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Experimental precision  for many observables∼ 𝒪(1%)

NNLO QCD Corrections required to reduce theoretical uncertainty



Motivation

ttj production can be used to extract numerical value of top-quark mass   mt

ℛ(mR
t , ρs) = 1

σtt̄j

dσtt̄j

dρs
(mR

t , ρs) ρs =
2m0

mtt̄j

Current theoretical predictions at NLO in QCD

Theoretical uncertainty  δ ∼ O(10%)

Higher-order corrections might be crucial to reduce uncertainties

Analytic structure of two-loop five-point processes with internal massive propagators

[Alioli, Fernandez, Fuster, 
Irles, Moch, Uwer ’13]

[Alioli, Fuster, Garzelli, 
Gavardi, Irles, Melini ’22]

[Dittmaier,Uwer,Weinzierl ’07]

[Melnikov,Schulze ’10]



NNLO corrections

NNLO corrections require different ingredients

σNNLO = σRR + σRV + σVV

Solvable Available 
numerically

Unknown

Phase-space integration represents a hard-problem



pp → jjj
pp → γγj
pp → γγγ
pp → γγj
gg → γγg

pp → Wbb̄
pp → Wjj
pp → Zjj
pp → Wγj
pp → Hbb̄
pp → tt̄H

Gehrmannm, Henn, Lo Presti, Abreu, Dixon, Herrmann, Page, Zeng, Chicherin, Wasser, Zhang, Zoia, Sotnikov, Ita, Moriello, Tschernow, Canko, Papadopoulos, Syrrakos, Badger,  Brønnum-Hansen, 

Hartanto, Peraro, Dormans, Febres Cordero, Heinrich, Pascual, Chawdhry, Mitov, Poncelet, Czakon, Agarwal, Buccioni, von Manteuffel, Tancredi, Kryś, Kallweit, Wiesemann, Marcoli, Moodie, Popescu 


Catani, Devoto, Grazzini, Mazzitelli, Savoini,…         

Status of two-loop multi-scale computations

Complete Analytic 
Results

Public Numerical 
code

Cross Sections

Leading Color

Leading Color (Planar)

Leading Color (Planar)

Leading Color

Leading Color

Leading Color (Planar)
Leading Color (Planar)

Leading Color

Two-Loop Approx.

Adapted from Sotnikov



Five-point Two-loop Computations with internal and external massive particles

: NNLO computations done in the soft-Higgs boson approximation pp → tt̄H

: NNLO computations done with small mass approximation pp → Wbb̄
ℳ({pi}, mb) = ∏

i∈ext. legs
(Z(mb|0)

i )
1/2

ℳ(pi, mb = 0)+𝒪(mk
b)

Ratio of massive/
massless quark form 

factors

Two-loop amplitude 
with mb = 0

Corrections 
proportional to the 

quark mass

No two-loop exact computations with internal and external massive particles available

lim
k→0

ℳ({pi}, k) = F (αS(μR); m/μR) J(0)(k)ℳ({pi})

Soft Limit of scalar 
heavy quark form 

factor

Two-loop Amplitude 
for  productiontt̄

J(0)(k) = ∑
i

mQ

v
mQ

pi ⋅ k

[Catani,Devoto,Grazzini,Kallweit,
Mazzitelli,Savoini ’22]

See Savoini’s talk

[Buonocore,Devoto,Kallweit,
Mazzitelli,Rottoli,Savoini ’23]

See Buonocore’s 
talk



Amplitude Computation Pipeline

Feynman 
Diagrams

Scalar 
Integrals

Master 
Integrals

Special 
Functions

𝒜 = ∑i ci( ⃗x, ϵ)fi( ⃗x, ϵ)

Master coefficients Master Integrals

Focus of the Talk!

Reduction to MIs challenging for high-multiplicity processes

IBP reduction and amplitude reconstruction performed exploiting Finite Fields method
[von Manteuffel, Schabinger ’14]


[Peraro ’16]



Master Integrals Computation Status

Massless case:

Canonical basis

Alphabet

Pentagon 
Function

One-Mass case:
See Chicherin’s Talk

Canonical basis
Alphabet
Pentagon 
Function

Canonical basis
Compact form of differential equations 

for MIs
Alphabet

Analytic structure of the Feynman 
Integrals 

Pentagon Functions
Fast and reliable numerical evaluation

[Gehrmann,Hennn,Lo Presti ’15]

[Chicherin,Sotnikov ’20]

[Abreu,Ita,Moriello,Page,Tschernow,Zeng ‘20]

[Canko,Papadopoulos,Syrrakos ’21]


[Chicherin,Sotnikov,Zoia ’22]



Two-Loop Planar Feynman Integrals for ttj: A First Look

Scattering Kinematics:

p2
1 = p2

2 = m2
t p2

3 = p2
4 = p2

5 = 0

One Internal Massive propagator

Topology described by 88 MIs

Differential Equations:

Canonical basis

Alphabet

AMFlow: High-precision numerical boundary 
conditions

DiffExp: Semi-Analytic solution with generalised 
power series expansion

[Badger,MB,Chaubey,Marzucca ’22]

[Liu,Ma,Wang ’18]

[Liu,Ma ’23]

[Moriello ‘19]

[Hidding ’20]

Contributes to the VV 
planar leading color

See Liu’s Talk



Strategy of the Computation

Differential Equations 
Approach

Numerical Boundary 
conditions: AMFlow

Canonical Basis

Finite Fields

Generalised Power 
Series: DiffExp

Numerical Evaluation 
of MIs

Analytic Information: 
Canonical Basis, 

Alphabet

A First Look at Planar  
sector of five-point 
two-loop scattering 

amplitude with 
massive propagators



Two-Loop Planar Feynman Integrals for ttj: A First Look

Massive propagator increases complexity of calculation

Number of MIs

Length of Alphabet

Number of roots

Planar Massless Planar one-mass Planar ttj

61 74-86 88-123

3131 38-49 71

1 3 6

However, the structure of the Canonical Basis 
and of the Alphabet are similar…..



The Alphabet

d ⃗f( ⃗x, ϵ) = ϵ dA( ⃗x) ⃗f( ⃗x, ϵ), A( ⃗x) =
71

∑
i=1

ci log(wi( ⃗x))Canonical basis

sij tr(ij⋯k) = tr(γμpμ
i γνpν

j ⋯γρpρ
k )(Δi)2

Rational 
Letters

Ωi(a, b)
tr+(i⋯j)
tr−(r⋯s)

Ω̃i(a, b, c)

Algebraic 
Letters

Ω(a, b) :=
a + b

a − b
tr±(i⋯j) =

1
2

tr((1 ± γ5)γμpμ
i ⋯γνpν

j )

Ω̃(a, b, c) :=
(a + b + c)(a − b − c)

(a + b − c)(a − b + c)

Similar structure to 
five-point massless 

and one off-shell leg 
cases

[Henn ’13]



Differential Equations with Finite Fields

We exploit Finite Fields method as implemented in FiniteFlow to obtain analytic DEQs

Given the complexity of the computation 
the reconstruction has to be done in a 

“good” basis of MIs
Non-UT
Quasi-UT

Reconstruction 
time

3 Weeks∼
2 Hours∼

Degrees

53/57
15/15

Canonical basis depends on the set of square-roots:

β = 1 −
4m2

t

s12
Δ1 = det G(p23, p1) Δ2 = det G(p15, p2) Δ3 = 1 −

4s45m2
t

(s12 + s23 − m2
t )2 Δ4 = 1 +

4s34s45m2
t

s12(s15 − s23)2

tr5 = 4 det G(p3, p4, p5, p1) Gij( ⃗v) = vi ⋅ vj

Square-roots have to be avoided within Finite Fields

[Peraro ’19]

[Peraro ’19]

32 cores workstation



d ⃗J( ⃗x, ϵ) = d ( ̂A(0)( ⃗x) + ϵ ̂A (1)( ⃗x)) ⃗J( ⃗x, ϵ)

d ⃗I( ⃗x, ϵ) = ϵd (N( ⃗x) ̂A (1)( ⃗x)N−1( ⃗x)) ⃗I( ⃗x, ϵ)

Differential Equations with Finite Fields

We reconstruct DEQs with respect to a “Quasi”-UT basis

 MIs basis with no square-
roots

⃗J  diagonal rational 
matrix

̂A (0)

Canonical DEQs obtained by means of a diagonal transformation

 Canonical basis of 
MIs

Ii = Nij( ⃗x)Jj  Diagonal matrix with 
square-roots

Nij( ⃗x)



Building Canonical Basis of MIs

Canonical Basis greatly improves effectiveness of DEQs for Feynman Integrals

The construction of Canonical Bases is in general a hard problem

Techniques

Leading Singularities

Loop-by-Loop

Integrand analysis

Automated 
Tools

INITIAL

Epsilon
Fuchsia

Libra

Given the complexity of the kinematics automated approaches are difficult to apply

We exploit emerging patterns for five-point processes in the construction of the UT basis

[Lee ’21]
[Dlapa,Henn,Yan ’20]
[Gituliar,Magerya ’17]

[Prausa ’17]



Emerging Patterns

five-point 
MIs

four-point 
MIs

3 and 2-
point MIs

Scalar integrals with 
numerators and local 
integrand insertions

Scalar integrals with 
numerators and dotted 

denominators

Scalar integrals with 
dotted denominators

Local integrand: μij = − k[−2ϵ]
i ⋅ k[−2ϵ]

j Numerators: 𝒩 = (ki + q)2

Good starting point to build UT candidates MIs

More in depth analysis performed exploiting Leading Singularities, Loop-by-Loop…



A cooking recipe for Canonical Basis

IBP 
reduction 

and DEQs over 
Finite Fields

Check   
structure of 
DEQs from 
univariate 

slice

Cuts 
Information 

from 
homogeneous 

part of 
DEQs

Candidates 
choice 

inspired by 
similar 

processes

Fast pipeline to 
generate and tests 
possible candidates 

integrals for Canonical 
Basis
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Pentagon-Box

3 MIs

Double-Box
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4 MIs

Double-Box
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3
<latexit sha1_base64="y+WDoqttszdexELZg6EJPDYoWM8=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIp6rHoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1VnqoDypVr+YtQNaJX5AqFGgOKl/9YcKyGKVhgmrd873UBDlVhjOBM7efaUwpm9AR9iyVNEYd5ItDZ+TcKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5eZ6CbIuUwzg5ItF0WZICYh86/JkCtkRkwtoUxxeythY6ooMzYb14bgr768TtqXNf+qVq82boswynAKZ3ABPlxDA+6hCS1ggPACb/DuPDmvzseyseQUEyfwB87nDxedi5c=</latexit>

4

<latexit sha1_base64="pukKC4/a/4Vumdv9C1rDgxpFPro=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3lW5Uq+UqrdZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYObjMI=</latexit>

5

3 MIs

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1

<latexit sha1_base64="YMsxORc1qROyZt/Sshecb25Lu40=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNqql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH8PjL8=</latexit>

2

<latexit sha1_base64="PvkqMPf0KQ2ZiRgX4QPbidqMLN8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftkrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl76pcqVdK1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AICTjMA=</latexit>

3

<latexit sha1_base64="y+WDoqttszdexELZg6EJPDYoWM8=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIp6rHoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1VnqoDypVr+YtQNaJX5AqFGgOKl/9YcKyGKVhgmrd873UBDlVhjOBM7efaUwpm9AR9iyVNEYd5ItDZ+TcKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5eZ6CbIuUwzg5ItF0WZICYh86/JkCtkRkwtoUxxeythY6ooMzYb14bgr768TtqXNf+qVq82boswynAKZ3ABPlxDA+6hCS1ggPACb/DuPDmvzseyseQUEyfwB87nDxedi5c=</latexit>

4

<latexit sha1_base64="pukKC4/a/4Vumdv9C1rDgxpFPro=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3lW5Uq+UqrdZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYObjMI=</latexit>

5

Pentagon-Bubble

2 MIs

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1

<latexit sha1_base64="YMsxORc1qROyZt/Sshecb25Lu40=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNqql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH8PjL8=</latexit>

2
<latexit sha1_base64="PvkqMPf0KQ2ZiRgX4QPbidqMLN8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftkrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl76pcqVdK1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AICTjMA=</latexit>

3

<latexit sha1_base64="y+WDoqttszdexELZg6EJPDYoWM8=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIp6rHoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1VnqoDypVr+YtQNaJX5AqFGgOKl/9YcKyGKVhgmrd873UBDlVhjOBM7efaUwpm9AR9iyVNEYd5ItDZ+TcKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5eZ6CbIuUwzg5ItF0WZICYh86/JkCtkRkwtoUxxeythY6ooMzYb14bgr768TtqXNf+qVq82boswynAKZ3ABPlxDA+6hCS1ggPACb/DuPDmvzseyseQUEyfwB87nDxedi5c=</latexit>

4

<latexit sha1_base64="pukKC4/a/4Vumdv9C1rDgxpFPro=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3lW5Uq+UqrdZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYObjMI=</latexit>

5

Box-Triangle

2 MIs

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="YMsxORc1qROyZt/Sshecb25Lu40=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNqql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH8PjL8=</latexit>

2

<latexit sha1_base64="PvkqMPf0KQ2ZiRgX4QPbidqMLN8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftkrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl76pcqVdK1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AICTjMA=</latexit>

3
<latexit sha1_base64="y+WDoqttszdexELZg6EJPDYoWM8=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIp6rHoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1VnqoDypVr+YtQNaJX5AqFGgOKl/9YcKyGKVhgmrd873UBDlVhjOBM7efaUwpm9AR9iyVNEYd5ItDZ+TcKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5eZ6CbIuUwzg5ItF0WZICYh86/JkCtkRkwtoUxxeythY6ooMzYb14bgr768TtqXNf+qVq82boswynAKZ3ABPlxDA+6hCS1ggPACb/DuPDmvzseyseQUEyfwB87nDxedi5c=</latexit>

4

<latexit sha1_base64="pukKC4/a/4Vumdv9C1rDgxpFPro=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3lW5Uq+UqrdZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYObjMI=</latexit>

5

Box-Triangle

2 MIs

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1

<latexit sha1_base64="YMsxORc1qROyZt/Sshecb25Lu40=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNqql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH8PjL8=</latexit>

2

<latexit sha1_base64="PvkqMPf0KQ2ZiRgX4QPbidqMLN8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftkrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl76pcqVdK1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AICTjMA=</latexit>

3
<latexit sha1_base64="y+WDoqttszdexELZg6EJPDYoWM8=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIp6rHoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1VnqoDypVr+YtQNaJX5AqFGgOKl/9YcKyGKVhgmrd873UBDlVhjOBM7efaUwpm9AR9iyVNEYd5ItDZ+TcKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5eZ6CbIuUwzg5ItF0WZICYh86/JkCtkRkwtoUxxeythY6ooMzYb14bgr768TtqXNf+qVq82boswynAKZ3ABPlxDA+6hCS1ggPACb/DuPDmvzseyseQUEyfwB87nDxedi5c=</latexit>

4

<latexit sha1_base64="pukKC4/a/4Vumdv9C1rDgxpFPro=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3lW5Uq+UqrdZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYObjMI=</latexit>

5

Box-Triangle

5 MIs

New Five-Point MIs sectors

Pentagon-Box:

𝒩1 = (k1 + p5)2, 𝒩2 = μ11, 𝒩3 = μ12

Double-Boxes:

𝒩4 = (k1 + p5)2, 𝒩5 = (k2 + p1)2, 𝒩6 = μ12

Box-Triangles:
𝒩7 = (k2 + p1 + p2)2, 𝒩8 =

μ11

D8
, 𝒩9 =

μ12

D8
, 𝒩10 =

μ22

D8

Pentagon-Bubble:
𝒩11 =

μ11

D8



Generalised Power Series Evaluation: A proof of concept

We exploit the Generalised Power Series method as implemented in DiffExp

Series Solution around 
singular points of DEQs

⃗f(t, ϵ) =
∞

∑
k=0

ϵk
N−1

∑
i=0

ρi(t) ⃗f (k)
i (t), ρ(t) = {

1, t ∈ [ti − ri, ti + ri)
0, t ∉ [ti − ri, ti + ri)

, ⃗f (k)
i (t) =

∞

∑
l1=0

Ni,k

∑
l2=0

c(i,l1,l2)
k (t − ti)

l1
2 log(t − ti)l2

Numerical boundary values obtained with AMFlow

Numerical evaluation of MIs in whole phase-space

Proof of Concept for this computation

Optimisation could lead to phenomenological applications



Summary

First computation for two-loop five-point Feynman Integrals with Internal Massive Propagators

MIs computation for two-loop planar topology represents the first ingredient for a NNLO QCD corrections to ttj

UT structure follows emerging pattern amongst five-point processes

Outlook

Computation of all the MIs relevant for the NNLO ttj production in the planar leading color limit

In the planar leading color limit the functional space of MIs should NOT involve elliptic integrals

Efficient numerical evaluation: Construction of a Pentagon Functions basis for ttj at NNLO in the planar limit



Thank you for your 
attention!


