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Motivation

> Vast increase in collider data accuracy as well as in the complexity of observables being probed,
as the LHC moves into the high-luminosity phase

> Accurate theoretical predictions of scattering events require handling of IR singularities beyond NLO,
which proves to be a highly non-trivial challenge

» Several established approaches, from both slicing and subtraction side, are rapidly setting NNLO in the
strong coupling as the standard; in particular, state-of-the-art predictions for 2 — 3 collider processes
(with al least 2 QCD final-state particles at the Born level)

pp — _] _] _] [M. Czakon, A. Mitov, R. Poncelet 202 1] Talk by R. Poncelet
pp — Wbl_Q (massless) [H. B. Hartanto, R. Poncelet, A. Popescu, S. Zoia 2022]
pp — ttH [S. Catani, S. Devoto, M. Grazzini, S. Kallweit, ). Mazzitelli, C. Savoini 2022] Talk by C. Savoini

pp — Wbi? (massive) [L. Buonocore, S. Devoto, S. Kallweit, |. Mazzitelli, L. Rottoli, C. Savoini 2022] Talk by L. Buonocore

pp — }/] ] [S. Badger, M. Czakon, H. B. Hartanto, R. Moodie, T. Peraro, R. Poncelet, S. Zoia 2023] Talks by M. Czakon and S. Zoia

2 On-going effort to generalise /improve schemes, while looking at the extension to higher orders
Talks by M. Marcoli, C. Signorile-Signorile, O. Braun-White

» Room for improvement in universality and efficiency, Ambitious goal:

to overcome high computational complexity automation of NNLO QCD predictions
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Exploring the framework...

Local Analytic Sector Subtraction

do . doro doxro doxnLo

aX — ax T ax T Tax

+ ...

o = partonic cross section
X = generic IRC-safe observable

Introduction to subtraction strategy at NLO

Massless QCD
final-state radiation
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Generalities at NL.O

» X =IRC-safe observable computed with i-body kinematics, dx, = §(X — X;)

donLo / >@<
— dd,, Vo Explicit € poles :
dX Xn Preter
—+ / d(I)n_|_1 R 5Xn—{—1 Singular in PS %
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Generalities at NL.O

» X, =IRC-safe observable computed with i-body kinematics, dx, = (X — X;)

donrLo >@<
= (I)n ( ) inite in € :
X / d V+1 5Xn Finit
+ /dq)n—l—l (R 5Xn—|—1 —3 K5Xn) Integrable in PS XE

2 Subtraction algorithm: introduce local counterterm K and phase-space factorisation

/d(I)n_|_1 K5Xn = /dq)n I5Xn d(I)n—l—l — d(I)n dq)rad

» Result: subtracted NLO cross section numerically integrable in d = 4 dimensions
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Strategy of the algorithm

R — E ( RW: : with g Wi = Minimal approach to disentangle
yo + i i overlapping singularities
1,]7+1 ?

* Single-unresolved configurations * Sum rules: limits of sector functions

still form a unitary partition

Sqi
S,L- soft parton 1 Ei = 50 S, E Wzl — 1
S
[#£1
: o S Sij
C,;; collinear pairij W;j = — 0 Ci;Wi; +W;i) =1
SqiSqj
Key for
integration

* Example of NLO sector functions (Sqi = 2 e - ki, 8i5 = 2 ki - kj 8 = @)

1

gz' wz-j

Wij =

O'ij =

O'ij
Zaab

a,b#a
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Strategy of the algorithm

» Unitary partition of radiative phase-space with sector functions WV, 4 [Frixione, Kunszt, Signer 9512328]

» Collect the relevant IRC limits for a given sector

Notation
RWij — [SZ -+ Cij — Szng RWZ] — integrable LRWij — (L R) (L Wz‘j)
for L = Si, Cz’j;

Soft + Collinear - Overlap
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Strategy of the algorithm

> Unitary partition of radiative phase-space with sector functions VV;; [Frixione, Kunsz, Signer 9512328]

» Collect the relevant IRC limits for a given sector

Notation
RWM — [SZ -+ Cij — SZCZJ RWZ] — integrable LRWij — (L R) (L Wz‘j)
for L = Si, Cij;

Soft + Collinear - Overlap

* Products of known splitting kernels x Born-level MEs Not yet parametrised

e kel missing proper
pv n-body on-shell kinematics!
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Strategy of the algorithm

» Unitary partition of radiative phase-space with sector functions WV, 4 [Frixione, Kunszt, Signer 9512328]
» Collect the relevant IRC limits for a given sector

z Catani-Seymour final-state dipole mapping [Catani Seymour 9605323]

kb kb
{k1, ..., kni1} = {k1,..., k(2% —

k‘c %p

B = Ky + kb — ——k

1 —y
lg(abc) — Lk . Sab . Sac
c 1 — ¢ Yy = y & =
Y Sab + Sac + She Sab Tt Sbe

* Phase-space factorisation and parametrisation

AP, 41 = d0) 40" = 4, ({k} %)) d®,aq (5" y, 2, ¢)

rad
/ 4D oc (517)1- /O de sin > ¢ / dy / dzy(1 —y?)=(1-2)]  (1-y)
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Strategy of the algorithm

» Unitary partition of radiative phase-space with sector functions WV, 4 [Frixione, Kunszt, Signer 9512328]
» Collect the relevant IRC limits for a given sector

z Catani-Seymour final-state dipole mapping [Catani Seymour 9605323]

Adapt momenta mapping to each kernel,

» Promotion to counterterms: Improved limits , , , ,
while tuning action on sector functions when necessary

Notation

L RWi; = (LR)(LW;;)

g Z Skl p(ikl) SW. =S W, — —Wis
S/LR — N 5 ' B \* SZ WfL — Sq, W’L =
Ho 1 JikSil ! q._/J ‘ ’ ’ Zz;«éiw%l

% i CyW,; = —
C = BT i YVij =
ii B = M 55y D 3V = e + ejw;
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Strategy of the algorithm

> Unitary partition of radiative phase-space with sector functions W;; [Frixione, Kunszt Signer 9512328]
» Collect the relevant IRC limits for a given sector

z Catani-Seymour final-state dipole mapping [Catani Seymour 9605323]
» Promotion to counterterms: Improved limits
» Locality of the cancellation ensured by consistency relations

S,R=S, (E; +Cij — §@j)R

Cyj R =Cy(S: + Ty — S0y ) R

as well as

SiWij = SiSi Wi

Ci;Wi; = C;j Ciy Wy
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Strategy of the algorithm

> Unitary partition of radiative phase-space with sector functions W;; [Frixione, Kunszt Signer 9512328]

» Collect the relevant IRC limits for a given sector dacg(Lo _ / 4P, (V N I) Sx.

» Catani-Seymour final-state dipole mapping [Catani, Seymour 9605323] + / d®p 41 (R 0X, 4y — K 5Xn)

M Finite in phase space

» Promotion to counterterms: Improved limits (integrable in d = 4)

» Locality of the cancellation ensured by consistency relations

S,R =S5, <§@- +Cij — §@)R

Ci;R=C,, (E +Cij — §@j)R

as well as

S, Wi; = SiS; Wi

Ci;Wi; = C;j Ciy Wy
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Strategy of the algorithm

> Unitary partition of radiative phase-space with sector functions W;; [Frixione, Kunszt Signer 9512328]

» Collect the relevant IRC limits for a given sector dacg(Lo _ / 4P, (V N I) Sx.

» Catani-Seymour final-state dipole mapping [Catani, Seymour 9605323] + / d®p 41 (R 0X, 4y — K 5Xn)

M Finite in phase space

» Promotion to counterterms: Improved limits (integrable in d = 4)

» Locality of the cancellation ensured by consistency relations

> VV;; sum rules + mapping adaptation = simple analytic counterterm integration

K=" [S:+Cy~SCy|RW; =3 [SiR+> Cy(1-5;~§))R|

i,j i j>i
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Strategy of the algorithm

> Unitary partition of radiative phase-space with sector functions W;; [Frixione, Kunszt Signer 9512328]

» Collect the relevant IRC limits for a given sector dOC'Z]A\;é/O _ / 4P, (V N I) Sx.

» Catani-Seymour final-state dipole mapping [Catani, Seymour 9605323] + / d®p 41 (R 0X, 1 — K 5Xn)

M Finite in phase space

» Promotion to counterterms: Improved limits (integrable in d = 4)

[ Free from € poles

» Locality of the cancellation ensured by consistency relations

> VV;; sum rules + mapping adaptation = simple analytic counterterm integration

K=" [Si+Cy - 8iCy| B = Z R+ Cy(1-8i -8R

i i §>i
g ikl ikl -z
IS 0.8 ZB( ) (zk:l) /d(prad(sg;l )7y72 (b)
Ski

yz

_ ZB(ZM) (4m) 2 T(1 — e)T'(2 — ¢)
(Zkl)) e2I'(2 — 3¢)
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Strategy of the algorithm

[Frixione, Kunszt, Signer 9512328]

» Unitary partition of radiative phase-space with sector functions W,

» Collect the relevant IRC limits for a given sector dacg(Lo _ / 4P, (V N I) Sx.

» Catani-Seymour final-state dipole mapping |[Catani, Seymour 9605323] + / AP, 11 (R 0x, 1 — K 5Xn)

e PO A

M Finite in phase space

» Promotion to counterterms: Improved limits (integrable in d = 4)

[ Free from € poles

» Locality of the cancellation ensured by consistency relations

» VV;; sum rules + mapping adaptation = vsimple analytic counterterm integration

K=" [Si+Cy - 8iCy| B = Z R+ Cy(1-8i -8R

i,j7 ( g
; ikl l—=z
IS X ZB( k) (zk:l) /d@rad(sél ),y,Z (b)
Skl

yz

_ ZB(ZM) (4m) 2 T(1 — e)T'(2 — ¢)
(Zkl)) e2I'(2 — 3¢)
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Exploring the framework...

Local Analytic Sector Subtraction

do . doro donro doxnLo

aX ~ dx T ax T Tax

+ ...

o = partonic cross section
X = generic IRC-safe observable

Subtraction formula at NNLO

Massless QCD
final-state radiation
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Greneralities at NNLO

» X, =IRC-safe observable computed with i-body kinematics, dx, = §(X — X;)

dgg)]\éw _ / 0B, VVx, ﬂ Up to 1/¢* poles
. 2

+ / d®, .1 RV 6x, ., ;% Up to 1/¢2 poles

Singular in PS

—|—/d(I)n_|_2 RR 5Xn—|—2 ﬁ Singular in PS
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Greneralities at NNLO

» X; = IRC-safe observable computed with i-body kinematics, dx, = d(X — X;)

doNNLO _ / 4P, (VV )5Xn

dX

(R Yo (0

1 / d®,, [RR Ox, ., — KWox, | — (K<2> - K(12))5Xn}

z Introduce local counterterms and proper phase-space factorisations

) strongly-ordered
double-unresolved

{1} single-unresolved i

i:} double-unresolved i:} single-unresolved
Gloria Bertolotti RADCOR 2023

12/25



Greneralities at NNLO

» X; = IRC-safe observable computed with i-body kinematics, dx, = d(X — X;)

n

d
Jg)]\éw — /dCIDn (VV+I<2) +I<RV>)5X

+ / d®, . 1 [ (Rv n 1<1>)5Xn+1 _ (K<RV> + I(12>)5Xn ]

1 / d®,, [RR Ox, ., — KWox, | — (K<2> - K(12))5Xn}

z Introduce local counterterms and proper phase-space factorisations

) strongly-ordered \

double-unresolved

KO :Cg K (12) ;(ﬁ A, 40 = APy i1 dPrad s

i:} double-unresolved i:} single-unresolved
d(I)n—|—2 — d(I)n dq)rad,Z
2 ] é RV '
K( ) K( ) j(% d(I)n_|_1 — d(I)n dq)rad,l

Gloria Bertolotti RADCOR 2023 12/25
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Subtracting RR singularities

» Smooth unitary partition of double-unresolved phase space ®,, 2 into sectors W,

RR= ) > RRWju with
6,70 ki
l#1,k

* 3 topologies collecting all types of singularities

K /
: ]/\;...
~! j ik
' . Wik
Wik
)Wijk,)A%jkj M)ijkl ¢
Gloria Bertolotti RADCOR 2023

Z Z Wik = 1

i,jAi ki
11,k

Sik
Sik

Ciik
Ciik
Ciiki

SCik
SCik
SCixi

SCrij
SCrij
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Subtracting RR singularities

» Smooth unitary partition of double-unresolved phase space ®,, 2 into sectors W,

RR= )" > RRWyn with SN Wiu=1
i,j#i ki i,j#1 ki
I#4,k l#1i,k

* 3 topologies collecting all types of singularities

K
J Wik S; Ci; 1Si; Cur SCyjk
! Wijki + Si Cij 1Sik Cijr SCijr SCpyj
Wik Si Ci 1Sk Cijr SCir SCyyj
Wz'jjk:, Wijkj Wijkl
single-unresolved limits
double-unresolved limits
Sij double-soft partonsiand j
Cz’ ik triple-collinear partons (i,],k)
C; jkl  double-collinear partons (i,j) and (k1)
SC; jk  soft partoniand collinear partons (j,k)
RADCOR 2023 13/25
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Subtracting RR singularities

» Smooth unitary partition of double-unresolved phase space ®,, 2 into sectors W,

RR= )" > RRWyn with SN Wiu=1

1,j7#1 k#i 1,j7#T ki
I#i,k 1%,k

* 3 topologies collecting all types of singularities

K |
; . Wijkj X S,L' Cij Sik Cz‘jk Scijk Sckij
Wijkt = Si Cij 1 Sik Cijrr SCigr SCpyj
Wz'jjk:,Wz'jkj Wijkl ¢
single-unresolved limits
% Sum rules: limits of sector functions Key for
still form a unitary partition integration double-unresolved limits

S; j  double-soft partonsiand j

Szk(z Z Wibka + Z Z kaz’d) =1 c
ijk

bi d£i,k b#k d#k,i triple-collinear partons (i,j,k)

Cijk Z (Wabbc + Wabcb> —1 Cijkl double-collinear partons (i,j) and (k,I)

ab w(i7k
cem(ijk) SCZ' jk soft parton i and collinear partons (j k)
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Subtracting RR singularities

» Smooth unitary partition of double-unresolved phase space ®,, 2 into sectors W,

» Collect the limited relevant IRC limits reproducing all singularities

RRW; — | + L@ — LPLO|RRW, — integrable

single-unresolved double-unresolved (t = ijjk,ijkj, ijkl)
1
L}’ = Si+Ci(1-8)) L?, = 8i;4+Cix(1-8i)+5Ci(1-8,) (1-Cyyp)
Lgl)gj — Sik+cijk(1_Sik)—f—(SCijk—l-SCkij)(l—Sik)(l—cz'jk)

L’EJZ"Z:Z = Sik+Cijr1(1—Six) +(SCiry +SChij ) (1 —Six ) (1= Cyjni)

Notation
L RRWijr = (L RR) (L Wijn)
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Subtracting RR singularities

» Smooth unitary partition of double-unresolved phase space ®,, 2 into sectors W,

» Collect the limited relevant IRC limits reproducing all singularities

RRW; — | + L@ — LPLO|RRW, — integrable

single-unresolved double-unresolved (t = ijjk,ijkj, ijkl)
1
L}’ = Si+Ci(1-8)) L?, = 8i;4+Cix(1-8i)+5Ci(1-8,) (1-Cyyp)
Lgl)gj — Sik+cijk(1_Sik)—f—(SCijk—l-SCkij)(l—Sik)(l—cz'jk)

L’EJZ"Z:Z = Sik+Cijr1(1—Six) +(SCiry +SChij ) (1 —Six ) (1= Cyjni)

Notation

%k Products of known splitting kernels x lower-multiplicities MEs
LRRW;jr = (LRR) (LWiju) pltmg P

[Catani, Grazzini 9810389, 9908523]

surn 5> S LTS g+ 2 B )

SicSi SkeS SkeS
c£ik 1coid eti k. c.d ke°k f kcokd
d#i,k,c f#i,k,c,d,e

Missing momentum conservation
out of the double singular region!
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Subtracting RR singularities

» Smooth unitary partition of double-unresolved phase space ®,, 2 into sectors W,

» Collect the limited relevant IRC limits reproducing all singularities

» Nested Catani-Seymour mappings from (n + 2) — n kinematics [Catani, Seymour 9605323]

%k Minimal set of involved momenta
% Still clear factorisation of radiative d.o.f.

* Smart and adaptive parametrisation
simplifies kernel expressions

— N2 Scd S f —(' d.k f)
SRR > == ¢ > ~— Biot
. f
2 otk SicSid eti kc.d Sk:esk’f
d#1,k,c f#i,k,c,d,e

Sc >(2c c
2 gy

SkeSkd M

Gloria Bertolotti RADCOR 2023

{/{} N {%}(abc,def)

(abc) dq)(def)

rad rad

d®,, o = d®LePD 4o

{k} - (Rt

A, o = dPlebed dq)iiﬁ?; :
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Subtracting RR singularities

» Smooth unitary partition of double-unresolved phase space ®,, 2 into sectors W,

» Collect the limited relevant IRC limits reproducing all singularities

» Nested Catani-Seymour mappings from (n + 2) — n kinematics [Catani, Seymour 9605323]

» Promotion to counterterms: Improved limits adapting momenta mapping to each kernel,
while tuning action on sector functions when necessary

Gloria Bertolotti

i:} K@ = Z Z E,Ejl) RR Wik

1,J 71 kFi
£,k

—(2
B K@) — Z Z Lfgjlil RR Wik

1,J 71 kF#t
144,k

=R ) oiv

1,J 71 k#£1
14,k

—(2)
ijkl

RR Wz'jkl

RADCOR 2023

single-unresolved limits

uniform
double-unresolved limits

strongly-ordered
double-unresolved limits

16/25



Subtracting RR singularities

» Smooth unitary partition of double-unresolved phase space ®,, 2 into sectors W,
» Collect the limited relevant IRC limits reproducing all singularities

» Nested Catani-Seymour mappings from (n + 2) — n kinematics [Catani, Seymour 9605323]

» Promotion to counterterms: Improved limits adapting momenta mapping to each kernel,
while tuning action on sector functions when necessary

, () uniform
0 K@= Z Z Lijki R Wik double-unresolved limits
i,j#1 ki
I£i,k
= { Z Sk + Z Zéz’jk<1 _gz’j — Sik —Sjk>
i,k>1 i,j>ik>j

+ Z Zzéz’jkl {1 —Sit — Su — Sjx — Sj

1,J>1 kF#] 1F#]

k> 1>k o 5 - _
Collection of o —SCik(l —Sik — Sit) = SCj(l — 8 — 8j1)
universal kernels! —SCri;(1—Sit — Sjx) — SCu; (1 — Sy — §jl>}
+ Z Z@wk(l - gzg — §zk:)(1 Ez]k)}RR
1,7>1 k#1
k>
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Subtracting RR singularities

» Smooth unitary partition of double-unresolved phase space ¢, into sectors W, i,
» Collect the limited relevant IRC limits reproducing all singularities

» Nested Catani-Seymour mappings from (n + 2) — n kinematics [Catani, Seymour 9605323]

» Promotion to counterterms: Improved limits adapting momenta mapping to each kernel,
while tuning action on sector functions when necessary

» Locality of the cancellation ensured by RR
consistency relations

verified
sector by sector

— —

Selection of displayed limits
Si, Cii, Sij, Cijn
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Subtracting RR singularities

donNLO /
d®d,, )
e VVox

—|—/dq)n_|_1 RV 5Xn—|—1

+ / dd,, o {RR 0x,., — KWéx, ., — (K<2> - K<12>)5xn}

M Finiteness of double-real correction (integrable in d = 4)
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Subtracting RR singularities

LD / d®, (VV + 1@ )ax

— / AP, 41 (Rv + I(l))éxn+1 — | + I <12))5xn}

+ / d®, | RR 0x,., — KWéx, ., — (K<2> - K<12>)5xn}

M Finiteness of double-real correction (integrable in d = 4)

2 Wijki sum rules + mapping adaptation — analytic integrations by means of standard techniques
[Magnea, et al 2010.14493]

o 1= / 10 KV @ 109 = / 1B K0P @ 1= / 1Byag 0 K@)
NNLO
* Logarithmic (trivial) dependence on Mandelstam invariants complexity

* Note: no approximations in local terms!
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Subtracting RV singularities

dINNLO _ / o, (Vv + 13 )5X

— / AP, 41 (Rv + I(l))éxn+1 — | + I <12))5xn}

+ / d®, | RR 0x,., — KWéx, ., — (K<2> - K<12>)5xn}

» More intricate cancellation pattern involving both poles and phase-space singularities

RV + IV 5 finite in ¢ Still singular in PS x

7O — a2 integrable Contains poles in € x

Gloria Bertolotti RADCOR 2023 19/25



Subtracting RV singularities

LD / d®, (VV +1® )ax

+ / Ay | (RV +10)ox,,, — (K + 1095, |

+ / d®, | RR 0x,., — KWéx, ., — (K<2> - K<12>)5xn}

» More intricate cancellation pattern involving both poles and phase-space singularities

RV + I s finite in ¢ M Analytically checked RV — K®Y) _ integrable

finiteness
I(l) — 1(12) — integrable Of RV Contribution! K(RV) + 1(12) — ﬁnite n €

» Apply NLO strategy to define the real-virtual local term [Ber,at al 990351¢]

{1 K(RV) D) Z [§Z—|—6w(1 —gz) RVW@]
i i
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Subtracting RV singularities

doNNLO _ /d(I)n (VV+I(2) JrI(RV))(;X

+ / Ay | (RV +10)ox,,, — (K +109) 5, |

+ / d®, | RR 0x,., — KWéx, ., — (K<2> - K<12>)5xn}

» More intricate cancellation pattern involving both poles and phase-space singularities

RV + I s finite in ¢ M Analytically checked RV — K®Y) _ integrable

finiteness
I(l) — 1(12) — integrable Of RV Contribution! K(RV) + 1(12) — ﬁnite n €

» Apply NLO strategy to define the real-virtual local term [Ber,at al 990351¢]

o K5 Y [§i+@j(1 —S:)|RV W, o BV = / AP g K Y
1,771
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Subtracting RV singularities

i, (Vv Ty () I<RV>) Sx.

n—+1

+ / Ay | (RV +10)ox,,, — (K +109) 5, |

A%y 12| RROx,., — KWox,, — (K@ - K126y, |

Removing VV poles

» Extract the € poles of the double-virtual correction and sum counterterm integrations

4 Analytically verified for an arbitrary number of final-state partons

VV 4+ 12 4+ T®Y) s free from e poles
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NNLO subtraction formula

dO'NNLO /d(I)n VV+[(2)+I(RV))5

Ay | (RV +10)ox,,, — (K +109) 5, | j

\

; +

|
1

Ay Sp— — . __ ‘

B, RR Sx, e — Koy | — (K<2> _ K<12>)5Xn}

[ ”

Solarmid

2 Verified for an arbitrary number of final-state coloured particles
(as well as of arbitrary massive /massless colourless ones)

» No approximations introduced in local and integrated terms

» Analytic finite remainder retaining mostly simple logarithmic dependence
on kinematic invariants

> Ready to be implemented in a numerical framework equipped with
the relevant matrix elements
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............................................ MaSSIeSS QCD ﬁnal-state radiation BEsEEEEEEEEEEEEEEEEEEEEEE

NNLO subtraction formula

|(VV + 1 4 160)

1 2 1 c . hc
VV 4 I® 4 [®) - (%){ [I(O)+ZI( )LJT+ZI< 12, +§Zv§l 7 ijLw] B

|

Gl#]
+Z[ LD+ 17 Ly | By —2(1-G) 3 o ) B.,
Analytic JreF g
and compact! +ZLcd[Ic(2)+Ic(clz)L +50 L2, + (4 — Lgy) Z th ]
c,d#c
5
+dz# [2+C2+2C3ZC4+2(1C3)LC(1] Beded

1 1
+ (1-¢) Z Led Led Beded + Z Leg Ley {1 3 Led (1— gLe )] Begey

c,d#c c,d#c

e#d e,f#e
S
1 Ln3See 4 opi,(—See B.de
+7Tc%c[ nsde B 13( 3de>] ! }
e#c,d
s hc fin 1 fin fin
+<%){ [quzyj LJT]V +ZLCd< 2Ld>Vcd}+VV
c,d#c

Gloria Bertolotti RADCOR 2023
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symmetrised sector functions

ete” — jj at NLO Real configuration # limits per sector | # sectors | # limits
o(1) Wis, Was 3
4 8
Ws1, Waa 1
) Z13, Za3 2 2 4
q(2)

ete” — jjj at NNLO
# limits per sector | # sectors | # limits

Double-real configuration Waaas, Wassa, Waasa, Wasas, Wisss, Wsaza 11
for selected channel

Wiasas, Wasss, Ws334, Wsaas 3 12 88

eTe” = q3qd'q g

Wisss, Wisas 5

Z345 15 1 15

Zijk = iiik + Wikkj + Wik + Wikks + Whiij + Whijiji
+ Wijkj + Wikje + Wiiki + Wikie + Wiiji + Whjij
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Status & Outlook

M General analytic subtraction formula for massless FSR and ISR at NLO

[GB, Torrielli, Uccirati, Zaro 2209.09123]

M General analytic subtraction formula for massless FSR at NNLO

Next goals...

» Implementation and test of the NNLO formula in a numerical framework

: e : P On-goi k
» Extension to initial-state coloured particles for LHC applications rgots wor

(expected integrals of complexity similar to massless FSR)

» Treatment of the massive case: less singular limits, but more involved integrals
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M General analytic subtraction formula for massless FSR and ISR at NLO

[GB, Torrielli, Uccirati, Zaro 2209.09123]

M General analytic subtraction formula for massless FSR at NNLO

Next goals...

» Implementation and test of the NNLO formula in a numerical framework

: ey : e On-goi k
» Extension to initial-state coloured particles for LHC applications B

(expected integrals of complexity similar to massless FSR)

> Treatment of the massive case: less singular limits, but more involved integrals

Thanks for your attention!
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NNLO subtraction formula

Massless QCD final-state radiation

RGP

|(VV + 1@ 4 1)

g
27

VV 4+ 13 4 TR®Y) = (

|

)

Analytic
and compact!

|

g
2T

o

){fr-sorn e g

101 141

L, + |17
j

p—

(0 |, 71
15 H IJ('T)le’f’} Bj, —2(1-¢

245

“ 7(0)

+ 1Y
j

p—

20 13 245

53 57

1
+ N,C, {CF <32—8g2+

2

: (055, 1
‘ 0 l 1 0 O\'864 24°° 12
+ Z L.q ‘lfc(d) H Ic(d)‘Lcd + 12 de + . Ng[CFq< 737

c,d#c

4289 15

c,d#c
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Ljr ﬂ‘ IV = NoGY | 5= 5 Gt 55 %] + NoNoCir |G,

+ N {Cf(g 3C2+16C4> +5(2)(

13 125 245 77 53

3 —6C2+8§4> +50<12—12

<2ﬂ

73 1 1 11
i 8C2) +C,§/30( 973 Cz)}
21 677 5. 25 47
Gt <4> +G, <432+3C2—2 Gtg C4>

)

33

67
=T 11§3> + G Bo <16 - 3€3> + 65 (72 - 8C2>

647 53 11

89
5 —&-q?(_m+2C2—14C3+8C4>+Q50(54 _8@_12@’)]
rY [-rrerae-gasaf, S
c,d#c 4 | 177 = 0540y Cr {chp (2 - 4C2> + NyC, <3 - 4C2> + gNg/BO
’ |
3 25 1
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Slide by Lorenzo Magnea, HP2 2022

N3LO Subtraction

A systematic generalisation to higher orders is possible. At three loops one finds

do N3LO

dX

/ d®,, [VVVn +I® 4 [(RVV) 4 [(RRV, 2>] 5 (X)

+ / AP, 41 [(RVVn+1 + L+ 1Y) Spia (X)

RVV 23 RRV, 12
- (K7(z+1 '+ L+ L0 )) 5n(X)]

+ / A5 { (RRVois + 1135 nra(X) = (KT + 115)) 6000 (X)

RRV., 2 13 RRV.12 123
- [(K7(1+2 )+ Ir(z+2)) — (K'r(z+2 )+ I'r(z+2 ))] 5n(X)}

+ / d®, 3 [RRR,th, nta(X) = K, nra(X) = (KD = K13 0naa (X)

3 13 23 123
- (K - K03 - K+ RS 6u) |

n+3

A general formula for NkLO subtraction is available, involving p = 2k*l) - 2 - k counterterms.
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Double-unresolved phase space

» Catani-Seymour variables y, z, y’, 2/, x’ € [0, 1] for mapping {k} — {k}(abcd):

Sab =Y’ ¥ Sabcd » Sea=(1—-Y)(1=y)(1 = 2) Savca ,
Sac = Z' (1 —y’) Y Sabcd » Spc = (1 _y,) (1 _Z,) Y Sabcd

Sag = (1 —Y) :y’ 1-2Z)VA-2)+Zz—2(1-2X")/y'zZ(1-2') z(1 —z):

Spd = (1 — y) :y’z’(1 —2)+(1=-2Z)z+2(1 -2xX)\/y'zZ(1-2") z(1 —z):

» Phase-space factorisation:

d¢n+2 — dq) (abcd) d¢§:gC2d) :
/d¢1‘(:(ti),c2d) - /d¢rad,2 (Sabcd; Y, <, ¢7y,7z,7xl)

Sabcd

Sabcd >

= N2(€) (Sapeq)?™ 2€/dx /dy /dz / do (sin )~ ZG/dy/dz

X 4x (1=x)y (1-y)?z (1—z)y(1—y)zz(1—z)]
x[X'(1=x)]""2(1=y)Yy(1—-y).

Gloria Bertolotti RADCOR 2023




Analytic integration of double-unresolved
counterterms

> Exploit as much as possible symmetries of d®!2°%):

perm(Ka, Kp, ke, Kq) , Sab <> Scd > Sac <> Spd Sad <7 Spc-
» Possible denominator structures reduce to
Sab = Y'Y Sabcd »
Sac=2'(1—y") ¥ Sabcd ;
see=(1—Y)(1=2") ySapea
Sed = (1=y")(1=y)(1 = 2) Sapcd ;
Spd = (1 —Y) [y’z’(1 —2)+(1-2Nz+2(1-2w')y'z(1—-2') z(1 —z)] Sabed
Sac + Spc = (1= Y') ¥ Sabcd »
Sad+Sbd = (Y ' +2—y'2) (1 = ¥) Savcd »
Sab+Sec=(1—2"+2Z"y") ySapea-

» Integration measure

(abcd) _ 2—2¢ 1 / 1 / 1 / 1 1 / N 1—1/2—e¢
do_° "' = N(e)(Sabca) dw' [ dy’[ dz'[ dy[| dz[w (1 —w')]
! 0 0 0 0o Jo

<[y (1=y)? 2 (1-2) P —yPz(1-2)| (1-y)y(1-y).
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Analytic integration of double-unresolved
counterterms

» Integration measure

1 1 1 1 1
[ 008D = N (savca)? 2 ay | aw'[ oz ay'[ oz’ [w (1-w)] T2
<[y (1=y)2 2 (1-2) (1 —yz(1-2)| (1-y)y(1-y).

» Integrate y: fully factorised dependence — Beta functions.

» Integrate w’ (azimuth): at worst one gets rational x 2F1[1,1+¢,1—¢, y;f; (_12_,?].

!,/

> Integrate z: at worst one gets rational x Fy [1,n+1—¢,1—¢, —=;].

» oF; — integral representation in t; integrate in z’ and get at worst

1
/ dy’ dtt?(1 —1)°y’°(1 —y')? 2F [n,m—e, p—2¢,1—ty'], nmpécN
0
» Expand in e and integrate in dt dy’.

» Checked against numerical integration (with no symmetries or relabellings encoded).
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