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Energy-Energy Correlation functions

« EEC is the energy weighting two-particle angular correlation in e e ™.

Basham, Brown, Ellis, Love, 1978

_gzz, =i[ﬁE -1d3p _ dNO‘ _ [ Z; G(Qb Q)G(ﬂ __QI)]
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 Energy weighting is the unique way to make the measurement IRC safe.



Field theory definition

Hofman, Maldacena, 2008; Belitsky, Hohenegger, Korchemsky, Sokatchev, Zhiboedov, 2013
« EEC can be defined as Wightman correlator of sources, sink, and energy

flow operators JH(x) = P (x)y*(x)

EEC() = [ d'ae™ (17" ()8 ()8 (327, (0)/9)

T —> OO

E(n) = lim 7’2/ dt ;T (t, rit)
0

Tkachov, 1995

3 https://tikz.net/relativity_penrose_diagram/



Modern phenomenological application

Multi-point projected energy
correlators
2004.11381

Spin correlation in gluon jet
2011.02492

Applications to track based
observables

2108.01674, 2201.05166
Visualization of the parton
fragmentation evolution
2201.07800

Top quark mass measurement
2201.08393

Non-Gaussiantities in collider

energy flux
2205.02857

Decay density matrix for weak
gauge boson

2207.03511

Nuclear energy correlator and

gluon saturation

2209.02080, 2301.01788

Dead cone effects for massive
quark jets

2210.09311

QGP and medium modification
2209.11236, 2303.03413, 2303.08143



Visualizing time evolution of parton fragmentation
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There are a number of pQCD-related stories I have left
untold.

Why did it take almost 20 years for the inclusive
energy—energy correlation in ete™ — hih X, believed
to be the most reliable IRCS pQCD prediction, to agree
with the experimental data”?

Dokshitzer, in {50 Years of Quantum Chromodynamics)) 2022
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The main goal of this talk is to introduce

a new method of resumming Sudakov logarithms in EEC,
by exploiting its position space definition,

and using techniques from conformal bootstrap program.



Resummation in momentum space

EEC(x) = [ d'we™ QLI (@))€ () Y [X:) (Xi[ T, (0)]9)

\ / Insertion of complete state

> |Xi) = laq@) + laag) + ladgg) + laad'q) + -

\ / Amplitudes, Loops and phase space integrals

EEC(X) = /LIPSZ ‘Me+e——>X¢|2Eﬁ1Eﬁ2

Degenerate states: soft, collinear, rapidity

Regulator + factorization = resummation by evolution equation

@ On-shell amplitudes easy to calculate; particle physics intuition
'~ Requires cancellation of unphysical parameters; (conformal, crossing) symmetry not manifest
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Position space calculation
EEC(x) = [ d'ae™ QLI ()€ ()€ 72) 1, (0)|9)

EEC(y) / d*x e "1 / dt, / dts

lim ’I“% lim 7"2 Q‘J’u Tonl(tl,’l"lnl)TOn (tQ,TQTLQ) M(O)‘Q>

1 —2>00 To—>0O

A local, infrared finite four-point Wightman correlator in Minkowskian signature

Where does the Sudakov logarithms come from?
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/d4513136m13q (Ju(21) TP (22) T (xa) T (23)) 21 =0, x2 = (to,riiz), x4 = (ta,77ia)

Choose a frame where detectors are exactly back-to-back n2 = n4

2 + =
q Tl
_JZ_NO:> 132 13NO
q 173

‘$13,L‘2 > 527,

* X, IS integrated over a null line at infinity

* |[ts dominated contribution comes from
the region where (x; — xz)z/ re ~ 0
* X3 Is transverse separated from x; =

(X, — x3)*/r* ~ 0

Double lightcone limit
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 E.g. a 4-pt scalar correlator in N=4 SYM:

(O(21)O0(x2)O(x4)O(23)) =

CE%QQZ'

2
34 =

u p—
2
T3

5 = 22,
24

DV —

4 4
1 L13L24

)t (@22, )80 )

2 2
Logl1g (1 _
= (1-2)(1 - 2)

37%3@4

e Double lightcone limit: u - 0, v—->0(z—>0,Z— 1)

one loop =

two loop =

three loop =

1 ] 1 1 |
—Zlogulogv+0-log(uv)+--- — Z(uqtv)loguloquti(ulogu+vlogv)+--- + -,
:1 _ _ | 1 _

T log® ulog® v + 0 - log ulogvlog(uv) + - - - | 4 8(u + v) log® ulog® v

. i
+1—610gulogv(ulogu+vlogv) + glogulogv(vlogquulogv) S B ST

— 1 =] _1 ]

~ o0 log® ulog® v + 0 - log® ulog® vlog(uv) + - - | — 4—8(u + ) log® ulog® v
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Drummond, Duhr, Eden, Heslop, Pennington, Smirnov, 2013



 E.g. a 4-pt scalar correlator in N=4 SYM:

(O(21)O0(x2)O(x4)O(23)) =

2 9
L1olgg _
2 2

L73Lgg

U =

_ Tozdliy (1 _
= 2 (1 2)(1-2)
5’713$%4

4 4
1 L13L24

(2m)* (21523,)

- (u, V)

2

Message #1: The Sudakov limit of EEC is corresponding to the

one| double lightcone limit of a local 4-point Minkowskian correlator

two loop =

three loop =

— log® ulog® v + 0 - log ulog v log

16

(uv)_|_... |

u + v) log” ulog® v

_8(

3 1 '
+1—610gulogv(ulogu+vlogv) + glogulogv(vloguntulogv) S B ST
— 1 =] _1 ]
~ o0 log® ulog® v + 0 - log® ulog® vlog(uv) + - - | — 4—8(u + ) log® ulog® v
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Drummond, Duhr, Eden, Heslop, Pennington, Smirnov, 2013



 \Where does the double logarithms come from in a local 4-pt correlator?

* Lightcone OPE of

(O(21)O(22)O(24)O(w3)) = ) Ao Co(#12, 0, ) (O (w2) O(24) O(3))

OPE of 1, 2

twist expansion: lightcone

singularity of x;,

15
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 \Where does the double logarithms come from in a local 4-pt correlator?

* Lightcone OPE of

(O(21)O(22)O(24)O(w3)) = ) Ao Co(#12, 0, ) (O (w2) O(24) O(3))
@,

OPE of 1, 2 /
L — 1 M W, v
/ sum over infinite descendent operators

twist expansion: lightcone
singularity of x;,
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 \Where does the double logarithms come from in a local 4-pt correlator?

* Lightcone OPE of
(O(21)O(22)O(24)O(23)) = > AoCo(#1, 8, )(O(22)O(24) O(x3))
@,

OPE of 1, 2 /

1 1

sum over infinite primary Co(212,0,) = o de | S 020 + +0ah 502,020 +
operators - -
/ sum over infinite descendent operators

twist expansion: lightcone
singularity of x;,
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 \Where does the double logarithms come from in a local 4-pt correlator?

* Lightcone OPE of

(O(21)O(22)O(24)O(w3)) = ) Ao Co(#12, 0, ) (O (w2) O(24) O(3))
@,

OPE of 1, 2 /

1 ] 1 y
sum over infinite primary Co(212,0z,) = o de | S 020 + +0ah 502,020 +
operators - -
/ sum over infinite descendent operators

twist expansion: lightcone
singularity of x;,

o Singularity in x,; from sum over infinite operators (descendant of primary)
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 Conformal block expansion of 4-pt correlator:

(O(1)0(22)O0(24)O(x3)) = Y AoCo(w12,0:,){O(x2)O(4) O(x3))
O

X1 X4
conformal block
— Za@ = prefactor X E aoGa 1(u,v)
O @,
ol C_) Dolan, Osborn, 2001
2z _ _
X5 X3 Gao(w,v) = ——— lka—r-2(2)ka+e(2) — (2 € 2)]

ks(x) = 2%/% 2 F1(B/2,8/2, B; )

. Double lightcone limit (z = 0, 2 = 1): G J(u,v) = z7*|log(l — 2) + -]
log div. from infinite descendant
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 Conformal block expansion of 4-pt correlator:

(O(1)0(22)O0(24)O(x3)) = Y AoCo(w12,0:,){O(x2)O(4) O(x3))
O

conformal block

Message #2: Instead of expanding in fixed-multiplicity amplitudes,

we can expand In local operator exchange. Double logarithms
from lightcone singularity + infinite operator summation.

kp(x) = 2"/% 3 F1(B/2, 8/2, B; ©)

. Double lightcone limit (z = 0, 2 = 1): G J(u,v) = z7*|log(l — 2) + -]
log div. from infinite descendant
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Crossing symmetry

Leading Power Next-to-Leading Power
- . 2 r Y
1 1 1

one loop = —Zlogulogv—l—O-log(uv)—l—--- — Z(u—l—v)logulogv—l—i(ulogu—l—vlogv)—l—--- 4.

:1 | 1
two loop = 1—610g2u10g2v+0-logulogvlog(uv)+--- | 8(u+v)log2ulog2v

3 1 )
+1—610gu10gv(ulogu+vlogv) + glogulogv(vlogu—kulogv) +oee

1 ) 1
three loop = T log® ulog® v + 0 - log® ulog® vlog(uv) + - - - | — 4—8(u + v) log® ulog® v
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Crossing symmetry

(O(x1)0(22)O(24)O(23)) = (O(23)O(22)O(24)O(21)) =

Message #3: Crossing symmetry relates twist expansion and large

spin summation.

one

/ = = = / = = = =

1 1

two loop = 6 log® ulog® v + 0 - logulogvlog(uv) + - - - | 4 8(u + v) log® ulog® v
3 1 _
+1—610gu10gv(ulogu+vlogv) + glogulogv(vlogu—kulogv) +oee

1 ) 1
three loop = T log® ulog® v + 0 - log® ulog® vlog(uv) + - - - | — 4—8(u + v) log® ulog® v
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Analyticity In spin

* Jwist operators:

X4
=) _ao
@, OA,Z
X2 X3
Py (DF) Y
M) =205 |24 - 1) — 29y
Taa\t) =5 T ) VE
— ~ewsn log + B 1 Kotikov, Lipatov, 2002

23

Brower, Polchinski, Strassler, Tan, 2006
Kravchuk, Simmons-Duffin, 2018



Analyticity In spin

X4
(O(21)O(22)O(24)O(23)) = > a0
@, OA,Z
X2 X3
» Twist operators: ¢y (D) "1y
M) =205 |2+ - 1) — 29y
Taa\t) =S T ) VE
— ~ewsn log + B 1 Kotikov, Lipatov, 2002

Brower, Polchinski, Strassler, Tan, 2006
Kravchuk, Simmons-Duffin, 2018

Message #4: Analyticity in spin allows Laurent expansion in 1/spin.




Conformal block expansion

S-channel OPE
Z Z aroGAyae(u,v) .
even £ /
eigenfunction of conformal Casimir Z On .,
Dolan, Osborn, 2001 - OA N/ |
s
Gao(u,v) = S ka—i—2(2)kate(Z) — (2 <> 2)] X2

Ga(u,v) = 2

25

/2 % log(1—2)+ |



Conformal block expansion

S-channel OPE
F(U,U) — Z Z OJT,EGA—I—ZL,E(uy U) X1 X4
A

even £ /
eigenfunction of conformal Casimir Z O,
Dolan, Osborn, 2001 - OA N/ |
<2
GA,K(U,U) — S [kA_g_Q(Z)kA+g(Z) — (Z < Z)] X5 X3

Leading twist expansion u->0 (z->0); L.=logz  Gau(u,v) = 2™/* x [log(1 —2) + -+ -]

1\" O\ st o) 2) (1) 4 -
72@) (72@) L a y Y5 ;O
(n) _ .3 Z (0) ( » n ’ 2,6 (0 1)\ 12E 120 AN
T a“{ gl 2 Tty X | co T T DT | Rees(2)
even / _a2,£ 72,6 i

Leading in u but including infinite powers in v (fixed by conformal symmetry)
Resumming large logarithms in v requires sum over infinite spin
Resumming Power corrections in v requires systematic expansion over large spin

25



Twist conformal block

S-channel OPE

Z > ariGatas(u,v) . X4

even /
" twist conformal block H,—s — Y al%)Gri(u,v) Z

OA
Alday, 2016 even / OA |
(my3) (. 5 70 log! ‘]2 J2,= (04 2)(C+ 5 — 1) X
H WY (z,2) =) a_, 72, GA+4 o(z,2) 2 2 X2 3
T0o=T+4
Leading twist expansion u->0 (z->0): L. =logz ks(z) = 2772 3 F\ (8/2, /2, B; )

LL l
1 D\t i _
(75 E)) I (/Vé E)) L’ 1 aélz 75722 | fyéjle) Oy L (5) +
2" n! 0 on— I(n—1)! 20+6\ <

F =23 3 4

even /¢
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Twist conformal block

S-channel OPE

Z Z areGAta0(u,v) A X4

even /
" twist conformal block H,—s — Y al%)Gri(u,v) Z

Alday, 2016 2 even £ OA 1 Oa,
(m z) Z (0) log J GA—|—4 E(Z Z) J2e=(£+ %)(€+ % —1) X5 X3
J2m =
T0 0o —T —+ 4
Leading twist expansion LLIJ__>O (z->0): L. =log~ ka(a) = 2P/2 2 F1(B/2,8/2, B; )
T n—1
(1) (1) n—1 - (1) (2) (1) 5 7 l
V2 e) (72 e) L] a y Vs ;O
(n) _ .3 (0) ( n | ’ 2,6 _ 2,6 | 12,8 2 ...
S = Z "2 e{ 27 n/! = 2n=1(n —1)! 8 40 (n 1)7(1) 2 Raeo(2) +

even / 2.4 2.4 i

. 1 | a(()z B F(€-|—3)2

- n\ |V (0,5) , M —1Yg (1,3) 6 T(20+5)

= = . H | . H + -
n! ;(l> _ 22 ’ 3 2’6—|‘1 ° - ”755):10g(]6£—|-2’7E‘|‘3J2 ‘|‘O(J6_,£4)
6,4
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Resummation by analytic continuation
Z > ariGatas(u,v)

even /¢
Ctwi f | block H,_» = 0)
twist conformal bloc g = a; ) Goyer(u,v)
Alday, 2016 ovon /
- lo J2 . T .
H™D(2,7) = io)g gﬂm Garar(zz) o= +3rg=1

£ To=7+4
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Resummation by analytic continuation
Z Z areGata0(u,v) [

— —_—=

cven / | CsoGayae(z,2) = J2 1GAta, 0(2,2)
L. (0) |
twist conformal block H;—>= »  a,,Geie.(u,v) i) _ 3 O log" J
Alday, 2016 even / Cry H 7™ Z 2(m- 1) “Giaga
. lo J2 5 T T TO l

: To=7+4
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Resummation by analytic continuation
Z Z areGata0(u,v) [

—— —

even f | CsoGAatan(z,2) = J2 1GAta, (2, %)
o (0) “
twist conformal block Hr—2 = )  a,;Geye.(u,v) () — 37 g0, log" J
Alday, 2016 even /¢ CTO HTO Z 2(m 1) GA+4Z
| log® .J2 : T Y0
HD (2,2) =Y ", szf LGatan(z,z) ey =0p L -

N e . o < I
C’TOH(m Z)(z Z) = H(m L) (2, 2)
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Resummation by analytic continuation
Z Z areGatae(u,v) B

= e ——

even f | CsoGAatan(z,2) = J2 1GAta, (2, %)
o (0) |
twist conformal block Hr—2 = )  a,;Geye.(u,v) () — 37 g0, log" JZ |
Alday, 2016 | Cq H TEINTY
Y, even / 077 To 2(m 1)
[
lo J2 2 T T
H(m z) Z Z Z (0) & 27;' EGA—I—ZL,E(ZVE) Jr = (¢ + 2)(€—|— 5~ 1) - N B

%’Z’: 7'0 —7"|‘4 -
CTOH(m Z)(z Z) = H(m L) (2, 2)

2(2 - 2) 1
log(l—2) = — lar ¢
21—z T Flosll—2) =5 +resu o
l1—Z=c¢€



Resummation by analytic continuation
Z Z areGatar(u,v) B

= e ——

cven / | CsoGayae(z,2) = J2 1GAta, 0(2,2)
oW (0) “
twist conformal block Hr—2 = )  a,;Geye.(u,v) () — 37 g0, log" JZ |
Alday, 2016 | Cro H “Glasa,
Y, even / 077 To 2(m 1)
[
lo J2 2 T i

%‘]’_ﬁz: n=THE
CTOH(m Z)(z Z) = H(m L) (2, 2)

(—1,0)(, > Cro (0,0)
H’TO (Z7Z) +-— H (Z Z)
22((12__;)—|— log(1 — ):2i€+regul term
l—2zZ=c¢€



Resummation by analytic continuation
Z Z areGatar(u,v) B

e ——

even / | CsoGAatan(z,2) = J2 1GAta, (2, %)
( twi ) “
twist conformal block H,—> = » = a,,Geye.e(u,v) () — 37 g0, log" JZ |
| CT H GA—|—4 [
Alday, 2016 even £ 077 To 2(m 1)
[
lo J2 2 U Q)

N o=




Resummation by analytic continuation
Z Z areGatar(u,v) B

. e —

cven / | CsoGayae(z,2) = J2 1GAta, 0(2,2)
oW (0) ”
twist conformal block Hr—2 = )  a,;Geye.(u,v) () — 37 g0, log" JZ |
Alday, 2016 | Cro H “Glasa,
Y, even / 077 To 2(m 1)
[
lo J2 2 T i

N o=




Resummation by analytic continuation
Z Z Ut EGA—|—4€ U U) - S

even / } C%OGA+475(Z,Z) J2 EGA—HL g(Z Z)
4 (0)
twist conformal block H.—» = » a;,Grie.(u,v) o HO) = 5 4 log' 2,1
Alday, 2016 even / Z 2(m— 1) A4,
T0 .1
o, log" J2 , 22, =0+ Dye+ T -1 N

H7('Z)nﬂ) (Z7Z) — GA_|_47€(Z7Z)

2m




Resummation by analytic continuation

('t

lo J2 2 T
Hm) (7, %) Z (0) S Y7 oL Gara sz, %) T o=+ 5+ 5 =) - -

even ¢ | CroGatan(z,2) = J2 EGA+4 (2, 2)
|
[ O |
wist conformal block H;—2 = E a\")Gloye,0(u,v) - (0> log" JZ |
" Cr H = " a) G
Alday, 2016 even £ o4l 7, 2 (m— 1) A+4,l

[ T()l

T

2m

\ JO) TO—T—|_4:

CTOH(m Z)(z Z) = H(m L) (2, 2)
analytic continuation in m

4 |HOO (2, 2)| H (2, 2) HY (2, 2)

7322 (12 — Z) + Zlog(l — 2) = 2i + regular terms A|day, 2016
o 6 Henriksson, Lukowski, 2017

l—2z=c¢
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Examples:
® N=4SYM
e (QCD charge-charge correlator QQC
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Explicit example for a toy model: N=4 SYM

_ 1 1 (—1)” (—1)” -1 (—1)”’77, _ )
n 3 n n n o n—1
7 )(Z’Z) : {Elog Z_E<2”+1 o8 €+.”>+< 2n+1 g € - 3 X 2" 08 AL I

Clog" a1 ((-1)" (—1)" 2
| (n—1)! € ( 2n+1 on+1 3(n —1)Glog™ “e -

(n+ 1) log™ e

(_1>n n (_1)n—|—1 n—1 _ 4
T 2n+1nlog € o (n+1)C2log" e+ --- + - 2+ 0(27)

Agree with fixed-oder expansion (up to terms not enhanced by large spin)

1 1 1
one loop = —ZloguloganO-log(uv)Jr--- — Z(uqtv)logulogzﬂr§(ulogu+vlogv)+--- + -
1 2 2 1,11 2 2
two loop = 1—610g ulog” v+ 0 - logulogvlog(uv) 4+ -+ | 1 8(u+v)log ulog® v
3 1 ]
+1—610gulogv(ulogu+vlogv)+élogulogv(vlogu+ulogv)+--- + -,
1 3 3 2 2 1|1 3 3
three loop = —%log ulog® v + 0 -log” ulog” vlog(uv) + --- | — 4—8(u+v) log” ulog” v
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Resummation of EEC in N=4 SYM

oo 2n—1

EEC(y) ~ Z Z o (Cn,m

n=1 m=0

log™y

y I

dp.m log™ y)

NLL:  m=>2n—2
aL2
al.e” 2 1| /=
EEC(y) = 7 -
(y) » 1|V3
o erf(z) =
Y — 9
VT Jo
EECH = —% log y—% log y+0 - yo + O(y),
EEC@):é<log3y+0-log2y+~-)+<10g63y+ 13610g2y+---> + O(y)
EEc<3>_$(_log5y+o.1og4y+---)+(—312%5y—10f;y+---)+(9(y)-

Henn, Sokatchev, Yan, Zhiboedov, 2019
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Power Corrections|Perturbative Corrections
twist| large spin LL “NLL”
0 1 1 2
LP o) |ay), 7| a5,
_ 0 1 1 2
o2 o), v | a8,
NLP 0 (0) _ (1) (1) _(2)
O(£") OWENPY, IWENPW,
aL2 ] aL2
J a Yy a
| (7aL§ —4)e” "2 A |
| " 48 12

0.0

EEC Back—to—Back Limit Resummation

---- LP NLL + NLP NNLO

160 165

170

175



Local charge-charge correlator in QCD

%3%3

7= T2
lim 72 lm 72(J*(x1)J " (22)J T (24)J,(x3)) = prefactor x G(u,v,y)

ro— 00 r4—> 00

‘/()' { ) Z/ ) '
! - log(z 1 —2log(l —2) 2—4log(l—2) 2 |
G0 (u,v,7) = 2, ( S I ,...>+7( - )+

Chicherin, Henn, Sokatchev, Yan, 2020

-« ) T -« ) I -« ) I
X
Z A Y A Y T A Y A
i
A Y
- I3 T4 - - - I3 T4 > I3 Ty >

twist 3 operators

=3 (—1)k . N (e vme
O[ 3 B Z ['(k+1)2I'(m — k+ 1)I'(m — k + 2) ((ZDIi)kwg) ((ZDH) kwl)

k=0

m—1
~[T=3] _ (1) ' . DY k=1, .
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Summary

* \We have proposed a new method to resum Sudakov logarithms in EEC
based on double lightcone OPE

 Power corrections from twist expansion and infinite spin expansion

o Simplify by crossing symmetry

 Resummation by RG + large spin perturbation via twist conformal block
* Towards QCD (work in progress):

e Spinning conformal block

 Running coupling effects (only appear at NLL and beyond)

e (Generalization to more observables
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Analytic continuation of twist conformal block

(M) (5 3 0) log" JZ, _ . . d
Hy(2,2) = ) an)o—m — Gavar(z:2) H. (m,i) = (—1) — H o, (m, 0)
¢ To,f d*m
Generic formula at negative m:
~ 1 1
H™ (e) =o' T(1—m)* + Zm (2m® — 6m + 1) €"T'(~m)’
| 1;0 (m — 1)m(m + 1) (20m® — 54m® — 35m + 36) €™ 'I'(—m — 1)* + - - -
Expand at m=0, 1:
ﬁ;igogn)(e) = (—61)'"’ % log™ € + nyg log™ ' € - n(n12— D (12v% + 7%) log™ 2 e+ - - -
_- - 2 2 - ) -
+(=1)" 1 log"+1€ | YE 310gn€ | s +12’7E3672’7E+lznlogn_le_l_.” .

6(n+1) \3

higher power of log than we expected at NLP, but it cancels with that in H éilg’g

n—l)

(€)

ayd og™ 1 12 2 2
Hélz’lﬁ‘g )(6):(—1)n[ log™ " € - n7f110gn+16 | ”yb12+7r loghe+---| +---
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