Improved Antenna Subtraction
at NNLO

RADCOR, Crieff, Scotland, 01/06/23



Introduction



Infrared Divergences

Subtraction/slicing at different orders in «,

Oscar Braun-White, RADCOR, Crieff, Scotland, 01/06/23

S23

g iy (p;, +
P Sy = 2P = 2Rk

A

"\

1/3

- pim)2
EE(]1 — cos6;) ‘



Oscar Braun-White, RADCOR, Crieff, Scotland, 01/06/23

S23

Infrared Divergences N

Subtraction/slicing at different orders in «,
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* Infrared divergences must cancel out at each order correction by KLN theorem

* (Only for infrared-safe observables)
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* Infrared divergences must cancel out at each order correction by KLN theorem
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* Infrared divergences must cancel out at each order correction by KLN theorem

* (Only for infrared-safe observables)
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Infrared Divergences N

Subtraction/slicing at different orders in «,
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* Infrared divergences must cancel out at each order correction by KLN theorem
* (Only for infrared-safe observables)

» R: Implicit singularities in s; ; when in soft/collinear limits

.0

» V: Explicit singularities in dimensional regulator €, where d = 4 — 2e. 0

More Legs More Loops

=T e
= o 2

S;j = 2p; - p; = 2E,E(1 — cos 6;) ..

=€ A

,délP =B~ Jdcpm\ﬂmz

,dsNO =R+ vV~ Jd@mH A+ Jdd)m | A |

. d6NNLO — pR 4L RV + VV
« d6NSLO — RRR + RRV+ RVV + VVV

* Subtraction or slicing scheme needed for higher order QCD calculations

« NNLOJET group uses antenna functions 3
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Subtraction at NLO

m~-jet cross section

~ANLO __ ANLO ~ANLO
dé ” dé [ dé"
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dq)m+1
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Subtraction at NLO

m~-jet cross section
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dq)m | dq)m+1 dq)m+1

Need to integrate S over one ,.
unresolved particle analytically ﬁ
— € poles to compare ;
integrands under d®, integral.

! € poles cancel and no soft/coll limits inV. §



Subtraction at NLO

m~-jet cross section

J5NLO _ d6iH0 +
d®,, AP,

Need to integrate S over one
unresolved particle analytically

— € poles to compare
integrands under d®, integral.

¢ € poles cancel and no soft/coll limits inV. §
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( d 8NL0 d 8NLO
R

Combination is IR finite and
numerically integrable.

No explicit € polesin R or S




Antenna Subtraction

Started by Glover, Gehrmann and Gehrmann-De Ridder ~ 2005
NNLOJET
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Subtraction Term at NLO - X’

Two hard radiators, one unresolved particle

e Maps momentum of 3 — 2, where ...... IS soft or collinear with either of

* Contains limits associated with one particle unresolved
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Subtraction Term at NLO - X’

Sum over one particle unresolved at a time

ANLO Z d(I)m+1 Z Xg(lhaja kh) | %m |2JI/(nm)

m+1 ]

Different Xg expressions depending on particle types of {1, j, k}

Subtracts against colour-ordered sub-amplitudes

d(Dm+1 — dq)m . dCDXijk ‘ ~ dD z]kXO

X
- Y

Poles up to € 7
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Antennae at NNLO ,

Xg - Single unresolved limits of ...... . ’
No € poles. .

Xf - Double and single unresolved
limits of ...... .
No € poles.

X31 - Single unresolved limits of ...... .

Poles up to e~ from loop O. Yo
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Subtraction at NNLO

m~-jet cross section

dd)m dq)m+1
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Subtraction at NNLO

m~-jet cross section

d(/}NNLO — J'
do,,

+[ (RV = Sgy)
dq)m+1

+L

VV + J' Spv Q Use XO,X I,Xg factorised onto
dq)m+1 I’

,: ,

matrix elements to build Si, and Sy §

(Dm+2 dq)m+2
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Subtraction at NNLO

m~-jet cross section

ANNLO _ f
do = VV + Srv P Use XD, X, Xg factorised onto
dd)m dd)m+1 l’

,: .

matrix elements to build Si, and Sy §

dq)m+1

+ (RR — Sgpp) + Srr
dq)m+2 dq)m+2

unresolved particles and Sy, over 1

¢ — Cancels ¢ polesin VVand RV ]
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Subtraction at NNLO

m~-jet cross section

~NNLO _ :
do = VV + Srv I UseX) X1, Xé) factorised onto
dd)m dd)m+l l’

,: ,

matrix elements to build Si, and Sy §

dq)m+1

+ (RR — Sgpp) + SrR
dq)m+2 dq)m+2

unresolved particles and Sy, over 1

¢ — Cancels € poles in VV and RV

b SiaE i ALt o Pt Loy AL AT SChiRa s : d AT T LR S s oMy RN
o< - o % > L e i o Ve e - - . =~ & g : L < -9 S~ LN N

See Matteo’s talk for a more detailed discussion...
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Current drawbacks with Antennae at NNLO

10
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Current drawbacks with Antennae at NNLO

o No identified two hard particles (“radiators”) for some Xf

* This makes subtraction terms significantly more complex than summing over
pairs of unresolved particles, works differently to NLO and more process

dependent

* Also antenna momentum mapping requires clear hard radiators

* Current sub-antennae are over-complex and cannot be integrated individually

: Xf sometimes have spurious infrared limits

10



Improved Antennae

11
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Design Principles for Antennae
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Design Principles for Antennae

 Each antenna function has exactly two hard radiators

 Each antenna function captures all single- and double-soft limits of its unresolved
particles

e (multi-)Collinear and soft-collinear limits are decomposed over “neighbouring”
antennae

* Antenna functions do not contain any spurious (unphysical) limits

* Antenna functions only contain singular factors corresponding to physical
propagators

* Antenna functions obey physical symmetry relations (such as line reversal).
12
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Built from soft and/or collinear limits
Improved X,?,l Antennae - X,?,L(i{”‘, lyy o vyl

o5 by l’m)

13
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Built from soft and/or collinear limits

0 0¢ih ;
Improved X, Antennae - X)) (i, iy, ..., 1, 1,in)

* Limits required organised from most singular N
to least f .

" Pl.l projects the argument into the limit L,

5 Pl.T projects the argument back to the full m-
particle phase space

13
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Built from soft and/or collinear limits
Improved X,?,L Antennae - X,?,L(i{’, lyy o vyl

* Limits required organised from most singular N
to least f .

bn—1> m)

Pl.T + (Pl.l)_l, more complex!
Pl.T restores kinematics
expressed solely in terms of

physical propagators —

. known integrals.
o P projects the argument back to the fU|| m-

partlcle phase space

[ x0 — p?
[ X0, =PlL,

9

0O __ vO0 0
X, , =X  + PZT (L, — leXm,l)

" Pl.l projects the argument into the limit L,

%

’ 0 0 ) 1 yO
Xm,N o Xm N—1 T PN (L PN Xm N— 1)

13



i=1,X2 = 0,{L;}, {P}}, {P]}]

Flowchart

[ Xt f

nz

1

yes

/ X ,,,./

[X,‘Z New Antenna]

i —1+1

Oscar Braun-White, RADCOR, Crieff, Scotland, 01/06/23
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X{(i".j, k") = Ssoft(", j, k") + Scol(i", j: k") + Scol(k”. j: i") )

/"L, = Soft j *
L, = Collinear (i",j) |
\ L = Collinear (K", j)

15
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Synthetic Antennae - Xg (i, 7, k")

XJ@", j, k") = Ssoft(i", j, k") + Scol(i", j; k") + Scol(k", j; i") '

Ssoft(i",j, k") = Soft j = al if ]| | S
soft(i", j, k") = Soft j = — (if j is a gluon) L, = Collinear (i".j)

ik . hoo ]
\ L; = Collinear (k",j) /

15



Oscar Braun-White, RADCOR, Crieff, Scotland, 01/06/23

Synthetic Antennae - Xg (i, 7, k")

XJ@", j, k") = Ssoft(i", j, k") + Scol(i", j; k") + Scol(k", j; i") '

Ssoft(i", j, k) = Soft j = — (if j is a gl S
SO (l > J 5 ) = O0Il ] = F (| J]1ISad UOn) . L, = Collinear (ih,j)
ij°jk ' ‘

. \ 1 Calinser 6.
Seol(i",j; ) = CJ[Collinear (i",) - C}Ssoft(i",j.kh] N2~ " "0
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Synthetic Antennae - Xé) (i, 7, k")

XJ@", j, k") = Ssoft(i", j, k") + Scol(i", j; k") + Scol(k", j; i") '

Ssoft(i"j. k") = Soft j = — it is a gl e
SO (l > J 5 ) = O0Il ] = F (| J]1ISad UOn) . L, = Collinear (ih,j)
ij°jk ' ‘

Scol(i", j; k") = CZ.JT[Collinear (i", j) — ClSsoft(z . kM]
Scol(k", j; i) = Cljj[COIIinear (k" j) — {Ssoft(z . k™) + Scol(z , ],kh)}]

L3 = Collinear (kh j)

15
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Synthetic Antennae - Xé) (i, 7, k")

XJ@", j, k") = Ssoft(i", j, k") + Scol(i", j; k") + Scol(k", j; i") '

o h 2 [ Li=Soft)
Ssoft(i”, j, k") = Soft j = — (if j is a gluon) L, = Collinear (i, j) |
1Rk | |

Scol(i", j; k") = CZ.JT.[Collinear (i", j) — ClSsoft(z . kM]
Scol(k", j; i") = CT.[COIIinear (K", j) — {Ssoft(z J, k") + Scol(z , ],kh)}]
— CT[Colllnear (k" j) — kszoft(i . kM]

L3 = Collinear (kh j)

15
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Example - AJ(i], . k7)

S 25, (L= (1—e)s;
A?(zé‘, J s kf-;) -

This differs from the old antenna derived directly from | \2 for y* — ggqg at O(e)

16
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O/:h = h

/o 2s;, (I —e)syp (1 —e)s;
Ag,jg k) =——+————+——

This differs from the old antenna derived directly from | . |* for y* — ggqg at O(¢)

Integrating over antenna phase space:

) —~<[1 3 19 7z (113 7z* 25{;
‘Q[3(Sijk) = (Sijk)

—t—+———+| —————= ]

€2 2¢ 4 12 8 8 3
675 133z* Tlz* 25,

16



Oscar Braun-White, RADCOR, Crieff, Scotland, 01/06/23
Example - FO(zg Je» kh)

[ Oc;h 5 h ik 5 i

2 2
]k l]k l]k k

This differs from the old antenna denved dlrectly from \ % | for nggs boson
decay, for which any of the three gluons can be soft. Here only j can be soft.

17



Oscar Braun-White, RADCOR, Crieff, Scotland, 01/06/23
Example - FO(zg Je» kh)

[ 0:h » 1.hy — Uik 5 j
J K le l]k k

This differs from the old antenna denved dlrectly from \ % | for nggs boson
decay, for which any of the three gluons can be soft. Here only j can be soft.

Integrating over antenna phase space:

70 —~<[1 11 65 7z (129 7Iz> 250,
(Sz]k) — (Sljk)

—— — —— — — ——— — ———————— 6

— _I_ —
€2  6e 12 12 8 72 3

16 144 1440 13 17
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Example - FO(zg Je» kh)

[ Oc;h 5 h ik 5 j

2 2 j
J k I ]k l ]k k 4

P, G") 1 2(1 ‘xj)
Here L, = Collinear (i", j) = e e A (1 — x-)

S ij A ij Xj

where ng(ih, J) + P, ( jhi) =P ¢o(X))

L, similar

18
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Synthetic Antennae - X} (i", ], k, I")

Same algorithm, more limits

[ X0, j, k, I") = Dsofu(", j, k, I")

? +Tcol(i",j, k; 1™y + Tcol(I", k, j; i) '
+Dcol(i", j; k, I

+Ssoft(i", i, k; I") + Ssoft(j, k, ;i) |

+Scal(z ,], lh) + Scol(],k ] lh) + Scal(lh k; ], ) ,

Slightly different structure for sub—leadlng colour antennae
19
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Synthetic Antennae - X} (i", ], k, I")

Same algorithm, more limits

For Tcol(i", j, k; 1), need Pabc_%(ih,j, k) for all {a, b, c} QCD particle types.

20
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Synthetic Antennae - X} (i", ], k, I")

Same algorithm, more limits

For Tcol(i", j, k; 1), need Pabc_%(ih,j, k) for all {a, b, c} QCD particle types.

Most P, ._ (1, ], k) have a hard particle by default, except
Pozo—olisj, k) and P, (1, ], k)
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Synthetic Antennae - X} (i", ], k, I")

Same algorithm, more limits

For Tcol(i", j, k; 1), need Pabc_%(ih,j, k) for all {a, b, c} QCD particle types.

Most P, ._ (1, ], k) have a hard particle by default, except

k) and k)

Peag—glJ: Pogg—gl):

This work done in JHEP09(2022)059, arXiv: 2204.10755,
O. Braun-White and N. Glover,
Decomposition of triple collinear splitting functions

20



Example - A)(17,2,,

h
34542)
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Built using double unresolved limits, single unresolved limits and AQ

S3,43(1",2,3,4") = S, (1",2,3,4")
TCy,,A%(1" 2,3,4" = P,,,(1",2,3)
TC3,,A}(1%,2,3,4") = P,,,(4",3,2)

DCiy3,49(1",2,3,4") = Pyy(1",2) Py (4", 3)

SyAS(1",2,3,4") = 2513 A%(1,3,4)

512523

StA9(1",2,3,4") = 2524 A%(1,2,4)

$23534

Cy,AY(1",2,3,4") = P,,(1",2) AY([1 + 2], 3,4)

C;,AY(1",2,3,4") = P,,(2,3)A%(1,[2 + 3],4)

C;,AY(1",2,3,4") = P,,(4",3)A%(1,2,[3 + 4])
SCgAY(1",2,3,4") = 4 p (4h 3

125234
SCy,,A43(1",2,3,4") = 25124 P,,(1",2)

5123534

21
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Example - Af(lh,Zgﬁ 8,4’5)

Built using double unresolved limits, single unresolved limits and AQ

S3,43(1",2,3,4") = S, (1",2,3,4")
TCy,,A%(1" 2,3,4" = P,,,(1",2,3)
TC3,,A}(1%,2,3,4") = P,,,(4",3,2)

DCy3,44(1",2,3,4") = Pyy(1",2)Pyy(4",3)

S¢A4( 12,3, 4" = 2513 A§(1,3,4)

siAO( 2,3,4%) = 224 4001 9 4)

523534

Cy,AY(1",2,3,4") = P,,(1",2) AY([1 + 2], 3,4)

C3,AY(1",2,3,4") = P,,(2,3)A3(1,[2 + 3],4)

C;,AY(1",2,3,4") = P,,(4",3)A%(1,2,[3 + 4])
SChauAY(1,2,3,4) = 4 p (4 3)
SCy,,A43(1",2,3,4") = 25124 p (1h 9) )

5123534
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Example - Ao(lq, ]g, o lh)

Expression too long to write here but integrated antenna matches ng,OLD

22
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Example - Ao(lq, ]g, o lh)

Expression too long to write here but integrated antenna matches ng,OLD

O — <[ 3 65 1 (217 137°
i) = (S"f’d) 4t T e T2\ 18 12

1 [ 43223 5897° 71
+— 289 76, + O(eY)
€ 864 144 4

Old Ag used as input here. Using new Ag would change O(e~!) terms but algorithm is focus here.

22
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Example - AO(zq, ]g, o lh)

0 . O . . 0 . .
Ay j—0k—0 Ay i jllk Ay i j
B 5 . ¥ B =& . ) B o . _2 E
200000 — x=10"2 200000 — G0 200000 — G0 200000 —
- =10~ . m=10~* . ap=210~* .
!B 175000 F—— x=10"° B 175000 F—— x=10"° ®B 175000 F—— x=10"° B 175000 ©
g 150000 [ g 150000 g 150000 g 150000 |
ol 8 ol E ol E (ol .
G 125000 [ G 125000 G 125000 G 125000 F
@) - @) - @) - @) -
E") 100000 E-‘) 100000 — E-‘) 100000 — 21") 100000
"g 75000 "g 75000 — "g 75000 — "g 75000
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Numerical tests of A} against in all relevant singular limits. For three different values of scaling
4 a9 9

AO/AO OLD .

parameter x, the relative disagreement of the ratio R = IS shown on the logarithmic axis. 23
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lh) and Fg(zg,]g, o lg)

0
Examples - F (lg, ]g, .

Old Ffl) antenna had any pair soft, split into permutations of the new Ff and F 2
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k,, ) and F(i,j,, k,, )

Examples - F, (i

ga.]ga fok fek

Old Ffl) antenna had any pair soft, split into permutations of the new Ff and F 2

Ff’OLD ~ Ff(ih,j, k,I"™) + 3 cyclic permutations + ﬁf(ih,j, 1 k™) + F:?(lh, i, k,i"
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k,, ) and F(i,j,, k,, )

Examples - F, (i

ga.]ga fok fek

Old Ffl) antenna had any pair soft, split into permutations of the new Ff and F 2
Ff’OLD ~ Ffl)(ih,j, k,I"™) + 3 cyclic permutations + Ffl)(ih,j, 1 k™) + Ff(lh, i, k,i"

Uses double unresolved limits, single unresolved limits and Fg(ig,jg, ké]f)
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k,, ) and F(i,j,, k,, )

Examples - F, (i

ga.]ga fok fek

Old Ffl) antenna had any pair soft, split into permutations of the new Ff and F 2
Ff’OLD ~ Ffl)(ih,j, k,I"™) + 3 cyclic permutations + Ffl)(ih,j, 1 k™) + Ff(lh, i, k,i"

Uses double unresolved limits, single unresolved limits and Fg(ig,jg, ké]f)

F(5,.) = ( )—e 3 77 1 (559 13#° L L3924 671z 69, + 0(e)

Si1) = | S | | — €

k=T )| 4ed T 2463 T €2\ 36 12 e\ 864 144 4

1 11 1 (313 3z°\ 1(34571 1lz* 86(; )
+—+— —— | +— — — + O(e")

et 3e3 2\ 18 2 e \ 432 2 3

Oldf?? sub-antenna used as input here. Using new Fg would change @(6‘2) terms but algorithm is focus here.
24
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All X; complete for NNLO QCD
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All X; complete for NNLO QCD

Quark-antiquark

qgg(j )fé(l)(igajga kga lg) 42
ol X3 (g 3y, by 1) A
9999 Xé(l) (7’37 j@) kqa lg) Cl(l)
Quark-gluon ) . R
1999 X9(ih, g kg, 1) DY .4
Xg(igajga kg? lg) Dé(l) .
) XO0h 5, ko, l?)  E9 . . '
106 ‘i;(.jﬁ Q@ g ) >, ¢  Simplified IR structure for
qg_QQ X4 (ig, Jg: Ky L) E, E 0
1090 ROt Gg, ks 1) B | these X, compared to
Gluon-gluon previously 4
9999 {(f? (ig ' Jgs g lg ) E‘? A ) —_— ',
. X(;(*) (.Z;?’ Jg: % lgh) F% : ) Simplified subtraction terms  §
gQ_Qg X4 (Zg »J Qs kQa lg ) gal ) .
9Q9Q X3 (ig,ig: kes1gy) - G4(E" ) . -
79QQ X3(iq, dg, kg, 16)  HL(", 5, k,1")
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Conclusions and Outlook
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Conclusions and Outlook

* (General algorithm for creating more convenient idealised antennae
« Complete for all Xg and Xf, meeting all design principles
* Should support construction of simplified NNLO subtraction terms, with no over-subtraction

« Extendable algorithm to X31

* Requires additional manipulation of explicit € poles and hypergeometric functions

« Extendable algorithm to Xg for future streamlined N3LO antenna subtraction scheme

. Requires decomposition of quadruple collinear splitting functions into P, .._. .(i", j, k, )
and similar for one-loop triple collinear splitting functions.

« Create lists of required limits for Xg out of these and new Xf and new Xg.

27



Thank you very much!
Questions?
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Backup - F)

S5, FP(1",2,3,4") = S, (1",2,3,4")
TCi,, FY(17,2,3,4") = P, ,(1",2,3)
TC3,, FY(1",2,3,4") = P,,,(4",3,2)
DCY,., FY(1",2,3,4") = P,,(1",2) P, (4", 3)
)
SIFO(1h,2,3,4h) = =213 F0(1,3,4)
512523
SYFP(1",2,3,4") = ~2LF{(1,2,4)
23534
Cy,Fy(1",2,3,4") = Py, (1",2) F{([1+ 2], 3,4)
CLF)(1",2,3,4") = P,,(2,3)FY(1,[2 + 3],4)
Cl, F)(1" 2,3,4") = P, (4" 3)FJ(1,2,(3 + 4])
2
SC5.4, F2(1",2,3,4") = - "1 p (47, 3)
125234
2
SC§;12F£(1ha27374h) — 2 ng(lhaz)
5123534

29
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Sy, Fy(1",2,3,4") = S (1", 2,3,4")
TC123F4 (1ha 2,3, 4h) — ggg(za 1ha 3)
TC3,, FY(1",2,3,4") = P,,,(3,4",2)
DCl234F4 (1ha 2, 3a4h) — ng(lha Z)ng(4ha 3)
DC1324F4 (1ha 2, 3a4h) = ng(lha 3)ng(4ha 2)

2
SYFP(1",2,3,4") = 1L F9(1,3,4)
$12824
. 2
SIFO(1h 2,3, 4h) = 21 FO(1, 2 4)
$13534

Cl, F) (1", 2,3, 4" = P,,(1", 2) FY([1 + 2], 3, 4)
Cr,F)(1",2,3,4") = P, (1", 3) FY([1 + 3], 2,4)
Cy, FY(17,2,3,4") = Pyy(4",2) F§ (1,3,

L FY(1h 23,40 = P, (4", 3)FY (1,2, 3+ 4])

28134

SCj3,,F9(1",2,3,4") = - P,,(4",3)
125234
2
SCY,, FY(1",2,3,4m) = : °124 p (4",2)
135234
28124
SCL,FO(1 23,4 = 220 p (1h )
8348123
28134
SCZ 13F4 (lh’ 25 3’ 4h) — ng(lha 3) 30

5245123
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Cross Section s, ,,
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Credit: Alexander Huss

1 1
OAB= Y /0 dz, /0 dzp faja(a) fo1B(Tb) Gab(Ta, Tp) (1+O(Aqen/Q))
ab p

S Q
Vi y 4 /
4

non-perturbative effects

parton distribution functions

(non-perturbative, universal)

(no good understanding)
ultimately, limiting factor?

hard scattering

(perturbation theory) 31
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Partonic Cross Section do

m m+1 m+2 m+3
s ( D) 4ol (B} geNLO (%) jgNNLO | (%) " 1aNBLO | (gt
2T 2T 2T 27

* Theoretical predictions of QCD observables need to match experimental
precision.
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