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Take-home message

When the complexity of the problem increases,
look at simple, recurring structures!



The problem

Hard collisions at the LHC are described in terms of quark and gluon cross sections
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Why is NNLO so difficult?

Common starting point, common problems:

- clear understanding of which singular configurations do actually contribute, Subtraction
- Understanding how to deal with multiple radiators and overlapping " . " ) "
singularities, | A" F;dgp, = (\ M| F;— K) doy + | Kdg,

- Integrate the subtraction terms in d-dimensions.

Many schemes are available:
Antenna [Gehermann-De Ridder et al. 0505111]

ColorfullNNLO  [Del Duca et al. 1603.08927] Despite the common problem a variety of different

Nested-soft-collinear subtraction [Caola et al. 1702.01352] strategies have been designed.
STRIPPER subtraction [Czakon 1005.0274]
Analytic Sector Subtraction [Magnea et al. 1806.09570] Most of them feature a relevant degree of complexity, which

Geometric IR subtraction [Herzog 1804.07949] might hide simplifications and recurring patterns.

Unsubtraction [Sborlini et al. 1608.01584]
FDR [Pittau, 1208.5457]
Universal Factorisation [Sterman et al. 2008.12293]




Nested soft-collinear subtraction at NNLO: generalities

Extension of FKS subtraction to NNLO [Caola, Melnikov, Réntsch 1702.01352]
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Nested soft-collinear subtraction at NNLO: generalities

Extension of FKS subtraction to NNLO [Caola, Melnikov, Réntsch 1702.01352]
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k1—|—k2/ / E1E2(1—n1-n2) ElEz(l_n1°n2)+E1E3(1—n1-n3)+E2E3(1—n2-n3)
>
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Strongly-ordered configurations have also to be included: EiKE, EXE, .3 ,13
Ty ZERRTE

Collinear limits:

» Single, double and triple collinear limits to disentangle ] = Z w376

» Strongly-ordered limits to disentangle in triple collinear sectors
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Non-trivial structures to integrate — double-soft and triple-collinear kernels [Caola, Delto, Frellesvig, Melnikov ’18, Delto, Melnikov ’19]
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[thanks to Konstantin Asteriadis
for the nice pictures in this slide]

Nested soft-collinear subtraction at NNLO: generalities

Example: DIS [Asteriadis, Caola, Melnikov, Réntsch ’19] .
| | 4|
* Extract double soft singularities first = (I - %)x + $|1— — 4
(Es ~ E¢ — 0) inserting the identity i i , : X é) X
I=(I-8)+% ’ | ' |
Double-soft singularity regularized but still contains  Subtraction term; soft gluons decouple; integrate

analytically over phase space of gluons 5 and 6

o

single soft and collinear singularities.

gib x Eikonal(1,4,5,6) X

* Gluons ordered in energy -> only one single

soft singularity. Insert the identity 2 2
I =(I—Sg)+ Se (I —8)x - = ([ —8)( — Ss) % + (Subtraction terms)
2
e Collinear singularities: partition function .
[Frixione, Kunszt, Signer '96] and sectoring .
= I — I — I — I — ; - + (Subtraction terms
[Czakon 10,11, Czakon, Heymes ’14] 10 ;( F)( S6)( @A)( C6A1) ” wA Xij 8 ( )

separate overlapping singularities. . .

triple collinear singularity J L sector; angular ordering

partition function

double collinear singularity; e.g. (6//1)
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State of the art:

Separation of complex pp — N processes into simpler building blocks

S0k - ok ok ok

Deep Inelastic Scattering

QCD corrections to Drell-Yan Higgs decay
Both initial state momenta Both final state momenta One initial and one final state momenta
[Caola, Melnikov, Réntsch ‘19] [Caola, Melnikov, Réntsch ‘19] [Asteriadis, Calola, Melnikov Réntsch ‘19]

Focus on simple processes— full control of the procedure, check against analytic results sometime possible.

Application to Z+) production

Identify potentially unresolved partons — extra partitioning:
NNLO
— > — A(km) — p—;’i?ék)m .
Z Pl

i=3
>  Prototype for ><>/:/_
\




Application to Z+] production

3
1

1
- §<FLM(]-q7 2(7; 397 497 59)> — <S45 A(45)}:1£4,1\>/15> + <(I - S4)S5 A(45)Fﬁl\>/[5>

2 5 + <(I — Sa5) (I — Ss){ Z [@(a)045,i(l — Cs;) + 00 Cy5,,(I — Cys)

1€TC

+09C;5,;(I — Cui) + 0\ Cy55(1 — 045)] ‘*’42'5“'} A(45)Ffl\>45>

- <(I ~Si)I = 85) S CuChjwuis, A(45)Fffl\>45>

(i5)eDC
+ <(I — Sa5)({ — S5){ Z [@(a)Cm‘ + 0005 + ©9Cy, + @(d)045] W4i5i

1€TC

+ ) [Cu+Csjl w4z‘5j} A(45)Ff1\>45>

(i5)eDC
+ (1= Sis)(I = S5){ D {81 = Cus,)(I = Cs) + OO (I = Cis)(I - Cis)
1€TC

+ 09I — Cys,))(I — Cgi) + OD(I — Cys,4) (I — 045)] Wi

Fully regulated T Z (I - C4i)(l - C5j) w4i5j} A(45)F€1\>/I5>

contribution (i7)eDC

(17) € DC — (35) € {(12), (13), (21), (23), (31), (32) }
i€ TC — i€ {1,2,3}.
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Application to Z+] production

3
1

1
- §<FLM(1q7 2(1; 397 497 59)> — <S45 A(45)};1£4,1\>/15> T <(I - S4)S5 A(45)F€1\>45>

2 5 + <(I — Su5) (I — 55){ Z [@(G)C45,z'(l — Cs;) + 0O Cus (I — Cys)
icTC
+0Cy54(I = Cus) + 0D Cis (I — Cs) |waiss b AU )
- <(I ~Si)I = 85) S CuChjwuis, A(45)Fffl\>45>
(i5)eDC

+ <(I — Sa5) (I — S5){ Z [@(G)C&i + 0 Cys + 09C,; + @(d)045] Waibi

1€TC
\/ + D [Cui+Csjl w4z‘5j} A(45)Ff,‘1\>45>

(i7)eDC
+ (1= Sis)(I = S5){ D {81 = Cus,)(I = Cs) + OO (I = Cis)(I - Cis)

i 1€TC
Implemented numerically —
no issues in increasing the + @(C)([ — Cus5:)(I — Cy) + @(d)(I — Cus.)(I — 045)] Waisi

number of partons ’ ’
~ Fully regulated T Z (I o 042')([ o 059') “’42'53'} A(45)};1£4j1\>/15>
contribution (i7)eDC

(17) € DC — (35) € {(12), (13), (21), (23), (31), (32) }
i€ TC — i€ {1,2,3}.
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Application to Z+] production

3
1

1
- §<FLM(1q7 2(7; 397 497 59)> — <S45 A(45)};1£4,1\>/I5> T <(I - S4)S5 A(45)F€1\>45>

2 ; +{(1 = Si)(I = $5){ D [0Cus,(I — Csi) + €O Cs (I = Cis)
i€TC
+ @(6)045,¢(I — Cy) + @(d)045,z'(-[ — 045)] w4z’5z’} A(45)Ff1\>45>
Drawbacks identified with Z+] — (I = Sis)(I = S5) Y CuiCsjwuis; A FE)
(i5)eDC
 The bookkeeping becomes immediately + <(I — S45)(I _ S5){ Z [@(a)c&: + ev Cas + @(C)C4i + @(d)045] W4isi
cumbersome — large number of subtraction terms. 1€ TC
+ ) [Cui+ Csjl w4z‘5j} A Ffﬁ5>
* Calculating all subtraction terms separately may (i7)€DC
hide a number of simplifications that can occur < B B { [ (@) (7 NT BV (T NT
before explicit evaluation. + (I S45)(I S5) Z © (I 045’7’)(1 C&) +6 (I 045"")(1 045)

1€TC

+ O] — Cus:)(I — Cg) + 0D (I — Cys.:)(I — 045)] W45

* Writing color-correlations as Casimir operators in the

iIntermediate steps facilitates the calculation, BUT

—C.MT = (C-. - (45) [p4>5
leads to non-trivial generalisation to n-partons. + ( )ZC(I Cai)(I = Cs;) wais } ATy >
ij)€D

(17) € DC — (35) € {(12), (13), (21), (23), (31), (32) }
i€ TC — i€ {1,2,3}.
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Summary of the talk

3
1

— 4

* A subtraction scheme based of FKS was proposed.

e Singular kernels for initial- and final-state emission are known. Integration of the most complicated double-unresolved limits performed
for arbitrary kinematics.

* Application to simple processes worked out straightforwardly.

* In principle, general formulas for subtraction terms and fully-resolved components for an arbitrary number of partons are available.

* This can be done because we know how to deal with multiple radiators [partitioning, energy ordering]

 However, for non-trivial processes (e.g. V+j) several difficulties arise: partitioning, energy ordering and Casimir operators obscure
simplifications that are suggested by the simple structure of Catani’s operator.

* This suggests that we may need to take some steps back.
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Lesson from NLO: g — V + ng (+g,)

Virtual corrections: color-correlations, elastic terms

<FL\/(1 .« . n)> — g—;<2§R(Il(€)) FLM>

Soft real: color-correlations, elastic terms

<Sk A(k) FLM(l .« . n\k)> = <Il,R(6) FLM>

PAPY(z) = 2Dy(z) — (1+2) + 50(1 — 2

13



Lesson from NLO: g — V + ng (+g,)

Virtual corrections: color-correlations, elastic terms

(Fiv(1...n)) = <2§R(Il( ) FLM>

Soft real: color-correlations, elastic terms

<Sk A(k) FLM(l .« . n\k)> = <Il,R(6) FLM>

Hard-collinear |S: no color-correlations, boosted and elastic terms

= e
Z ((I — Sk) Cir wik A(K) Fim(1...nlk)) = [o] Z< _ _PAP 0(2) & F&)/I( )+ Pano ® F&),I(z) (A
i=1

Hard-collinear FS: no color-correlations, elastic terms

S (I — Sk) Cikwie A®) Funa(1...mlk)) =
1=3

PDFs renormalisation: no color-correlations, boosted terms
2

ag 1 > 1
doye =5~ <Pq‘AéP’O(Z) ® Fﬁ&(Z)> i 3
i=1 PaPO(2) = 2Dy(2) — (1 +2) + 55(1 — 2)
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Lesson from NLO: gg — V + ng (+g,)

Combining everything together
donL.o = dor + dov + doppF

— <FLM(1 . 'n|k)> + <FLV(1 . n)> + doppF

where the subtraction for the real contribution is done iteratively starting with the soft singularities, we get

Qg
27T

donro = <[[as]ll,R(e) F 2R (Z1(e)) + IC(E)]FLM>

2
+[as]z<— LPAPO(2) © FU(2) + Pinga ® Fih() )+ o2 = 3 (PAPO(2) @ F(2) )

2T € 4
1=1

+ Z (I = Sk)(I = Cig) AW W™ Fru(1.. .n|k))
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Lesson from NLO: gg — V + ng (+g,)

Combining everything together
donL.o = dor + dov + doppF

— <FLM(1 . n|k)> + <FLV(1 x ”)> + doppF

where the subtraction for the real contribution is done iteratively starting with the soft singularities, we get

dowio = ( [laulm(e) - e (fl I (
a3~ AP © B + P ® FY ) + S22 S (P00 FEE)
+ zn: (I = Sp)I — Ci) AW w* Fypp(1...nlk))
=
— (0 = (§2) Re(z:(0)

_

Simple interplay between [V +5; R + (I — Sl-) C R] and [(1 — Sl-) C R]b + PDFs

elastic
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Lesson from NLO

Simple interplay between [V + S,- R + (1 - Si) Cij R] elastic

—_

loes)I1 7(€) = (

and [(1 — Sl-) C R] + PDFs should arise also at NNLO.

boost

g

)zRe (T1(€)) + [ews] I (€) + [oxs] Ic:(€)

2T

What we are going to see

e Starting from IR poles of double-virtual, we want to find subtraction terms that can “complete” it:
 identify structures similar to those encountered at NLO,

* get rid of color-correlations and reduce the rest to a sum over external-leg contributions.
 Elementary, my dear Watson!

* Well... yes and no:

* Clearly the poles have to cancel, thus a relations between different contributions must exist.

 However, finding such relations is not easy because of partitioning and energy ordering, that
are crucial to fully define the singular configurations.

17



Double virtual contribution

Universal structure, regulated by Catani’s operator, valid for any number of external
coloured partons [Catani 98] . Features a single structure with color-correlations

(Fiyv) = (%

e~ 7ET(1 " A \ — 2€)
 T(l-¢  eNTTT L(1—e) o
+ 2 e Ha(e) Fum + 2R(Z1(€)) Fiv + Fivy + Fﬁn2> ,
4eT(1 — €) k W
‘ Process—;ependent Finite remaindezrs from 2-loop
and (1-loop)” amplitudes

Color-correlations inside

Il (6)

(already encountered at NLO)
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Double virtual contribution

Universal structure, regulated by Catani’s operator, valid for any number of external

coloured partons [Catani 98] . Features a single structure with color-correlations
Color-correlations inside

Il (6)

(already encountered at NLO)

fin fin fin 67 2 10
4€F(1—6) I]_(G))FLVk‘I- Fva+FLV2>’ K = (E—E)CA—? RTf -
Process—;ependent Finite remainders from 2-loop
and (1 —Ioop)2 amplitudes
However:
- different arguments
- different powers — suggests a specific patter of cancellation.

- different prefactors

19



Double soft

Different color structure: single-correlated (T?) and double-correlated (T%)
[Catani, Grazzini '99]

(S15F35(4,5)) = (SusFEP (4, 5))s + (SusFi5(4,5)) 7o

(S15Fxr (4,5))11 =

=%< /[dp4] [dps|©(Es — E5) Y  Sij(pa) Y Skm(ps){Ti-T;, Tpp-Ti} FLM>
oy fAm

20



Double soft

Different color structure: single-correlated (T?) and double-correlated (T%)
[Catani, Grazzini '99]

Valid for arbitrary angle between the emitters

L1 @ 1Pl 1 11 )
(SusFiag (4,5)) 72 = (2Bma)” [8,”2 [‘El _) 6)] {@ +3 [ﬁ — In(s )]

22 131 2
— In?*(s?) — §7r2 + —In2-— i] Liy(c?) + [—7:'2 — 41n(c?) ln(sz)] X
L[ o g o 11, 11 72 16 2 3 18 3
+ — |2Liy(c*) + In*(s*) — —In(s*) + —In2 — — — — 4, o 4 0
€2 6 3 4 9 , oy In"(s*)  In" (14 s*) 5, o |4, , 9 11
) " i Lip(—s%) + 5 T 6 — In°(s%) gln(c)-i-?
+ - [6Li3(32) + 2Li3(c*) + (2 In(s%) + 3) Lig(c?) — §1n3(32) " 2 g 2 ;
2 + In?(s?) 7ln2(c2)+—ln(c2)+7r—+—ln2—— S N (1+ %)
oy, 1Y 9 9 22 T 32 2 3 3 3 9 6
+ (3In(c*) + — ) In*(s*) = ([ —=In2+ — — — | In(s)
6 3 s 9 7., o T 21 99 )
45 11, ,. 11 , 137 217 + (3|5 In(s*) = 11In(c®) + - In (1 + s*) — —In2 — —| + In(s*) X
— (- —In?2— —7*— " In2+4 — 2 2 - 4
’ : » 2;8 " 1 —7—7’21n(c2)+21n22—1—17r2+w—71n2—@ _12Li, (=
+4G_1,001(5%) = 7Go10,1(8%) + 30i3(25) + 3tan(0) Siy(20) 2 3 18 9 27 2
4 2
. . . (1 —s? 14_34_M 77_11122_2 21n2 ﬁ2 gl 39
+2Lis(c%) — 14Li(s%) + 4Lis (1 - 32) — 2Li, (1 32) T T2 T 6" "“To" T9 "
/21 ' ) ) ) 137 . 5 434 649
- — —In“24+ —1In2 - —
+2L14(1+82)+L14(1 s)-l-[lOln(s) 41n (1 + s°) + The + 57 31 + O(e) ¢,
- %1] Liz(c?) + [14ln(c2) +2In(s*) +4In (14 s%) + %l Liz(s?)
n 4ln(c2)Li3 (—32) n gLig (Cz) _4Li, (cz)Li2 (—32) + [7 ln(cz) In(s?) [Caola, Delto, Frellesvig, Melnikov 1807.05835]
Quite involved expression... however...
017 . Opp 017 Li,(e”) + Li,(e™) Li,(e) — Li,(e™)

O0=——,85=S8In——, C = COS— ‘ — ' —
> > > Ci1,(2) , S1,(2)

2 2i
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Double soft

Different color structure: single-correlated (T?) and double-correlated (T%)
[Catani, Grazzini '99]

(SasFiar (4,5)) = (SasFiag (4,5)) s + (SasFrap (4,5)) 2

<S45F o (4,5)) 74

([ lapdlpslO B~ B5) D" S500) Y Serps) (T T, T T Fin)
1#£7 k#m

Different
structures,
but clearly

related Another structure with color-correlations,
but different wrt NLO

- —— —=——

. B N e |
| Il,R(2€)=—( wx/ 1)~ Zﬂ_2EK LTy

\ N (2€)? | 7

2 32 217 137
01(6):1+(7T———) 62+(27 — 9 10g2 2210g22+ C3) .n

: ﬂ
ca(e) =1+ —¢€”, c3(€) = 4log2 + 8elog?2 . ’
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Soft real-virtual

Universal IR structure of RV-corrections under soft limit [Catani, Grazzini 0007142]

g BO Im —€ 1+e Im
SkFLRV( n\k — gs b lzl {Slm ) o Slm(k) I(JM) — [Oés] CA AK 2 (Slm(k)) FI(JM)
2=¢rl(1 + €)[3(1 — ¢) € (imp)
Pl 20 Z Sin(8) (Smo8)) FL" A, — D1+9T%01 -9
p;él_m e K e2I'(1 + 2¢) I'2(1 — 2¢)

™ = 2R( Mo|T;-T;| M)

New color structure -> finite after

— 2(7/:) 2§R(Mo|T T, T1 (e |Mo> i %7/:) 2§R<M0|Ti‘Tj|M1,ﬁn> Flgllaw) N (M(O)‘ Z fabe T Tb ¢ |M(0)> — integration over unresolved PS,

a,b,c Vanishes for 3 partons at Born-level

After performing the integration over the unresolved parton phase space we get a compact expression:
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Soft real-virtual

Universal IR structure of RV-corrections under soft limit [Catani, Grazzini 0007142]

2T €

g m p 1+e€ m
SkFirv(1...nlk) = — g5, Z {Slm o o S (k) Fiyp) — [0 Ca Agc 2 (Slm(k)) Py

T3(1+€)T%(1 — )

p;él_m k Ax = e2'(1 + 2¢) I'2(1 — 2¢)
Pa - Pb
Syp(k) =
K = ek k
FA™ = 2R(Mo|T;-Tj| M )
( ) a( ) New color structure -> finite after
— 27/: 2§R(MOIT T T1(e |Mo> + % 29?<M0|Tz'°Tj|M1,ﬁn> Féll\qu) N (M(O)‘ Z fabe T Tb TC |M(0)> . integration over unresolved PS,
a,b,c Vanishes for 3 partons at Born-level

After performing the integration over the unresolved parton phase space we get a compact expression:

\

Structures and color coefficients
already encountered in double-virtual
and double-soft.

A pattern begins to arise...
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Hard-collinear real-virtual and single soft RR

Also in this case the IR structure is know in full generality [Kosower ‘99, Bern, Del Duca et al. ‘99].
For gg — V + ggg the integrated contribution reads

One-loop splitting functions,
known analytically

k=1
Single soft: different subtraction terms combined — careful with the limits order

3
Z<(I — S4)Cy; [(Ss A FiGP (4, 5))] + S5 (I — Sy) Cys A F3Z4(4, 5)> —

1=1

N [on]zN Ca [22:«

k=1

25



Status so far

1

2
(Fivv) ; [2§R(I1(e))] % WM(Ti(e)) K 2R(Z1(2¢)) > 2R (Z1(2€))
4>5 | Ca ~ Bo ~ T (9
(SasFia (4,5)) 5 i r(€) e_zjl,R(Qe) ?II,R(ze) Bo 11,r(2¢)
(Ss Firv(4)) I r(€) 2R(Z: (¢)) % Iig(e)  Ca Ak I r(2€)
((I = 84)Cui AW Fry (4)) Ic(€) 2R(Z1(e)) @ Ic(e)
I — S4)Cy4 [(Ss A3 FA=5(4 5
(1= 84)Cai [(85 A4 F55(4, 5))] Lun(€) Io(e
+ 85 (I — 81) Cui AW B34 (4,5) ) |
v
Suggest
, (G)riclon“z’;”jtl . 1,2¢) + I (26) + I(2¢)
v I LR ¢ but with extra 1/¢

A term I(Zj(e) needed to
reconstruct (I} + 1) g + I)°

— look at double-collinear

but with extra 1/¢

\4

Clear interplay — C,, 2¢

non-transparent
cancellation

26



Hard-collinear real-virtual and single soft RR

Manipulations required to reconstruct recurring structures and match, for instance, PDFs-like corrections

1
§< Z(I — S4) (I — S5) C4;Cs; A(45)FLM (4, 5)> = < F(k) (z) + GG Fium

%,J

[asFZ [P" ® P ()] par F z)+[a3122Pgen®fc ) Fin(2)

F [l PE™(21) ® Funa(e1, 22) ® Pg;n(zz)>

Cancellation of the double-color-correlated contributions

(00 b+ ) v -

—— finite
Same combination encountered at NLO: /

finite, and easy to be computed.

(02T 0(0) Fine

27



Conclusions

1. Subtraction schemes are necessary ingredients to obtain precise theoretical predictions.

2. Nested-soft collinear subtraction provides an efficient method to deal with n-parton processes:
|. combine different subtraction terms to get rid of color-correlations (and boosted contributions),

ll. reduce the subtraction terms to few, recurring structures.

3. Pole cancellation proven analytically for the case-study gg — V + ggg.

|
|
|
|

L _ —

Work In progress

1. Generalisationto gg — V + ng

2. Generalisation to arbitrary final- and initial-state partons.

Thank you!
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Backup
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Cancellation of single-color-correlated contributions

—<Ic(2€) FLM> T Z%?Tjaﬁn

-4

=~

No singular, color-correlated contributions
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Cancellation of single-color-correlated contributions

=

finite
Singular and color-correlated color-uncorrelated
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Cancellation of single-color-correlated contributions

s B°<[[as] Iy n(e) - c;;m (T.() + IC(E)] FLM> o I1,r(2¢)

2T € -
finite

N

N

+ (“8)2 bo .. <zm(11(ze)) FLM> + o) 5— e (€) <11 2(2€) FLM> T ] Bo cs(e) <11 2(26) FLM>

2T C

+{ |~ (02 Ca Ak Tup(20) + [o]? Fhes(0)Tu (20 #(52) e K2R (7a(20) |

;; o] <c.E K I(2¢) FLM>

\ - 7
=

Singular and color-correlated color-uncorrelated
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Cancellation of single-color-correlated contributions

(;—;2% (T1(e)) + Ic(e)] FLM>

Ls 5°<[[as]11,3(e) +

2T €

~

(“S)Z@ce (2R(Z:(26)) Fian ) 222 o (e) (T1,7(2€) Fiar ) + el Bo eae) (T m(2€) Fran

27T € €

+ < [ — [as)? Ca Ak I1 R (2€) + [as)? %cl(e) I, r(2€) (;“;;)%e K 2% (Z1(2¢)) ] Fm>

| 1/€ color-uncorrelated

arﬁ = ~ OCCA(CA+2CF)(_E+n2+nlog2)
By
T < [as]z( — Cp Ak A Ce';l C1 (6) + Bo 63(6)) - = [Ozs] ce K II,R(2€) FLM>

2T
) 1o(2€) FLM>

+ —[color — correlations]
€

Bo

€

— ;—;[as]<(c€K—|—

=

1/62 color-uncorrelated

Peculiar dependence in the color-correlations, that fits perfectly a contribution from triple-collinear sectors e’

( Z (I — Sy5) C1500) (FLy — 285F150) wagss AW )
i€TC

_2¢ C,(C,+2C 131 »* 11
T — 4[] Cp277 5g(e)<Il,R(2€)FLM> —I'Z%)-Tj,ﬁn o — At A; ) (— = +7; +?log2>+@(€_l)
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Useful relations:

Il,R(E) —

(2Emax/B) "% . —
> E ni; KijTi-Ty,
i#]
B F2(1 — 6) 14-€
K’L] F(]_—ZE) 77’&]+ 2F1(17]-71_€71 77@])
- I?(1—¢)
= T — 20 o F(—€,—€,1 —€,1 —1n;5)
(ZEJ’maLx/:u’)—lle . —2€ 17
(2€)2 >y Ki T T,
7 I'2(1 — 2€)
~ — 4ZE€
Kij = T'(1 — 4e) i 2Fi(1+e61+¢€1—¢1—ny)
- T?(1 — 2¢)
= T1—16 2 F1(—2¢,—26;1 —€,1 — m55)
- oF1(—2¢,—2¢;1 —€,1 —1m;5) - -
Kii(e) = K;i(2€¢) | = 26161 M) | _
% ij (2€) oF1(—2€,—2€,1 — 2¢,1 — ;) = Kigl2e) | 14 0(63)

jl,R(QE) — Il,R(QE) -+ O(G)
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Useful definitions:

CF

po_1l(1—¢ (221) s, -
T eT(1 -2\ p a7

.1 2F,\ —2¢I'%(1 — ¢)
Fg_ECA( u ) ['(1 — 2¢)

A

€

2€) -

o) s

I'y(2€) = iCA .

2€

1

['(1 — 4e) _

(1— e—zeLl)] Fim(l...N)
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PE™(2) = — —PRP0(2) + Php oo (2)

€

1 - cn cn -
GO () FY = S[as]?| — PE™ @ TV (2) Fyy(1g, 245 3g12) + T PER @ FV) (14, 243 3l2)

) (

2

2 —4e
(L) = 5 %53 (22

2 €2 v

I'%(1 —¢)
(I‘(l — 2¢)

1

€

Yz,9—g9g T

73,29—>gg T _(1 —e

1

2€

2¢ Ly, )

(1 . 6—46Ln )

22 1) (

Yz.9—gg T

€

1

22
Vz,9—g9 ™

49 922
Vz,9—g99 — 72,9—>gg)

~ ~(%+2Cr L1) + O()

11+1
6 9

(67—6%2)64—...
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1. Clear understanding of which singular configurations do actually contribute

k1

\ ke 1 1 1 1

k1 + 7432/ ~ —
‘ (ki + kp)* (ki + ky + k3)°
—> —>
ki + ko + k3 ks

Entangled soft-collinear limits of diagrams can not be treated in a process-independent way.
Do non-commutative limits actually contribute?

STRIPPER was implemented taking into account all the possible choices of soft and
collinear limits order -> redundant configurations were included

Gauge invariant amplitudes are free of entangled singularities
thanks to color coherence: soft parton does not resolve angles of the
collinear partons

Soft-collinear limits can be described by taking the known soft and collinear limits sequentially

2k - ky 2Kk - ko + 2Kk; - ks + 2ks - Ky

§&1> & §&>6
I & — &£66 \
m > 12 n2 > M
I I T2 — 12Th m — M2
3> M M > 5 3>m m>3
117 772_’%772 "72_’1—%7)2 771-’%711 7)1—>1—%m
______ /\
I I I
Sl ‘54 85

[Czakon 1005.0274]
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2. Get to the point where the problem is well defined

a) ldentify the overlapping singularities
b) Regulate them

k1
by + k \ - : l
1_|_ 2 ~ —_— — — e — —_— — —_—
,/ EvE;(1 —ny-nyp) EvEy(1 = ny- nyp) + EiEs(1 — ny - n3) + EpEs(l — npy - n3)
k1 + k2 + k3 73)
Soft origin Collinear origin
E1—>O £, =0 El»E2—>d wyllny, wy |l nyll

1 1 2
\ e S
2 1
E, <E,, E,<E, Includes strongly 3 5 3

ordered configurations

I’ll-n2< nl'n3 nz'n3< n1°n3 n>1,n>3< n>2.n>3

Soft and collinear modes do not intertwine: soft subtraction can be done globally. Collinear singularities have still to be regulated.
Strongly ordered configurations have to be properly taken into account.
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Phase space partitions

Efficient way to simplify the problem: introduce partition functions (following FKS philosophy):
- Unitary partition

- Select a minimum number of singularities in each sector

- Do not affect the analytic integration of the counterterms

Definition of partition functions benefits from remarkable degree of freedom: different approaches can be implemented

Examples: Nested soft-collinear subtraction g — Z — e~ e™ g g [Caola, Melnikov, Réntsch 1702.01352]

1 = 0)51’61 + 0)52’62 + 0)51,62 + 0)52’61

pry=1—cosd ,,n.,=p..l2
)SL61 P25 P26 <1 N P15 N P16 ) 5162 P25 P16 P56 ab ab > 'lab = Pab
ds dg dse1  dse12 ds dg dse1 B B
dizs = P1i+ Poi =2
15262 _ P15 P16 (1 n P25 n P26 ) 15261 P15 P26 P56 dscri = Pse + Pso + Pe
ds dg dsg1  dse12 ds dg dseo

dse12 = Pse + P51t Peo
Hs514

" to <3t) +0(5H <o <) + (s <)+ 0(T <1 <) g(G)/ézé 5) g(iég g;éﬁ 46
— 0@ 4 g®) 4 g©) 4 9@ 5555 2555 :
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Phase space partitions

Efficient way to simplify the problem: introduce partition functions (following FKS philosophy):
- Unitary partition

- Select a minimum number of singularities in each sector

- Do not affect the analytic integration of the counterterms

Definition of partition functions benefits from remarkable degree of freedom: different approaches can be implemented

Examples: Nested soft-collinear subtraction g — Z — e~ e™ g g [Caola, Melnikov, Réntsch 1702.01352]

Advantages:
1. Simple definition
2. Structure of collinear singularities fully defined

3. Same strategy holds for NNLO mixed QCDxEW processes
4. Minimum number of sector

Disadvantages:

1. Partition based on angular ordering -> Lorentz invariance not preserved
-> angles defined in a given reference frame

2. Theta function
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3. Solve the PS integrals

The problem is now well defined:
A. Singular kernels and their nested limits have to be subtracted from the double real correction to get integrable object

)

dq)n+2 RRn+2 — Jd®n+2 [RRn+2 o Kn+2] T Jd®n+2 Kn+2 Kn+2 D Cij’ Ckl’ Si’ Sij’ Cijk

B. Counterterms have to be integrated over the unresolved phase space

[ = JPSunres_ ® Limit ® Constraints

The ‘Limit’ component is universal and known. The phase space is well defined. Constraints may vary depending on the scheme.

Several kinematic structures have to be integrated analytically over a 6-dim PS.

Different approximations and techniques can be applied: the results assume different form depending on the adopted strategy

Two main structure are the most complicated ones and affect most of the physical processes:
- Double soft
- Triple collinear
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Kernels integration

Examples: Nested soft-collinear subtraction gg — Z — e~ e™ g g [Caola, Delto, Frellesvig, Melnikov 1807.05835, Delto, Melnikov 1901.05213]

Two soft parton (5,6) and two hard massless radiator (1,2): arbitrary relative angle between the three-momenta of the radiators

jeose _ U= O0siSe + Sa%1) = 2856512 Ss1%62 F Isa%61 — S50 [1 I Ssi862 + 85281 ]
12 o

| S12 —_
s2c(851 + S61)(S55 + Se2) S56551562552561 2 (551 + S61)(S50 + Sg2)

d%

Iéff) = J[dks] [dkg] O(Epay — Es) O(Es — Eg) 15800 (ky, ky, ks, k) [dfi] = (zﬂ)"d (27) 8,.(k?)

Es=E ¢ Eg=FE . ¢2 0<é<1,0<zx1

Reverse unitarity: map phase space integrals onto loop integrals [Anastasiou, Melnikov 0207004]
after defining integral families, integration-by-part identities. Differential equations w.r.t. the ratio of energies of emitted gluons at fixed angle.
Boundary conditions for z=0, and arbitrary angle
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