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Section 1: A discussion of the results

> Brief histories

[ Bhabha,1936 ]
e”(p) + e (py) = e (p3) + e (py)

* [ Bern, Dixon and Ghinculov, 2001 ]
Massless pl.2 = 0

| R. Bonciani, J. Fleischer, Stefan’s Actis, Michal Czakon, T. Riemann, Janus’s
Gluza, Thomas Becher ... 2004 ~ 2008 ... Johannes M. Henn, Vladimir A.

Smirnov, Lorenzo Tancredi, Claude Duhr 2013 ~ 2021 |
Massive planar topologies, K3 surface

e [ Claude Duhr, Lorenzo Tancredi, Maximilian Delto, Yu Jiao Zhu, 2023 |
Nonplanar topologies, a family of elliptic curves
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Is the finite remainder a physical quantity?

> Abelian exponentiation and 1-loop exactness [Yennie, 19611

(04

ON _ 4”6 A(—2m? + 5 ls 1 [=5 5
A (a,m, s, t,e) =¢e < Cla,m,s,t,¢€) o m(l_m_a\/ﬁ\/zl_ﬁ)
(15 )
> Scheme dependence [2011.13946] e L=
V' Ceor = Gy
CCDR = CtHV = Crandom



Regge limit & mass expansions

> Regge Limit s, m> >t [Korchemsky 1996]
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» Mass-expansion and region of convergence [Xiao Liu, Yan-
Qing Ma, 2022]
» Highenergy: Ecpy > 1GeVand £2° <0 < £ 178",

e.g. at Foy ~ 1GeVandf ~ 47, AP ~ 10", |ART - A |~ 107

. Low energy: e.g., at B\ = 250 MeV anﬂ@ ~ 36°, |A | ~ 107, AP — ABI\]AFIOW\ ~ 107



Section 2: Symmetries of the amplitude

o Lorentz invariance (well-defined probability
interpretations, regardless of any reference of frame)

e SU(3) or singlet (color-charge conservation) I 3 ]
e 0T\ o)y = |d) < T|d)y=0, T°= ) Tt

* Linear operators in the Fock space i

 SU(2) tensor (little group covariance)
P = POIP. =, P)HIP, = ,IP)=,1P)R;, R e SUQ)

e SL(2,7) modular symmetry for the symbol letters



Branched symbol letters

« Amplitude through canonical bases  Residwes and periods

(

A(s,1) = ) Rls, 1) X (s,

—— 5 cononico\  baseg

* Canonical form for the differential equations [Johannes M. Henn 2014

dJ = eM(s,t) - ]

« Kernel M(s, t) as linear array over the symbol letters

M(s.)= ) ¢, Xafs.D), ¢E€Q, dufsf) =0
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An typical symbol letter for the non-planar

] —44/(t — D)1(25* + 3st — 105 — 2t + 8)
SX{ (5 —Ds@A— D)5 +1-4)

- 25°1% — 457t + 80s” + 5°1° + 25%1% + 28857t — 4805 + dst” + 34651° — 122451 + 6405 + 1697° — 7761 + 4001

4 s —Dst—D(s+t—4)(s+1)

§312 — 253t + 853 + 25213 — 105212 + 5652t — 6452 — 251> + 81512 — 260st + 1285 + 4913 — 26412 + 2721

(s —4)s(d—t)(s+1r—4)

6=\ =Hr , s+ D@s+1-4)

o as@a—nr O GGt i—de 1 (PR
' 2s+1t—4 ; 2s+1t—4

| T7(s, 1)
A(s —d)st(s+t—4)(s+ 1) (s—4d)st(s+t—4)(s+1)

V(@ — DY (s, 1) +

2% —st? + 11st —4s + 71> — 8t — 16
+dt X < 2
(4 —10)%(s+t—4)
Tf(s, 1)
A2(s+t—4)(s+ 1) (s +1t—4)(s+ 1)

4 —4
| \/(Z ) T5(s, t)}
4-0s+t—4)

V(=)

(s —4)s(4 — 0t

T3 (s, 1)

2/t = 4yt

1
Ty(s, NT5(s, 1) P20 }

— 5212 + 1052t + 852 + 12512 -

Y(s, 1)

- 40st — 32s + 8¢ + 3972 — 92¢

T5(s, DT, (s, 1)

1

4t —-Dt(s+t—4)(s+ 1)

s+ 1

T,(s,0)T5(s, 1)

W2(s, 1)

(s+t—4)(s+1)

Y(s, 1)

T(s,1)



Classification by moduli space
> Review of planar topologies [1307.4083, 2108.03828]

Coordinates on framed curves:

)
v Coordinates on the moduli space of curves: \ 2 /
> A General Picture

» Classify and unify different scattering processes according to
the underlying moduli space

 Compute the uniformization groups *(deck transformations) for
the symbol letters



Nonplanar topology —Preview

- - - T £
g U n Iform Izatlon @ DeCkﬂ(Cﬁx H) ~ 7° >‘<l ['(4) ~ 72'1((]:”‘;2\2 ) o De;kf(C X H)
C x H
* Given a punctured Cl]j’z\Z, what is Its ﬂl \
universal covering space and the f
corresponding covering map? What is the (Z2XTWNCXH 2 CPAX
Covering automcrphism? (z, ¥, /¥)) > = {kinematic branch points}

 (Covering space quotient theorem

» Pullback of the closed 1-forms

 What are the closed 1-forms on moduli space of
elliptic curves with and extra
marked points? Are they given by Kronecker
differential forms? [D.Zagier 1991]

a)llfronecker(z, T) — (Zﬂi)z_k g(k_l)(Z — C;, T)dZ (k — 1) g(k)(z — C;, 7)7
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Poincare polygon theorem

Geometric construction by the Fuchsian Triangle Group I

o0 OO0 OO

A = Fundamental triangle

A &2 H : Riemann Mapping Theorem

R: Schwarz Reflection

r: Schwarz Reflection Principle

AUA"UNAUA) 2L HUH UR\{0,1, )
Cusp-infinity

~ 1"(2) ~ 7 %7 A(t) : Modular function for I'(2)

10 CP'\{0,1,0} ~T(2\D

Tiling by I

OO0




Uniformization of CP'\{0,1, c}

What is the inverse function to /1 ?

Deck =T('l)
H ~ D

Z\

¥Y(2) = T(Q\H CP'\{0,1, )

M7)=Ay-1),Vy € T(2) = 1 is a well defined holomorphic map on Y(2) = T(2)\H

JU

~yy

A7 =7
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A family of curves over CP'\{0,1, o0}

* Period mappings for a family of elliptic curves . l \
A

E :Y?=X(X-1)(X=21),4€CP\{0,1,00} TQWH «—— CP\{0,1,00]

¥, /¥,
3
i = 2564 =AL=D) W, _ iK1 -2)
A2(1 = A)? Y, K1)

which is ramified at 4 = 0,1 and oo, each with ramification index 2 so that deg(j) = 6 = [PSL(2,2) : I'(2)]

dX
JT : HI(E/I) — C

A dX 4 d

X
Y VD)= —=2KL), ¥, V) =| — =2K(1 -1)
1 ),y 2 |
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Monodromy Group=Deck Transformation

* Picard-Fuchs differential equation

Deck
4/1(1—/1)d2 I4(1—2/1)d 1{W.=0, i=1,2 5
“ “ | | | " l \
A
» Monodromy representations pp, 11,1 = Pp,1* Ppy.) rO\H ——  CP)\{0,1,)

W/,
p:mX,-)— GLy(C)

[}’]'—)P[y]-

 Images of the generators in PSL(2,7)

(12 (10
PlCo] = 01/ ° Plo,] = —71
I N |

p(r(X,-)) = (p[QO] ,p[01]> = Deoking]) ~1'2)~ Z*7Z ~ Deck,(H)
N

* (Covering space quotient theorem



Uniformization & the universal family of curves

Are the two universal families &, and £ [2] isomorphic?

Ji21

ST\ E 2] pr——— )
\ | ?
4 v Lift
/’1" :
['(2)\H CP'\{0,1, o0}
V,/¥,

Eron = (Z2 X T(2)\C x H
E[2]: Y =XX-1DX-Ar),r € T2)\H

E :Y"=XX-1(X-21),4e€C\{0,1)}
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The isomorphism between E [2] >~ &,y

e the isomorphism map CxH Jio)
2 1 I o
(.)€ CxHYS [X 0X/oz: 1| €E[2] o oy 7
2%, (1) ['(2)\H Ef[z]
05(0,9)0;(0,9)
P — 62 O, ] X — 2 u
1(7) = 705(0,g9) (2) 02(0,9)0%(nz, q) V}@ﬁ.

3 ['(2)\Hi
. invariance under Z?> XN1'(2) = f 2] ~

]C[z][Z’T] =f[2][((m,n),y) . (Z’T)]’V(m’n) S Zz’}/e F(z)’ ((man)a}/) ) (Zaf) — <Z_|;:/l‘::i_n ,y.T)
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The universal family of complex torus
Ery = (Z2 X TO\C x H

. 7% X I'is isomorphic to the following action

Z+mrt+n
< | I m n ct+d
2
<T>|—> y 0 g bl= y .7 , m,nezZ-, yel
1 ¢t O C d 1

. el2 e's
* |s each fiber a complex torus? _
—1 ¢ I" and that the action of T" is free . C :
Z, Z,

potential candidates: I';(NV),with N > 3
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A family of curves over punctured CP-

. The family of elliptic curves for Bhabha scattering, with coordinates [s : ¢ : m?]

E :Y'=X—-e)X—e)X—e)X—ey

st + 2\/m2s t(s + t — 4m?) St — 2\/sz t(s + t — 4m?)

e; = 4, e, = , € = , €4 =——
: - m2(4m? — t) ) m2(4m? — t) !

 What is the base space ? Answer: equating the roots in all possible ways. But Why?
Answer: cusps correspond to elliptic curves with nodes or monomial singularities

Union of the following linear varieties is deleted :

X=(s,s—4,s+t,s+t—4,t,t—4)U{[1:0:0]}

CP\X



The Mordell-Well group for a family of curves

e Theorem of Mordell-Well

Neoly e”iPtic curves over Q (or its finite extensions), the goup of

rational Points 1S ﬁnitelg generatecl

. of rational points {[n]p, |py € AEL) ~T@®rZ,ne€ 2} ~(Z,+)

s—4  (—-Ds+r—4) 1
s(s+1) s(s + 1) |

3 . Py =
E3 . Y2 — H(ei - 64)<X : el )
=1

es(e; — ey)

16 +1t(8 =3t+s(s+1—4)) o
4s(t — 4)(s + 1) I
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Generators of the Mordell-Weil group as marked points

Ebhabha Eyniversal
CPA\X M 1 H[N]

» The generator on Mordell-Weil group A(E;.;.,.2) =~ T @ rZ

[ (s—4mDs (s — 4m®)simX(s + t — 4m?) 2]
=[X:Y:1]= : . m
—4m? + 2s + ¢ (2s + 1t —4m2)?2/(s + 1)

 Mapping to a universal family of torus

— — 0%(0.q) 0*(nz, dm? 93(0,
(e, — eg)(e— 1) _ 5(0,q9) 07(nz, q)  Modular lambda: m _ 5(0,9)
(el R 64)(62_ ) 632(09Q) ez%(ﬂza Q) 2m2 n \/(—m2 —i0)s(s +t — 4m?) H§(09Q)

—1

Abel map:
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Uniformization of punctured CP-

] (I C [|_|]
~ Definition of the map fi4; : C X H — CI 2\2 f Jia
T
A1+ R X (=2 + ) B 4(—=1+R) X RX A* l »‘
> = 2+ A4+RXA t_(—2+R></1)(—2+/1+R></1) (Z° 4T (4HNC x H _U_>(— CP\Z
, P, /¥
o 009 g 009 . R
= 009 G L 00 2. = {Kinematic branch points}

o f[4] IS Invariance under Z2 X F1(4) — f[4]

Jimlz, 7l = figl(Gn,n),y) - (z,7)],V(m,n) € 7, yeTl4), ((mn),y - (z,7)= (Z_I;:Q—::Z_n ,}/°T>

> The period is a modular form of weight 1 under the action of 7> X I",(4)
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Pullback of the closed 1-forms on CP*\X

ffw  CxH

e Fundamental differentials

0, CPA\X
w —1 iy ( 25+t — 4m? 2\/:\/4’””2 —1 1 )
W = 412(s + t — 4m2)(s + 1) WP, 1) ’ 4s(s — Am2t(s + 1)(s + t — 4m2) W3i(s, 1)  s(s — dm2)1(t — 4m?2) WP (s, 1) )

dt (s — 4m?)s — ds t(2s + t — 4m?)
O
T 25t%(s — dm2)(s + t — dm2)(s + 1) P(s, 1)

K °K

w, — irdt and w, — 2adz

—t  —48m* + 4dm3s + 2s% + 12m?t + st

+ dt >
am=—t [ \Am? — 1 (t + 5 — 4m?)

| — 8t as\ljl
s V—\Am? — 1 V=t 4m2 —t (t + 25 — 4m?)

|

[—r 4s? + 4s(t — 4m?) + t(t — 4m?) (s+t—4m>(s + 1)
= [ds P
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Pullback of the closed 1-forms on CP*\X

. 4-dimensional cubic lattice Z*

\/(S — 4m?)s 2s + t — 4m?

d |
t\/ (s +t —4m?)(s + 1) : \/ (s — 4m2)s\/ (s

f>1<

[

4m?)(s + 1)

;2,99 N
0 V> 205(e"q")— = 2‘9?(6 q7)— € M |(4))

q q

. Jacobi’s four square theorem Q = Z*

o0

®Q(T) — Z e2i7rf||x||2 — Z I”(I/l ’k)(eZJTiT)I’l ] I/‘(I”l ,k) — {V = Zk - n

xel) n=0

v12+...+vlg} . Imz >0

O,4(7) = 9;1(1') —> r(n,4) = 8 Z d, n>1

50 0<d|n 4+d



Pullback of the closed 1-forms on CP*\X

1 | 2(s — 4m?)

— d |
b t 202(s+t—4m?) (s + 1) Yi(s, ) (t—4m?)(s +t —4m?) |
y 25 + 1 — 4m? THs. 1) \/ (E=4m%)  Ti(s,0) 20252 + st + 4ms + 12m’ — 48m™)
| 26 — dmdsi(s + 1 — dmd) s + 1) W25, 1) (5 — dmD)s(@mE — 0t Wi(s,0) (s — dmD)s(t — dmP)(s + 1 — 4m?)
. 1 . : : 1 1, 1, 1
» D, root lattice D, = 5(1 +i+j+KZDiIZDjZDKZ = EZ EB?Z E9EJZ EBEkZ
' 4 d
Wy |L> 8w§r°(2z ,q) — 860;“’(22 : qz) | 3 qq ®D4(q2)

Op,(q°) = 05(q°) + 05(q%) € M(T(2)) C MH(T'(4))
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Pullback of the closed 1-forms on CP*\X

1 1561 — 5512 + s2(=24 = 2t + %) + 5(96 — 72f + 41 1 T4(s, 1) + 4T5(s, 1)
we; = dt X |— —4(1 +5) —
(-4 +s+ s+ | —4 + ¢ Wi (s,1) t P2(s, 1) _
d —4 425 +1 y —112f — 13617 + 4183 + s3(16 — 4t + 21%) + s%(—96 + 641 + 2> + 2) + s(128 — 200z + 58¢% + 417)
\)
ds(s =) (=4 +s+0)s+1) | (=4 +t)(—4+2s+1)

1 .\ 1 T3(s, 1) + 4T5(s, 1)
¥ (s, 1) t W1(s, 1)

+(16 (—4+s+D6+0 Ts0

41251 0) \/(_4 o + 4(1 + 5)T5(s, t))

f* o d
We3 H—> — 4 60; (2z, qz) + @?(Q)—q

q
* The (technical) problem of incompatibility of simultaneous uniformization

ds ramified covering dx (1 — x)?
E— B S = (X) .=

\/ —S\/ 4 —s X X
29392(2) (2 — /1)9392(Z) +1 H4HI(Z)
VA 24 0505(2) + 050;(2)

x(z,7)=1-



Summary and Outlook

> Phenomenology
* The first amplitude beyond genus 0 in QED

> Connections between the amplitude and the arithmetic Groups
 Marked points as generators of Mordell-Weil group

* A unified description of Bhabha scattering and sector 79 of
top quark production through universal curves for [ | (4)

> Future directions

e Dimension formula for the closed 1-forms on the universal curves

« Amplitude beyond genus 1: the non-trivial Hurwitz automorphisms; the
underlying connections to Hyperbolic Coxeter Groups
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