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Binary Mergers and Gravitational Waves

Inspiral Merger Ringdown

‘ o e o

ot

- The inspiral can be described

- A precise theoretical description through perturbative methods (in
of the merger process is necessary the Post-Newtonian and
to exploit the physics potential of Post-Minkowskian frameworks),
measurements at gravitational the merger with numerical
wave observatories relativity, and the ringdown with

black hole pertubation theory
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Waveforms with the Effective One Body (EOB) Model

- To estimate parameters associated to GW measurements,
reliable semi-analytic models are required (NR expensive!).
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analytic results for the inspiral and for the ringdown phases of the merger.
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As input (to fix corresponding parameters) the EOB model takes NR simulations,
analytic results for the inspiral and for the ringdown phases of the merger. Even
more, it can benefit also from data of unbound binary observables

4/23


https://arxiv.org/abs/1611.03703

Waveforms with the Effective One Body (EOB) Model

- To estimate parameters associated to GW measurements,
reliable semi-analytic models are required (NR expensive!).
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As input (to fix corresponding parameters) the EOB model takes NR simulations,
analytic results for the inspiral and for the ringdown phases of the merger. Even
more, it can benefit also from data of unbound binary observables

— scattering amplitudes can provide critical input for theoretical descriptions in the
form of conservative potentials and scattering observables!
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Frontier in Perturbative Corrections to Newton's Potential

Buonanno, Khalil, O’'Connell, Roiban, Solon, Zeng [arXiv:2204.05194]
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- New results

recently produced with QFT tools
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Buonanno, Khalil, O’'Connell, Roiban, Solon, Zeng [arXiv:2204.05194]
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- State-of-the-art PN results

given sensitivity of future GW observatories
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Progress for Spinless Binary Merger

Slide by Manfred Kraus
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— See Michael Ruf’s talk next for 5PL related calculation
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Progress for Binary Merger with a Spinning Black Hole

Slide by Manfred Kraus
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Spin Hamilitonian much less known!
Post Newtonian
© S: 3PN O(G*) [Levi et al arXiv:2208.14949, Mastrolia et al arXiv:2209.00611]
e S2: 5PN O(G*) [Kim,Levi,Yin arXiv:2112.01509]
o 53: 4PN O(G?) [Levi,Mougiakakos, Viera arXiv:1912.06276]
o S* 5PN O(G?) [Levi Teng arXiv:2008.12280]

Post Minkowskian
© §2: 2PM [Bern et.al arXiv:2005.03071], [Kosmopoulos,Luna arXiv:2102.10137]
3PM [Febres Cordero, MK, Lin, Ruf, Zeng arXiv:2205.07357]
© S* 2PM [Chen,Chung,Huang arXiv:2111.13639]
© 5% 2PM [Bern et al arXiv:2203.06202]
© §%°: 2PM [Aoude,Haddad,Helset arXiv:2203.06197,arXiv:2205.02809]
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Phenomenological Impact

Antonelli, Buonanno, Steinhoff, van de Meent, Vines [arXiv:1901.07102]
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Phenomenological Impact

Damour, Rettegno [arXiv:2211.01399] '
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QFT Techniques for Classical Observables

- Techniques based on scattering amplitudes can produce
information for classical observables

— Effective field theory approaches
Goldberger, Rothstein; Cheung, Rothstein, Solon; ...

— ‘in-in" formalism for computing (inclusive) observables
Kosower, Maybee, O'Connell; Maybee, O'Connell, Vines

— Classical radial action and eikonal exponentiation, ...
Bern, Parra-Martinez, Roiban, Ruf, Shen, Solon, Zeng; ...
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— ‘in-in" formalism for computing (inclusive) observables
Kosower, Maybee, O'Connell; Maybee, O'Connell, Vines

— Classical radial action and eikonal exponentiation, ...
Bern, Parra-Martinez, Roiban, Ruf, Shen, Solon, Zeng; ...

- Many advances in QFT techniques have been exploited!
— Generalized unitarity, on-shell techniques, double copy, ...
— Integration-by-parts identities, expansion by regions,

differential equations, effective field theory, ...
— Here: EFT matching in dimensional regularization,
modular arithmetics and numerical unitarity
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Scalar-Vector Scattering

- Use 2 — 2 quantum scattering with massive spin s for conservative
dynamics through 2s powers in spin Vaidya [arXiv:1410.5348]
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Scalar-Vector Scattering

- Use 2 — 2 quantum scattering with massive spin s for conservative
dynamics through 2s powers in spin Vaidya [arXiv:1410.5348]
- Consider theory of massive scalar and vector fields minimally
coupled to gravity
2R 1 . . 1, .
L=+ —g _ﬁ + 59[ . d,,,@dl,¢> — §TYL?)(;52
1 o v 1 2 v
—Zg 9" FapFuy + gmAg ApAy

Kk = V327G and expand in the weak field approximation

Guv = Nuv + K/h;,bl/
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Scalar-Vector Scattering

- Use 2 — 2 quantum scattering with massive spin s for conservative
dynamics through 2s powers in spin Vaidya [arXiv:1410.5348]
- Consider theory of massive scalar and vector fields minimally
coupled to gravity
2R 1 LY £ Iy 1 2 42
L=+/—g .z + 59’ 0upOv — §md)©
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_Zg.U«DéQVBFaBFHV + 5,,n?qu«VI4MAV
Kk = V327G and expand in the weak field approximation
Guv = Nuv + K/h;,bl/
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Our scattering process:
> \r(ot*r

10/23


https://arxiv.org/abs/1410.5348

Scattering Amplitude Calculation

Parra-Martinez, Ruf, Zeng [arXiv:2005.04236]

p1—q/2 p1+q/2
, _ V(p1) + s(p2) = s(ps) + Vipa) 7Y el
Kinematics: ¢ =l —pt = (0,q) ‘Y
Pi-q=0 o — _P1P2
mame | pr+q/2 P2 —q/2
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Scattering Amplitude Calculation

Parra-Martinez, Ruf, Zeng [arXiv:2005.04236]

p1—q/2 p1+q/2
, _ V(p1) + s(p2) = s(ps) + Vipa) 7Y ptal
Kinematics: g = pb —pl = (0,q) .
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Bern, Cheung, Roiban, Shen, Solon, Zeng [arXiv:1908.01493]

Multi-loop numer- QE H ~<ET

ical untarity for
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’ (T, T Y =" " q¥, Bl Y, Y "), pY ")} ‘ Caravel

Abreu, FFC, Ita, Kraus, Page, Pascual, Ruf, Sotnikov [arXiv:2009.11957]
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Scattering Amplitude Calculation

Smirnov, Chuharev [arXiv:1901.07808]

. FIREG, using finite fields
IBPs, expansion

and integration: By the method of regions obtain expansion in q2

to O((¢?)°) and ¢
Parra-Martinez, Ruf, Zeng [arXiv:2005.04236]
Construct appropriate ansatz in the variables

mg, my and o to obtain analytic result
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Scattering Amplitude Calculation

Smirnov, Chuharev [arXiv:1901.07808]

. FIREG, using finite fields
IBPs, expansion

) ; . . Ly
and integration: By the method of regions obtain expansion in ¢

to O((¢?)°) and ¢
Parra-Martinez, Ruf, Zeng [arXiv:2005.04236]
Construct appropriate ansatz in the variables

mg, my and o to obtain analytic result

The amplitudes ap = L[ (e + mamg)o(l~ 2007 mimy(1—207)(1 —877)
: a 2202 — 12 216m)2(0% ~ 12
(an example): L[ mimio(6+ o1 +20%) ey 4 A0~ 1607 + 160%)
T T e E ) T e

mimy(o — 50° + 50°) N mAm2 (77 + 18902 — 3600 + 1360°)
2(4m)% (02 — 1)2 3(16m)2(02 — 1)

] +0(%)

FFC, Kraus, Lin, Ruf, Zeng [arXiv:2205.07357]
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Effective Field Theory Amplitude

- We employ the non-relativistic, non-local, 3D EFT:

Lppr = / (k) (i0: — \ /K2 +m3)) d(k) +/kA“(—k) (i@t — /K2 + m2 )A’(k)

= Vi (k, k) AT (K') A7 (k)T (—K')(—F)
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Lppr = / (k) (i0: — \ /K2 +m3)) d(k) +/kA“(—k) (i@t — /K2 + m2 )A’(k)

- Vi (k, k) AT (K') A7 (k)T (—K')(—F)

- As described by Cheung, Rothstein, Solon [arXiv:1808.02489] the EFT
amplitude is given by iterated bubbles:

n p1+l P+l Pa

\/ \/\/ NN Y
/\ /\,/\ SN

— 0 pa— Ly D3
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Effective Field Theory Amplitude

- We employ the non-relativistic, non-local, 3D EFT:

Lppr = / (k) (i0: — \ /K2 +m3)) d(k) +/kA“(—k) (i@t — /K2 + m2 )A’(k)

- Vi (k, k) AT (K') A7 (k)T (—K')(—F)

- As described by Cheung, Rothstein, Solon [arXiv:1808.02489] the EFT
amplitude is given by iterated bubbles:

NSNS NSNS
/\ /\,/\ AN

— 0 pa— Ly D3
- The potential Vj; is decomposed in terms of {5, plig’], ...}
~ {1, —i(g x p) - S}. From the amplitudes’ matching, we can then
fix the potential!
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Example Result: Spin-Orbit Interaction

- The (g x p) - S term in the conservative potential is a linear combination of the
coefficients:
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Example Result: Spin-Orbit Interaction

- The (g X p) - S term in the conservative potential is a linear combination of the

coefficients:
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Example Result: Spin-Orbit Interaction

The (g x p) - S term in the conservative potential is a linear combination of the

coefficients:
(1) (g2
@2y = @ 1 2) 4 2 2 (k%)
S0 = 2.0 + )+ S
) 20m ) my (A + 3my)o(5” —3)
Aeall) = = g8 Al = R
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+(4"'*‘++")Ea(20 —1)(50 —3)+4mAm¢o(d2—6)(262+1)\/62—1avccosh(d)} .
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- Other terms in the potential more involved, but still relatively simple
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Two-Loop Numerical Unitarity

Decompose A in terms of master integrals:

AD) = Z Z cryi Irj

T'eA ieMyp
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Two-Loop Numerical Unitarity

Decompose A in terms of master integrals:

AD) = Z Z cr,i Iry

T'eA ieMyp

Drop the integral symbol, introducing the integrand ansatz:
(L) - mrg(l)
APy =3 > ers "TLep.pi (@)
TeA keQr jepr Pi

Functions Or = {mr ;(4)|k € Qr} parametrize every possible
integrand (up to a given power of loop momenta). E.g.:
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Two-Loop Numerical Unitarity

Decompose A in terms of master integrals:

AD) = Z Z cr,i Iry

T'eA ieMyp

Drop the integral symbol, introducing the integrand ansatz:

Cmrg(l)
AB) () L SIS
=2 2 e [ien pi@)

T'eA keQr

Functions Or = {mr ;(4)|k € Qr} parametrize every possible
integrand (up to a given power of loop momenta). E.g.:

- Tensor Basis
- Scattering Plane Tensor Basis

- Master-Surface Basis
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Integrand Parametrizations

- Given diagram I' make an adaptive momentum parametrization

0 = Z J“+ZU&”+Z a +Z"I‘l

jeBy JEB} i€Bet i€B¢
;—\f—"

PR
TP Lommm Lomveno
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Integrand Parametrizations

- Given diagram I' make an adaptive momentum parametrization

0= Z virh + Z vial + Z il (1’1 + Z n'

jeBy JEB} i€Bet i€Be
;—\r—’

LI
T8PS W'LTMW

- Tensor Basis: constructed from all monomials (a/7)%(a!")® with
je Bl andie Bt
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Integrand Parametrizations

- Given diagram I' make an adaptive momentum parametrization

0= Z 7 IJ+ZL,(\IJ+ Z I (1h+2np,

jeBf j€B} ieBet i€Be
;—\r—’

-
T8PS W'LTMW

- Tensor Basis: constructed from all monomials (a/7)%(a!")® with
j € B} and i€ B

- Scattering Plane Tensor Basis: constructed from all monomials
(%)@ with j € B} and one-loop-like surface terms with common
transverse varlables [Abreu, FFC, Ita, Page, Zeng [arXiv:1703.05273]; see

also Ossola, Papadopoulos, Pittau; Bobadilla, Mastrolia, Peraro, Primo]

16/23


https://arxiv.org/abs/1703.05273

Integrand Parametrizations

- Given diagram I' make an adaptive momentum parametrization

Z J [J+ZLI(11J+ Z . (1"+Znu,

jeBf j€B} ieBet i€B
;—\r—’

-
T3PS WEW

- Tensor Basis: constructed from all monomials (a/7)%(a!")® with
jeBandic B

- Scattering Plane Tensor Basis: constructed from all monomials
(%)@ with j € B} and one-loop-like surface terms with common
transverse varlables [Abreu, FFC, Ita, Page, Zeng [arXiv:1703.05273]; see

also Ossola, Papadopoulos, Pittau; Bobadilla, Mastrolia, Peraro, Primo]

These integrand parametrizations have been automated in Caravel.
Tipically less than O(5%) (IBP-)reducible monomials (with
scattering-plane variables) remain!
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Master/Surface Decompositions [ita 15; Abreu, FFC, Ita, Page, Zeng '17]

Consider the integration by parts (IBP) relation on T’

) uy
0= / P — | =—2—
1 g |

making it unitarity compatible (controlling the propagator
structure) [Gluza, Kadja, Kosower '10; Schabinger '11]

quap frp
25 Pk = JkPk
7 o

Write ansatz for v/ expanded in external and loop momenta, and
solve polynomial equations using algebraic geometry techniques

Build a full set of surface terms and fill the rest of the space with
master integrands

Related [Boehm, Georgoudis, Larsen, Schulze, Zhang '16 - '19]
[Agarwal, von Manteuffel '19]
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SU rface TermS Factory [Abreu, FFC, Ita, Jaquier, Page, Ruf, Sotnikov [arXiv:2002.12374]]

Solutions to ! are power-counting independent. When parametrizing a
given numerator of a I' € A we need to consider the required
power-counting for the theory at hand.

But we can industrially produce surface terms by considering polynomials
t-(£1), and then considering the vector t,.(¢;)u:

v Otr (41)
mF,(ﬁS) = uj agl/ + t7 (gl) 8£y k; fk‘
r
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SU rface TermS Factory [Abreu, FFC, Ita, Jaquier, Page, Ruf, Sotnikov [arXiv:2002.12374]]

Solutions to ! are power-counting independent. When parametrizing a
given numerator of a I' € A we need to consider the required
power-counting for the theory at hand.

But we can industrially produce surface terms by considering polynomials
t-(£1), and then considering the vector t,.(¢;)u:

v atT (El) 6“?

M, (r,s) = U R, +t,.(4;) 84’/—1@; fr
T

A four-graviton amplitude calculation in Einstein gravity structurally the
same as a four-gluon amplitude calculation in QCD!
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Unitarity Approach to Computing Integrand Coefficients

[Bern, Dixon, Dunbar, Kosower] [Britto, Cachazo, Feng]
- In on-shell configurations of ¢;, the integrand factorizes and
produces a cut equation:

tree Cr,k ! ( ) r-\"svvi'\lé\’\'i’\/\éﬁ
> LA = 3 g s
states ;€T r’'>r JE€(Prr/Pr) FJ

kEQr FZJ;?F:

- Need efficient computation of (products of) tree-level
amplitudes
- Off-and-on-shell recursion (Berends-Giele-like) relations
- Dg-dimensional state sum
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Unitarity Approach to Computing Integrand Coefficients

[Bern, Dixon, Dunbar, Kosower] [Britto, Cachazo, Feng]
- In on-shell configurations of ¢;, the integrand factorizes and
produces a cut equation:

Z H Atree(f1) — Z cr ok mr gk (0) A§‘"""$"”“’§'—L

(pT
states ;€T '>T HjE(PF//Pp) Pj (él ) )
ke@r/ Eilc:’\ﬁi‘

- Need efficient computation of (products of) tree-level
amplitudes

- Off-and-on-shell recursion (Berends-Giele-like) relations
- Dg-dimensional state sum

Never construct analytic integrand, numerics for every phase-space
point!
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SOlV'ng Cut Equatlons [Abreu, FFC, Ita, Jaquier, Page [arXiv:1703.05255]]

(@) (b) (c) (d)
(¢) () (8)
(h)
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Solving Cut Equations

For a maximal:

¥ ()

LI=¢

C

l

)

[Abreu, FFC, Ita, Jaquier, Page [arXiv:1703.05255]]

i

@) (b) (c) (d)
(e) () (e)
(h)
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SOlV'ng Cut Equatlons [Abreu, FFC, Ita, Jaquier, Page [arXiv:1703.05255]]

For a maximal:

w0ty - n0e) |0 0 H XX

For a next-to-maximal: jj ]j E[
N (]j, ef) R (]S[, gf) © o) (®)
L () () i
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SOlV'ng Cut Equatlons [Abreu, FFC, Ita, Jaquier, Page [arXiv:1703.05255]]

For a maximal:

vty - a0 0 H XX

For a next-to-maximal: jj jj E[
¥ O0) 0K
v () () o
And for the combined single-pole diagram an bubble-box:
N (RL) o () - ()
NS o O e O
e ) o O - L)
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The CARAVEL Framework

A framework to explore multi-loop multi-leg
scattering amplitudes in the SM and beyond

Caravel
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The CARAVEL Framework

A framework to explore multi-loop multi-leg
scattering amplitudes in the SM and beyond

A modular C++17 library implementing the
multi-loop numerical unitarity method

[Abreu, Dormans, FFC, Ita, Kraus, Page, Pascual, Ruf, Sotnikov, arXiv:2009.11957]

- Numerics in (high-precision) floating-point, rational Caravel

and modular arithmetic

Generic design for calculations in QFT, e.g. in the SM, gravity
theories, and more

Algebraic tools for semi-analytical calculations in C++
Publicly available @ GitLab!
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The CARAVEL Framework

GraphlLibrary
3T Ay = g A(/I)
states ie 1} \ e /e (0
Forest OnshellStrategies FunctanSpace

| Coefficient Providers |

|

ABD =N N T

reAieM,

N

FunctionalReconstruction Integral Providers

Includes general tools for:
- D-dimensional kinematics
- graph isomorphism techniques

- tree-level and multi-loop cut
calculations

- Generic scattering-plane
integrand parametrizations

- Selected master-surface
decompositions

- on-shell phase-space
parametrizations

- Feynman integral handling

- Algebraic tools

N/

AL = Z Z rig-hied 4+ 0@

j=—2Li€B

Core

Caravel @ GitLab:

https://gitlab.com/
caravel-public/caravel
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Outlook

- QFT techniques developed for collider phenomenology playing
a key role in improving the description of compact binary
mergers

- We presented the conservative potential for compact binary
systems with a spinning black hole at O(G?) and to all orders
in velocity and including up-to S? terms

- The multi-loop numerical unitarity method is ready to tackle
further calculations

- Future directions include radiation effects, higher spins,
finite-size effects, and higher loops
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Outlook

- QFT techniques developed for collider phenomenology playing
a key role in improving the description of compact binary
mergers

- We presented the conservative potential for compact binary
systems with a spinning black hole at O(G?) and to all orders
in velocity and including up-to S? terms

- The multi-loop numerical unitarity method is ready to tackle
further calculations

- Future directions include radiation effects, higher spins,
finite-size effects, and higher loops

Thanks!
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