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Motivation

® The ever-increasing experimental precision at the LHC and the HL-LHC in the future demands
percent level precision from the theoritical side. ATLAS 2019; cMS 2021

@ On the theoretical side many N3LO calculations and phenomenology results are available.

a Computing differential cross-section requires subtracting infrared divergences in the phase space:
a Slicing:
® g7 subtraction scheme Catani and Grazzini 2007
m N-jettiness subtraction scheme Boughezal, Focke, et al. 2015; Gaunt et al. 2015
® Subtraction:

a ColLoRFull Somogyi et al. 2005

@ Antenna Gehrmann-De Ridder et al. 2005 see Matteo's talk

® STRIPPER Czakon 2010

m Nested soft-collinear subtraction Caola et al. 2017 see Chiara’s talk
® Local analytic sector subtraction Magnea et al. 2018 see Gloria's talk

m Project-to-Born Cacciari et al. 2015
a .
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Motivation
a To obtain differential cross sections, one can use slicing to extract and cancel infrared divergences

properly:
/ de" / dr o) / dr= )

® g, subtraction scheme Catani and Grazzini 2007
® N-jettiness subtraction scheme Boughezal, Focke, et al. 2015; Gaunt et al. 2015

® ¢, subtraction scheme is available up to N3LO Liand Zhu 2017; Ebert et al. 2020b; Luo et al. 2020
@ N-jettiness factorization theorem derived in SCET Stewart et al. 2010a,b

N
limdo(0)=B®B®Y J,®Sy®H.

T7—0

® Beam function B @ N3LO Ebert et al. 2020a; Baranowski et al. 2023 see Gherardo's talk

m Jet function J @ N3LO Banerjee et al. 2018; Briiser et al. 2018
a Soft function Sy @ N2LO Hornig et al. 2011, Kelley et al. 2011; Monni et al. 2011; Boughezal, Liu, et al. 2015; Bell et al.

2018; Campbell et al. 2018; Jin and Liu 2019
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Motivation: zero-jettiness soft function at N3LO

6y (S
A N
ggg emission gqg emission
€ €3 €D
A N N
gg emission qq emission g emission

@ RVV and RRV are known in the literature. Duhr and Gehrmann 2013; Li and Zhu 2013; Chen et al. 2022
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Definition

a Zero-jettiness is defined as

2(]]' ) kt

r:;]rgllr; {7% ] :;mln{ki~n,ki-

® By symmetry there are two independent configurations: nnn / nnmn.

3|
Ingd

SIA

do"" =d®,0 (1 —k; -n—ky-n—Fky-n)

X O(ky - m—ky -n)0(ky T —Fky -n)0(ky -1 —ky-n),
do™m = dP,6 (1 —ky -n—ky-n— ks - 7)

X0k, -n—k, -n)0(ky - 7—ky-n)0(ky-n—Fky 7n),

where d®, is the 3-body massless phase space measure.

® The amplitude needs to be integrated over these two configurations

nnn configuration

¢ (2/d<1>""" +6/dq>mﬁ) 1T (ky Ky, o)

999
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Procedures

u Amplitude: expression available in the literature Catani, Colferai, et al. 2020; Del Duca et al. 2023
S=> CI,.
i

@ |BP reduction: Chetyrkin and Tkachov 1981

0 1
dp._—~ | =

® Reverse unitarity: transform ¢ functions to denominators Anastasiou and Melnikov 2002

1 i i
5(p? —m? :7[ - .
(p* —m?) 2r [p2—m? +ie  p?—m? —ic

a Evaluate master integrals:
S=>"ciu.
7
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Integral reduction

Rewrite Heaviside functions as ¢ functions Implement IBP for Heaviside functions

1
o(k ~ﬁ—ki~n):/ dz; 6(z;k; - Ti— ky - )k; T 9 ok m—k o) =
A 9% —0(k; - —k;-n)

i

® Generate IBP identities manually.

a Needs auxillary families to perform the
reduction.

a Simpler master integrals:

S=> " cu.

a Standard IBP programs can be used.
® Needs to integrate over 3 auxillary parameters:

1
0 %

@ Tested at N2LO. Baranowski 2020

® Parametric reprsentation based approach cChen 2020a,b, 2021
Integral reduction Integral evaluation Result Conclusion
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Integral reduction

IBP identity

P 9 P P
dp._~ = d =
/d "ok, P [puf 0:>/d k[(@k pﬂ) tpkom tpong g f(k) =0

Ok-n—Fk-n)
(k2] [1 — K - nle? (k - 70)as
a The partial derivative generates two contributions:

® Example: f(k) =

where [...]. denotes a ¢ function.

0 Ok-n—Fk-n) n d(k-n—Fk-n)
— =—a
0 RN 1 —k-n)e2(k-m)estl | (K201 — k-0l (k-m)e

® The homogenous term keeps the Heaviside function intact, while the inhomogenous term changes
it to a d function.

Motivation Integral reduction Integral evaluation Result Conclusion
00000 [o] le]e} [e]e]e} 00 o]

9/17 2023-06-01 Chen-Yu Wang: Heaviside functions and the zero-jettiness soft function at N3LO QCD



Integral reduction

0 O(k-m—Fk-n) O(k-nm—Fk-n) n
= —Q-
Ok -1 [k2]e[1 — k - n]e? (k- m)es 21 — k- )22 (k - m)aat]

® The homogenous term corresponds to the normal IBP identites without 6
functions.

a The term introduces new families to the reduction and
requires partial fraction decomposition.

® Auxillary families with § functions in place of @ functions are required.

® Applicable to other observables involving 6 functions.
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Integral reduction
nnn configuration

066

000 «—— 060 «—— 066

008 «—— 600 «—— 066

000

Motivation

Integral reduction
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donnn

donne

nnn configuration

066

000 «—— 060 < 666

008 «—— 600 «—— 066

000

Integral evaluation
[e]e]e}

Ty, = AP0 (L—ky - n—ky-n—ky-n) fy(ky - n—ky-n)folky - —ky-n)fs(ks -1 —ks-n)
Ty = AP0 (L—kyn—ky-n—kyn) fy(ky - n—ky-n)folky - —ky-n)fs(ks - n—ks-7)

w f,=0ord.

® Starting from the measure 666,

a connect measures

with fewer 6 functions.

u symmetry relations connect
measures with different
permutations.

Result
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dopry, =d®gd (1 —ky-n—ky-n—ks-n)fi(ky -n—ky-n)folky W —ky n)fs(ks -n—ks n)

Integral redUCtiOrl doyrf, =d®sd(1—ky-n—ky-n—ky-n) fi(ky-m—ky-n)folky o —kyn)fs(ks-n— ks 1)
nnn configuration nnn configuration
w f,=0ord.
066 060 ® Starting from the measure 066,
a connect measures
with fewer 6 functions.
u symmetry relations connect
0600 «—— 060 «—— 606 0600 <—— 6660 066 measures with different
permutations.
® More symmetry relations between
configurations.
600 «—— 600 < 666 600 ) 060 &
600 o)
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dopry, =d®gd (1 —ky-n—ky-n—ks-n)fi(ky -n—ky-n)folky W —ky n)fs(ks -n—ks n)

Integral redUCtiOH d<1>}‘]”fif‘x =d®30 (1 —ky-n—ky-n—rky 1) fi(ky -T—Fky -n)foy(ky - T—ky-n)fy(ky n—ky 1)
nnn configuration nnn configuration
w f,=0ord.
606 066 ® Starting from the measure 666,
a connect measures

with fewer 6 functions.
u symmetry relations connect
0600 «—— 060 «——— 606 000 <—— 6660 005 measures with different

permutations.

® More symmetry relations between

figurations.
560 ——— 866 ——— 055 550 505 056 configurations

® Solve the whole system with Kira

and FireFly
/\ (reduce_user_defined_system).

(55(5 65(5 Maierhéfer et al. 2018; Klappert and Lange 2020;
Klappert, Lange, et al. 2020
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Integral reduction
nnn configuration

066

000 «—— 060 <—— 0606

008 «—— 600 «—— 060

denr . =d®y0 (1 —ky-n—ky -n—Fky-n)filky -m—Fky-n)folky T—Fky n)fs(ky -7 —Fky n)

fifafs

doyrf, =d®sd(1—ky-n—ky-n—ky-n) fi(ky-m—ky-n)folky o —kyn)fs(ks-n— ks 1)

f1f2

nnn configuration

066
0060 «—— 660 666
006 066 060

| T

000
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Integral reduction

000

Integral evaluation
[e]e]e}

® Master integrals without
1/(ky + ko + k5)? denominator:
Calculate analytically using HypExp
and HyperInt after subtracting ¢
poles. Huber and Maitre 2006; Panzer 2015
(~ 150 integrals)

® Master integrals with
1/(ky + ko + k3)? denominator: Hard
to calculate directly = Construct
differential equation (~ 650 integrals)

Result Conclusion
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Integral evaluation

® The problematic denominator 1/k%,
1 1
(ky + kg +k3)2 2Ky - kg + 2ky - kg + 2k5 - Ky

involves 3 dot products => it would be great if this denominator can be “removed”
® Naively if we add an auxillary mass-like parameter m to the denominator and in the limit m — oo the
dot products drop out:

9 g 1 1
(ky + kg + k3)? < m”: CEE AL ~ s
® The integrals are relatively simple at m — co and differential equation w.r.t. m? helps us to recover
the original integral at m — 0. Liu et al. 2018
® Similar ideas of introducing auxillary parameters can be found in the literature. Henn et al. 2014;
Papadopoulos 2014; Zhu 2015; Chen et al. 2022; Lee et al. 2022

Motivation Integral reduction Integral evaluation Result Conclusion
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Integral evaluation

Modify the master integrals by adding a m? to 1/k%,,:

I(e) = lim J, J; = [ d® ,
i(€) = lim Ji(e,m) i(€,m) / fifabs 32 m2 (ky - k) (ky - m0)

Construct a system of differential equations w.r.t. m?:

0

5 = MJ.

Solve the differetial equations numerically from m — oo to m — 0.

Reconstruct analytical expression from numerical solutions.

For m? >0, J;(,m) is real = consistency check to the solution.

Motivation Integral reduction Integral evaluation Result Conclusion
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- /dq)'rmn 1
Integral evaluation 000 (12,4 + m?)(ky - 1)

m Expand J around in variable w? = m™2 = 0: [
1.0

— 1+ € [

J = g cijp(€w In* w I

i,j,k [

.y . - - 05-

® Boundary conditions at m — oo involves several regions —
as the Heaviside functions allow &, - 7@ to be large: k

0 H 2 -1.0 -0.5
m with o, g, 03 KM i
— —2e H 2 H 2

I, o=3m with ay,a; < m®, while a; ~m :
m~¢  with a; < m?, while ay, az ~ m? 0.5
where o, = k; - 1. 0
a i = = -1.0
Evaluate at a regular point J(m = 1/wj) J|w:w0 . i

Motivation Integral reduction Integral evaluation Result
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1
- d nnn
Integral evaluation / 000 (k25 + m2)(ky - 1)

m? plane
@ Expand and evaluate around regular points: *
1.0
J = E c
i I
0.5
Repeat this procedure until we move into the radius of I
convergence around the physical point m = 0.
. . . A PO .
® Matching at the physical point m = 0: T T T s e 5
J= (e)mitic In®
= Ciji(€)m m
ij.k 05t
® ] corresponds to lim,,_,, J(€e,m) = cyoo(€).
® Finally we reconstruct the analytical expression. 10t
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Result

Now we present the same-hemisphere triple-gluon-emission contribution to the N3LO zero-jettiness soft
function:
gnnn ,7_71 66 [C3Snnn + CgCAS{lf; + Cacisgznn] ,

999 1+1+1

where N_ = (47)727¢/T'(1 —¢), and C’a = Cp 4 for the quark (gluon) soft function. Catani, Colferai, et al. 2020

gunn_ A8T3(1—20)
14+1+1 — E5F<1 —66) ’
IT(1—4)T(1—2) [8 44 1 (268 ) (1544 )
nnn _ __ - _ == _ —_— 2
S1i €T (1 — 6e) T3 g S 27 42 7265
9568  536¢; , 352 55424 3520¢, 2144<3 . )
( - 5 5 Gs 300c4) ( 3t g 5+ 35204 + 966G — 1208
297472 22592( 14080¢. 2144 4576
3 2 3 424¢3 — )
( 729 31 + o7 + 3 G — —5—CoCs + 3696¢s + 424¢2 — 3596, | + O(€* )]
a Note that only zeta values are involved.
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Result

14072 10048
C 9

15 3

< 28064¢; + % 6318" +4224L|4(;)+3696C3 In(2) — 17672 (n%(2) + 176 In*(2)
a Reconstructed from the numerical result | 18208¢; | 78848R7 oot 1925074)
and verified numerically with more than ’ o 3 P
2000 digits 5(2304 sy — 44645 In(2) + 257843 — 0677 — 6336G (0,0, 75,1,—1)
. . e e e . 268895(5
® Singular terms only contain zeta values. —6336GR(0,0,1,r, —1) — 3168G (0,0, 1,75,74) — 6336G (0,0, rz=—1>ln<2>+TC

(1 1 , 1
® Regular terms contain multiple —45056Ll5<§) —4300(”_.4( )ln( )+17ocl4(: )7—100043 L|2( )—3982(571

. . . . ) 4400 CL (=) 73 o
polylogarithm G with sixth root of unity — 21821, 10%(2) + 21126, In(2) In(3) — 1584067 ) — 00 217(3)71 887421(2)
exp (ikm/3) letters. olertn®) | 126en’2) 2ssin'e) | oo (7) 7501, In(2) + 174
27 9 15 2t oHs 27
1072721n°(2) | 10721n*(2) | 554032¢, ) 73037872 o .
- 3 + 3 + et = 82m0 In(2) + o — 384In°(2) + 8321n(2)
1408681 - | . (exp(in/3) 56073 N
+ et \/3(1923{L|3<# }+160c, (5) @) — 167 1n*(2) - 2 ) ) +0().
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Conclusion

nnn configuration

a All master integrals have been computed, checking in progress.

® N3LO QCD corrections are crucial to the percent level phenomenology at LHC and HL-LHC.
® We compute the same-hemisphere triple-gluon zero-jettiness soft function at N3LO.
a Custom IBP relations enables reduction for integrals containing Heaviside functions.

a Applicable to other observables involving ¢ functions.

a Adding an auxiliary mass parameter overcomes the technical difficulty of computing master

integrals.
@ Thank you!
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Analytic regulator

® Although the soft function itself is regularized dimensionally, we found that an additional regulator is
required to obtain a correct result

d@}’:‘gfs — dq)?lanfs (k1 -n)Y (kg -n)Y (kg -m)¥.

71/
mnn __ ./ v
Sy’ = E co (V)Y —&—Z/E ¢, (V)

e

® The amplitude reduces to

where two of the 7., are 1/v-divergent.

= For integrals without 1/k%,, denominator, we can proceed as before and obtain analytical results.
= For integrals with 1/k%,; denominator, we now have two limits to take:

I(e) = lim lim J(e,v,m).

v—0m—0

We find that these two limits do commute, thus we can set v = 0 beforhand and solve the equation.
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