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All time integrations are performed diagrammatically!
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. Crossing disconnected obstruction
These properties are completely general!
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Frye, Hannesdottir, Paul, Schwartz, Yan Capatti, Hirschi, Pelloni, Ruijl, Hannesdottir, Mizera

arXiv:1810.10022 (2018) arXiv:2010.01068 (2020) arXiv:2204.02988 (2022)

| would like to focus on the role of connectedness

Its role in the Cross-Free Family representation connects the cluster decomposition principle
with infrared finiteness

We define the connected S-matrix in a slightly different way as usual

connected o0
(|S.|8) = SR and the full S-matrixis S =" a,, 87
n=0
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Scattering cross-sections then correspond to sums of terms
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Scattering cross-sections then correspond to sums of terms

358718 oo~ O S S T
e B){(BI(S)™ |ex S Ie @3 -

— 7_‘// 3 :
Notice the multiple Cutkosky cuts, as opposed to the usual definition of the connected S-matrix
Work for fixed n and m, e.gQ.

nehmed D 0(Ey + E5 — pis)

| 5(E1‘|'E2‘|‘E3—p(1)2)
Ei+FEy+E;—E,—Es  E,+Es— E — Ey— Ex

threshold threshold

cutkosky cut cutkosky cut

€1 €5
—C jﬁ} DN — -~ /
Se L hSe D bGe Ge + [ G - G
— 7_/ ~ — ~— - ~ — —\_ ___—
S— /%./—/ —— T ul
connected connected connected connected

It is finite when E4 + F's — By — E2 — F'3 — 0 (delta argument becomes same). In general:

YYa\ )"18)(BI(SH)™ )

Is IR finite for fixed n and m, that is for fixed number of connected components!
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How to compute discontinuities
Thresholds in three-dimensional space
We kept on-shell energy dependence implicit. Let’s re-instate it ) b
A\

- 1 3

:...+/d3k - _ - - - -
15, 2k + 53| (k| + [k — fo| — p3) (| + pi| + |k + 51 — B3| — p)(|k + Fr| + |k — Ba| — py)

+ ...

We can now draw the threshold locations in the space of spatial loop momenta

A

|+ |k —p2] —p3=0 = ellipsel

Foci: E:O’ E:ﬁg

Minor/major axis lengths: a = pg, b= \/(]98)2 — |P2|?

>

It exists if py > 0,p5 > 0

Describes a segment connecting the foci when p% =0

Conic obtained by intersecting a forward light cone with a backward one
{k* =0, £ >0} N {(k —p2)* =0, k" —p5 <0}
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Now we can draw all the remaining thresholds

m = |k| + [k — pa| —py =0
< ) - -
S //’ n2 = |k + D1 k— pa| —ply =0
(— D~ — \F 4+ R — 7] —pd =0
—_—— n3 = |k +pi|+ |k +p1 —p3| —p3 =

We now want to regulate the thresholds through a contour deformation k& — k — 1k
( No crossing of branch-cuts

K has to satisfy constraints < Stay on well-defined Riemann sheet

\ Satisfy causal prescription - V7; > 0, when n; =0
(In Feynman parameter space, k < V.JF)

Focus on the last one

The vector field

- — - —

NEIEIRRSSN\\Y k= M (R)(E = §1) + o (k) (F — 52)
AR FONISIN OO T satisfies the causal constraint for all thresholds!
\ ) _ B // = /‘)
| A __‘/ "_’ B - /' - -
‘, o % . combinatorial problem
YAy (\ / /T~ 2.Find a point inside each overlap

convex problem
ZC, Hirschi, Kermanshah, Pelloni, Ruijl, arXiv: 2009.05509 (2020)

Kermanshah, arXiv: 2110.06869 (2020) 15

— 1. FInd out whether thresholds overlap



https://arxiv.org/abs/1906.06138

In general, the problem of finding the correct contour deformation decomposes
1. Combinatorial problem: enumerate overlaps

2. Convex problem: find point inside each overlap

When all internal propagators are massless, these problems can be solved in closed form,
thanks to the factorisation formulal

This principle can be translated into a constraint on overlaps, establishing that there is one
overlap for each spanning tree of the graph

For each of these overlaps, the point inside it, when internal propagators are massless,
corresponds to the origin in the loop momentum basis identified by the spanning tree

k=Y  Ap(k)(k—5r)

spanning
tree T

This in turn shows that a deformation for massless internals always exists, and thus the
Feynman diagram is well-defined!
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thanks to the factorisation formulal
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Local Unitarity
We can then use the deformation field to construct a parametrisation of the surfaces

( — —
_ Capatti, Hirschi, Pelloni, Ruijl,
Causal flow ¢ 8t¢(t’ k) — R (¢(t7 k)) arXiv:2010.01068 (2020)
gb(O E) — E Capatti, Hirschi, Ruijl,
L ) arXiv:2203.11038 (2022)

We use the flow to transport us on the thresholds

S e Ry =0, =t =1 ()

A h
4 \ . R
g ‘ ' - a D

Cl v 7 - The function

Pl = / o(t: (), k)
v /’
assigns to each point a threshold point

k — o(ti(k),k) € {k|n; =0}

. ; — (k-Vn))~t O
disc @—_@f = ﬂ: /d3k§ | .

The right-hand side is integrable, and corresponds to a differential cross-section!

The causal flow aligns the phase-space integration measure of interference diagrams
17
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