¢

1) can be found with a series expansion ¢ = > ;2%

a recursive formula, or sometimes a closed expression
[Chestnov, HF, Gasparotto, Mandal, Mastrolia (2022)]
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The intersection number ($|€) is a pairing of a twisted cocycle ¢
with a dual twisted cocycle &

Lives up to all criteria for being a scalar product.

(0le) = / (U)reg (17E) = ...

(@l€) = D Res(p¢)  with  (d+ dlog(u))i = ¢

1) can be found with a series expansion ¢ = > ;2%

a recursive formula, or sometimes a closed expression
[Chestnov, HF, Gasparotto, Mandal, Mastrolia (2022)]

Summary:

I=) al = = @G)(C ) with Ciy= ()
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On the maximal cut we did a lot of examples
[HF, Gasparotto, Laporta, Mandal, Mastrolia, Mattiazzi, Mizera (2019)]
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Examples of complete reductions:

H. Frellesvig, F. Gasparotto, S. Laporta, M. K. Mandal, P. Mastrolia, L. Mattiazzi, S. Mizera
Decomposition of Feynman Integrals by Multivariate Intersection Numbers
JHEP 03 (2021) 027 arXiv:2008.04823

The Niels Bohr
Incernational Academy

H. Frellesvig Relative Cohomology and Feynman Integrals.



Examples of complete reductions:

H. Frellesvig, F. Gasparotto, S. Laporta, M. K. Mandal, P. Mastrolia, L. Mattiazzi, S. Mizera
Decomposition of Feynman Integrals by Multivariate Intersection Numbers
JHEP 03 (2021) 027 arXiv:2008.04823

In twisted (co)homology theory

1= /uqb with all poles of ¢ being regulated by v = B”
c
d’l’L
but for Fls ¢ ~ — %% hasall poles unregulated
Zl DRI Zm
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Examples of complete reductions:

H. Frellesvig, F. Gasparotto, S. Laporta, M. K. Mandal, P. Mastrolia, L. Mattiazzi, S. Mizera
Decomposition of Feynman Integrals by Multivariate Intersection Numbers
JHEP 03 (2021) 027 arXiv:2008.04823

In twisted (co)homology theory

1= /uqb with all poles of ¢ being regulated by v = B”
¢ d"z
but for FIs ¢ &~ ———— has all poles unregulated
Zl DRI Zm
Solution so far: Introduce regulators

U = Upeg = U2y 257 -+ 20

and take the limits p; — 0 at the end
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Relative cohomologies

| want to get rid of the regulators. One option: Relative (twisted) cohomology:
Forms and contours live in a space defined modulo a different space

I:/u¢> with ¢— 4%
C z

1 DR Zm -
3
[Matsumoto (2018)], [Caron-Huot and Pokraka (2021, 2022)]

Work relative to U(ZZ =0)
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Relative cohomologies

| want to get rid of the regulators. One option: Relative (twisted) cohomology:
Forms and contours live in a space defined modulo a different space

I:/u¢> with ¢— 4%
C z

1 DR Zm -
3
[Matsumoto (2018)], [Caron-Huot and Pokraka (2021, 2022)]

Work relative to U(ZZ =0)

In practice this allows for a new kind of dual forms 4, .. .

(¢)9.) := Res,—o(¢) (and likewise for multiple variables)
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Relative cohomologies

| want to get rid of the regulators. One option: Relative (twisted) cohomology:
Forms and contours live in a space defined modulo a different space

I:/u¢> with ¢— 4%
C z

1 DR Zm -
3
[Matsumoto (2018)], [Caron-Huot and Pokraka (2021, 2022)]

Work relative to U(ZZ =0)

In practice this allows for a new kind of dual forms 4, .. .

(¢)9.) := Res,—o(¢) (and likewise for multiple variables)

. . Cip 0 - 0
The intersection numbers become )
easier to compute, involve fewer C = C21 Cap : 0
variables and many are zero. : : . :
Cn 1 Cn,2 o Cn n

s

No regulators needed!
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Relative cohomologies

Examples computed using relative cohomologies:

N

~

[G. Brunello, V. Chestnov, G. Crisanti, HF, F. Gasparotto, M.K. Mandal, P. Mastrolia (20237)]

The Niels Bohr
Incernational Academy

H. Frellesvig Relative Cohomology and Feynman Integrals.
g



Relative cohomologies

Examples computed using relative cohomologies:

N

~

[G. Brunello, V. Chestnov, G. Crisanti, HF, F. Gasparotto, M.K. Mandal, P. Mastrolia (20237)]

Other optimizations:
e  Get rid of algebraic extensions (e.g. square roots)
[G. Fontana, T. Peraro (2023)]

e  Combine with rational reconstruction
[G. Fontana, T. Peraro (2023)]

e  Different handling of higher poles
[S. Weinzierl (2020)]

e  Systematic approach to magic relations
[S. Caron-Huot, A. Pokraka (2021)]?
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Relative cohomologies

Examples computed using relative cohomologies:

N

~

[G. Brunello, V. Chestnov, G. Crisanti, HF, F. Gasparotto, M.K. Mandal, P. Mastrolia (20237)]

Other optimizations:
e  Get rid of algebraic extensions (e.g. square roots)
[G. Fontana, T. Peraro (2023)]

e  Combine with rational reconstruction
[G. Fontana, T. Peraro (2023)]

e  Different handling of higher poles
[S. Weinzierl (2020)]

e  Systematic approach to magic relations
[S. Caron-Huot, A. Pokraka (2021)]?

We are quickly approaching the state of the art
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Summary:

I= e h I =

zi:c where /Cu¢

¢ = (&) (C™ N with  Cyy= (¢4]&)
(@l&) = > Res(v¢)  with  (d+ dlog(u))t = ¢

With relative cohomology: (¢|0,) = Res.—o(¢)
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Summary:

I= e h I =

zi:c where /Cu¢

¢ = (&) (C™ N with  Cyy= (¢4]&)
(@l&) = > Res(v¢)  with  (d+ dlog(u))t = ¢

With relative cohomology: (¢|0,) = Res.—o(¢)

Thank you for listening!

Hjalte Frellesvig

H. Frellesvig Relative Cohomology and Feynman Integrals.



