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A  MEMORIAL
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The Kinoshita-Lee-Nauenberg Theorem
(1962)



The lepton anomalous magnetic moment
(1967-2018)
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PARAMETER SPACE



Feynman parameters
Scalar Feynman integrals in momentum space are defined by

Feynman’s trick always allow to perform the integration over loop momenta

Where the Symanzik polynomials are defined purely as graph-theoretical quantities, as

•  TG is a co-tree: its complement is a spanning tree of the graph G.
•  The complement of CG is a spanning 2-forest of the graph G.
•  U and F are homogeneous in the parameters, of degree l and l+1 , respectively.

•  The integrand (including the measure) is homogeneous of degree zero.

Weinzierl 2201.03593



• RA `rational’ and homogeneous of degree -q
•  TB `rational’ and homogeneous of degree -(q+1)

Projective forms
Parametrised Feynman integrands are naturally interpreted as projective forms

For any subset   A,  |A| = a,  of  D = {1, …, n},   define the ordered (volume) a-form

The a-form can be `integrated’ to an (a-1)-form defining

The (a-1)-form η differentiates to ω, and vanishes on the boundary sub-simplexes

for example

One then defines affine and projective q-forms as

affine projective

for example

Weinzierl 2201.03593



                    `Cheng-Wu’ theorem: use any partial 
                     sum of parameters in the δ-function.

                                                                                                                 IBP identities!

Parameter integrands belong to the class of projective (n-1)-forms

Projective forms

                                                   with P = ν - l d/2,  and Q homogeneous as appropriate

Two theorems then hold

• αn-1 is a closed form, Stokes theorem applies.
• ηn-1 vanishes on the boundary cone.

Weinzierl 2201.03593



IBP IDENTITIES



Choosing the standard simplex as integration domain

With appropriate Q(z), D(z) and P,  this defines a large class of generalised Feynman integrals

We can now move around the set of GFIs, exploiting the closure of the set of projective 
forms under exterior differentiation (Theorem 1).

A general identity

Define for example so that it be projective

ωn-2  provides a possible integrand for a Feynman integral: differentiation gives another one

This identity applies at any loop order, encompasses IBP identities and dimensional shifts, and 
feeds into a hierarchy of differential equations directly in parameter space.



One-loop identities
One-loop parameter integrals can be written in a very compact form

where the first Symanzik polynomial has been labelled as a new variable with a new index

and the extended Cayley matrix has been introduced

We now pick as  Hi(z)  the numerator of the one-loop integrand, treat each term in the sum
defining ωn-2 independently, and properly adjust the value of P.  Thus

Differentiation with respect to each zi lowers the value of the index νi while differentiating 
the denominator effectively shifts the value of d.  A set of IBP identities follows.



One-loop identities
The one-loop IBP identities can be described in terms of raising and lowering operators.
Denoting the index set by R , and picking three subsets I, J, and K , define

The simple form of the first Symanzik polynomial leads to the identity

The general IBP identity can then be specialised at one loop.  At differential level one finds

• There are n equations: as kinematic derivatives raise νi’s , IBP identities lower them.
•  At one loop, a Barucchi-Ponzano-Regge (BPR) theorem holds:

Master integrals obey a closed system of (at most) (2n - 1) first-order differential equations.



EXAMPLES  AT LOW ORDERS



As a simple example we consider the one-loop massless box

where r = t/s and for the box family we use the notation

The generalised Cayley matrix is very simple

Taking derivatives with respect to Mandelstam invariants raises the values of νi’s in pairs

IBP identities and the BPR theorem suggest a (redundant) basis of four master integrals

Massless box



Massless box
We use the freedom to initialise the recursion by picking ν1=3, ν2=2, ν3=ν4=1.  Then, for h = 1

With these choices, the boundary term in the recursion vanishes

Closing the system of differential equations on the chosen basis is not difficult and one gets

The result is not in canonical form, but it can be brought to it, for example with the technique
of Magnus exponentiation. The system can then be solved iteratively in ε as usual, which gives

Matching known results (see for example Henn 2201.03593).



The massless pentagon is well-known to reduce to a sum of boxes with a massive leg in d=4.

The reduction of propagators happens in our framework through boundary terms: thus we
consider low values of the indices, starting with  νi = 1.  Picking for example h = 1, we get

Massless pentagonBern, Dixon, Kosower hep-ph/9306240

The 3-form ω3 for h = 1 does not vanish on the z1 = 0 boundary,  which contributes

The exercise repeats for all values of h,  generating permutations of sij.  The resulting system
is algebraic and can be solved for the original pentagon integral in d = 4 - 2ε, yielding

Coefficent matrix

BDK
solution



Equal-mass sunrise
“Banana” integrals are very interesting: two-point, elliptics, Calabi-Yau’s; were studied by Regge.
The first Symanzik polynomial is very simple and symmetric

Raising and lowering operators obey sum
rules similar to the case of one-loop n-legs

Consider the family 
( d = 2 - 2ε,   z = p2/m2 )

Once again we use the numerator for IBPs

The recursion gives non-vanishing boundary terms, and they are simple `bubble’ integrals

Through elimination, one finds a system of two first-order differential equations for the
I(0,0,0, 3ε) and I(1,0,0;1 + 3ε). It turns into the known 2d-order equation for the sunrise 

Laporta, Remiddi  hep-ph/0406160



OUTLOOK



  Digging back into ancient history may deliver hidden treasures. 

  Some of the old mathematical results may be worth translating into modern language.
    

  Parameter space may provide a new way to walk through the integral woods.
    

  Symmetries and graphical properties are best encoded in parameter language.
    

  Parameter-space differential equations are closely related to monodromies.

  It is worthwhile to study more complex examples and explore systematics.
    

        The parameter-space road to differential equations is worth exploring!  

Outlook




