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Physics motivation

• The LHC can accelerate not just protons but heavy 
ions with charges up to Z=82 for lead (Pb) ions. This 
enables many       collision measurements in ultra-
peripheral pp, pn and nn collisions (UPCs). 


• Light-by-light scattering one of the few photon-fusion 
processes observed for the first time at the LHC.

<latexit sha1_base64="ItAj2ExtUI3leHpuYBwmbGYrPKg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUCbbTbt0Nwm7G6GE/g0vHhTx6p/x5r9x2+agrQ9meLw3w86+MBVcG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMUdaiiUhUN0TNBI9Zy3AjWDdVDGUoWCcc3838zhNTmifxo5mkLJA4jHnEKRor+f4QpcRF71drbt2dg6wSryA1KNDsV7/8QUIzyWJDBWrd89zUBDkqw6lg04qfaZYiHeOQ9SyNUTId5PObp+TMKgMSJcpWbMhc/b2Ro9R6IkM7KdGM9LI3E//zepmJboKcx2lmWEwXD0WZICYhswDIgCtGjZhYglRxeyuhI1RIjY2pYkPwlr+8StoXde+qfvlwWWvcFnGU4QRO4Rw8uIYG3EMTWkAhhWd4hTcnc16cd+djMVpyip1j+APn8wcT3pG5</latexit>��

Light-by-light scattering at UPCs

Important for studies of anomalous quartic gauge couplings, 
axion-like particles, Born-Infeld extensions of QED or anomalous 
tau electromagnetic moments as well as for important SM and 
BSM studies.

[Shao, d’Enterria,`22]

[Beloborodov, Kharlamova, Telnov,`23]

[ATLAS collaboration `17,`19, `20]
[Klusek-Gawenda, Schaefer, Szczurek,`16]
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Pb

Pb

Light-by-light scattering
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[Shao, d’Enterria,`22]

• Scale we are probing is 5 GeV (tau, lepton, bottom 
should be massive)


• Observed recently 


• Gamma_UPC has been integrated into automated 
event generators Madgraph5_aMC@NLO for NLO

Gamma UPC

[ATLAS collaboration `17,`19, `20]
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Cross-sections @NLO

• Loop-induced in SM        pure quantum effect!


• 2-loop QCD & QED corrections in the ultra-relativistic limit (s,t,u>> m^2, massless internal lines) [Bern, De Freitas, 
Dixon, Ghinculov & Wong, 2001]


• Two-loop corrections to light-by-light scattering in supersymmetric QED [Binoth, Glover, Marquard, & van Der Bij, 2002]


• Two-loop integrals for light-by-light scattering including massive loop corrections studied in [Caron-huot & Henn, 

2014] (presence of square-roots)


• Monte carlo framework ready, needs the cross sections 

Effective two-photon luminosity

<latexit sha1_base64="U+sR2kJG9CkgXqdLK1QmeI2x41o=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrspMKeqy6MaNUME+oB1LJk3b0ExmSDJCnfZL3LhQxK2f4s6/MdPOQlsPBA7n3Ms9OX7EmdKO823l1tY3Nrfy24Wd3b39on1w2FRhLAltkJCHsu1jRTkTtKGZ5rQdSYoDn9OWP75O/dYjlYqF4l5PIuoFeCjYgBGsjdSzi9NugPWIYJ7czqYPlZ5dcsrOHGiVuBkpQYZ6z/7q9kMSB1RowrFSHdeJtJdgqRnhdFboxopGmIzxkHYMFTigykvmwWfo1Ch9NAileUKjufp7I8GBUpPAN5NpSrXspeJ/XifWg0svYSKKNRVkcWgQc6RDlLaA+kxSovnEEEwkM1kRGWGJiTZdFUwJ7vKXV0mzUnbPy9W7aql2ldWRh2M4gTNw4QJqcAN1aACBGJ7hFd6sJ+vFerc+FqM5K9s5gj+wPn8A+PWTTQ==</latexit>

|M|2
<latexit sha1_base64="8EtmUgMiUtpWX3a8+Ppx0LcIFgM=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7AekoWy2m3bpJht2J0op/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ncLa+sbmVnG7tLO7t39QPjxqGZVpxptMSaU7ITVcioQ3UaDknVRzGoeSt8PR7cxvP3JthEoecJzyIKaDRESCUbSS39ViMESqtXrqlStu1Z2DrBIvJxXI0eiVv7p9xbKYJ8gkNcb33BSDCdUomOTTUjczPKVsRAfctzShMTfBZH7ylJxZpU8ipW0lSObq74kJjY0Zx6HtjCkOzbI3E//z/Ayj62AikjRDnrDFoiiTBBWZ/U/6QnOGcmwJZVrYWwkbUk0Z2pRKNgRv+eVV0rqoepfV2n2tUr/J4yjCCZzCOXhwBXW4gwY0gYGCZ3iFNwedF+fd+Vi0Fpx85hj+wPn8AcWpkZY=</latexit>!

[Shao, d’Enterria,`22]
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Amplitude computation
<latexit sha1_base64="hfNvcP+W3h5Y5o7qpda93kEjFJs="></latexit>

�(p1,�1) + �(p2,�2) + �(p3,�3) + �(p4,�4) ! 0
<latexit sha1_base64="6ZyKfe94lW6eoxNkZjtIp+vKCxE="></latexit>

M = "1,µ1"2,µ2"3,µ3"4,µ4Mµ1µ2µ3µ4(p1, p2, p3, p4)

<latexit sha1_base64="9Mj0ZVlvX2Ut79cvw8w1suz3eSQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQIYRdCeox6sVjBPOAZAmzk9lkyOzsMg8hLPkNLx4U8erPePNvnCR70MSChqKqm+6uIOFMadf9dnJr6xubW/ntws7u3v5B8fCopWIjCW2SmMeyE2BFORO0qZnmtJNIiqOA03Ywvpv57ScqFYvFo54k1I/wULCQEayt1Lvpe6isKrpizlG/WHKr7hxolXgZKUGGRr/41RvExERUaMKxUl3PTbSfYqkZ4XRa6BlFE0zGeEi7lgocUeWn85un6MwqAxTG0pbQaK7+nkhxpNQkCmxnhPVILXsz8T+va3R47adMJEZTQRaLQsORjtEsADRgkhLNJ5ZgIpm9FZERlphoG1PBhuAtv7xKWhdV77Jae6iV6rdZHHk4gVMogwdXUId7aEATCCTwDK/w5hjnxXl3PhatOSebOYY/cD5/AIh6kBE=</latexit>

A1(s, t, u)
<latexit sha1_base64="DQ9QC+jluihvn44UX+UFZI2oRdk=">AAAB+nicbVDLSgMxFM3UV62vqS7dBItQoZSJFHVZ6sZlBfuAdhwyaaYNzWSGJKOUsZ/ixoUibv0Sd/6NaTsLbT1w4XDOvdx7jx9zprTjfFu5tfWNza38dmFnd2//wC4etlWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57Tjj69nfueBSsUicacnMXVDPBQsYARrI3l2seGlCE3vESyriq4kZ9CzS07VmQOuEpSREsjQ9Oyv/iAiSUiFJhwr1UNOrN0US80Ip9NCP1E0xmSMh7RnqMAhVW46P30KT40ygEEkTQkN5+rviRSHSk1C33SGWI/UsjcT//N6iQ6u3JSJONFUkMWiIOFQR3CWAxwwSYnmE0MwkczcCskIS0y0SatgQkDLL6+S9nkVXVRrt7VSvZHFkQfH4ASUAQKXoA5uQBO0AAGP4Bm8gjfryXqx3q2PRWvOymaOwB9Ynz9twZIt</latexit>

B1
11(s, t, u)

<latexit sha1_base64="YWrNCTZ0S+w/6XH324y31R5uYso=">AAAB+nicbVDLSgMxFM3UV62vqS7dBItQoZRJKeqy2I3LCvYB7TBk0kwbmskMSUYpYz/FjQtF3Pol7vwb03YW2nrgwuGce7n3Hj/mTGnH+bZyG5tb2zv53cLe/sHhkV087qgokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXnzTnfveBSsUica+nMXVDPBIsYARrI3l2semlNYTQDJZVRVeSC+jZJafqLADXCcpICWRoefbXYBiRJKRCE46V6iMn1m6KpWaE01lhkCgaYzLBI9o3VOCQKjddnD6D50YZwiCSpoSGC/X3RIpDpaahbzpDrMdq1ZuL/3n9RAfXbspEnGgqyHJRkHCoIzjPAQ6ZpETzqSGYSGZuhWSMJSbapFUwIaDVl9dJp1ZFl9X6Xb3UuMniyINTcAbKAIEr0AC3oAXagIBH8AxewZv1ZL1Y79bHsjVnZTMn4A+szx8qWJIC</latexit>

C2111(s, t, u)

Number of independent functions

<latexit sha1_base64="/Mteja5NY4E5pKn4qnIIU7C9+W8=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV2VGiroRim5cVrAP6AxDJpNp02YmIckUSilu/BU3LhRx61e4829M21lo64ELJ+fcS+49oWBUacf5tgorq2vrG8XN0tb2zu6evX/QVDyTmDQwZ1y2Q6QIoylpaKoZaQtJUBIy0goHt1O/NSRSUZ4+6JEgfoK6KY0pRtpIgX3kDZEkQlFmXn0PR1xDEfThtRPYZafizACXiZuTMshRD+wvL+I4S0iqMUNKdVxHaH+MpKaYkUnJyxQRCA9Ql3QMTVFClD+enTCBp0aJYMylqVTDmfp7YowSpUZJaDoTpHtq0ZuK/3mdTMdX/pimItMkxfOP4oxBzeE0DxhRSbBmI0MQltTsCnEPSYS1Sa1kQnAXT14mzfOKe1Gp3lfLtZs8jiI4BifgDLjgEtTAHaiDBsDgETyDV/BmPVkv1rv1MW8tWPnMIfgD6/MHwXaXAg==</latexit>

"j · pj = 0
Bose symmetry

Gauge symmetry

[Binoth, Glover, Marquard, & van Der Bij, 2002]
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Reduction to MIs & Simplification

 18 top-level sectors

Can be mapped into the 2-loop 
diagram shown on the right

7798 integrals before IBP
60 diagrams in total 

1

2

3

4

5

6

7

89

<latexit sha1_base64="IMGyn+BmaVE0CVAZcd2Rrpu2cHA="></latexit>
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<latexit sha1_base64="PdLzm7HKmipWwI7uIHur7QV4bis="></latexit>
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<latexit sha1_base64="WtVVLkveaRULEg9uOn1W52LVtO4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPS9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gACbo2h</latexit>p1

<latexit sha1_base64="lfjEq2ZVlSJMUvqhpQemAs6Nhh4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+6Rf65crbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKuVb2Lav2uXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcD8o2i</latexit>p2
<latexit sha1_base64="TnFXd0WF2keaW9dpfuXYmDfv4Fc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdI/75crbtWdg/wlXk4qkKPRL3/2BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWGVAwljbUkjm6s+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW375L2mdVb2Lau2uVqlf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsFdo2j</latexit>p3

<latexit sha1_base64="5qqAjw1YTtZ9L4PvUnzbaUEklQQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6Rf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEG+o2k</latexit>p4LiteRed (FiniteFlow), KIRA

[Lee, `13] [Peraro, `19]  [Klappert, 
Lange, Maierhöfer, Usovitsch, `20]
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Analytic computation of the MIs
• 29 MIs; use of differential equations; 


• Choice of a canonical basis [Caron-huot, Henn, 14] 


• Square roots: 


• Choice of variables

<latexit sha1_base64="PET12cE8gqbuvKZQjJ1/Ks6+R4A=">AAACEnicbVBNS8NAEN3Ur1q/qh69LBZBLyWRol6EqhePFewHNKFstpN26WYTdjeFEvobvPhXvHhQxKsnb/4bN21BbX0w8Hhvhpl5fsyZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eQ0WJpFCnEY9kyycKOBNQ10xzaMUSSOhzaPqDm8xvDkEqFol7PYrBC0lPsIBRoo3UKZ64MZGaEd5R2B0CTYMxvsQuxIrxSOCrH7lTLNllewK8SJwZKaEZap3ip9uNaBKC0JQTpdqOHWsvzdZRDuOCmyiICR2QHrQNFSQE5aWTl8b4yChdHETSlNB4ov6eSEmo1Cj0TWdIdF/Ne5n4n9dOdHDhpUzEiQZBp4uChGMd4Swf3GUSqOYjQwiVzNyKaZ9IQrVJsWBCcOZfXiSN07JzVq7cVUrV61kceXSADtExctA5qqJbVEN1RNEDekIv6NV6tJ6tN+t92pqzZjP76A+sj2/kfp2f</latexit>

@s ~f = ✏As
~f

<latexit sha1_base64="byovlFh0FYJuCCmu8AcG4BzJC0c=">AAACEnicbVBNS8NAEN3Ur1q/qh69LBZBLyWRol6EqhePFewHNKFstpN26WYTdjeFEvobvPhXvHhQxKsnb/4bN21BbX0w8Hhvhpl5fsyZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eQ0WJpFCnEY9kyycKOBNQ10xzaMUSSOhzaPqDm8xvDkEqFol7PYrBC0lPsIBRoo3UKZ64MZGaEd7R2B0CTYMxvsQuxIrxSOCrH7lTLNllewK8SJwZKaEZap3ip9uNaBKC0JQTpdqOHWsvzdZRDuOCmyiICR2QHrQNFSQE5aWTl8b4yChdHETSlNB4ov6eSEmo1Cj0TWdIdF/Ne5n4n9dOdHDhpUzEiQZBp4uChGMd4Swf3GUSqOYjQwiVzNyKaZ9IQrVJsWBCcOZfXiSN07JzVq7cVUrV61kceXSADtExctA5qqJbVEN1RNEDekIv6NV6tJ6tN+t92pqzZjP76A+sj2/nrZ2h</latexit>

@t ~f = ✏At
~f

<latexit sha1_base64="aO1RrQYPTW8UixX8k2gigr0rbRg=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjcQED5KWEPVI9OIRE/lIoJLtssCG3bbuTjWk8lO8eNAYr/4Sb/4bF+hBwZdM8vLeTGbm+ZHgGhzn28qsrK6tb2Q3c1vbO7t7dn6/ocNYUVanoQhVyyeaCR6wOnAQrBUpRqQvWNMfXU395gNTmofBLYwj5kkyCHifUwJG6tr5jr5XkOiiPq3Iu/LJBHftglNyZsDLxE1JAaWode2vTi+ksWQBUEG0brtOBF5CFHAq2CTXiTWLCB2RAWsbGhDJtJfMTp/gY6P0cD9UpgLAM/X3REKk1mPpm05JYKgXvan4n9eOoX/hJTyIYmABnS/qxwJDiKc54B5XjIIYG0Ko4uZWTIdEEQomrZwJwV18eZk0yiX3rFS5qRSql2kcWXSIjlARuegcVdE1qqE6ougRPaNX9GY9WS/Wu/Uxb81Y6cwB+gPr8wcDB5Mx</latexit>p
s(s� 4m2)

<latexit sha1_base64="yatChxoSJHW6B4StYSM3tG69H5U=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjcQED5KWEPVI9OIRE/lIoJLtssCG3bbuTjWk8lO8eNAYr/4Sb/4bF+hBwZdM8vLeTGbm+ZHgGhzn28qsrK6tb2Q3c1vbO7t7dn6/ocNYUVanoQhVyyeaCR6wOnAQrBUpRqQvWNMfXU395gNTmofBLYwj5kkyCHifUwJG6tr5jr5XkEARTivyrnwywV274JScGfAycVNSQClqXfur0wtpLFkAVBCt264TgZcQBZwKNsl1Ys0iQkdkwNqGBkQy7SWz0yf42Cg93A+VqQDwTP09kRCp9Vj6plMSGOpFbyr+57Vj6F94CQ+iGFhA54v6scAQ4mkOuMcVoyDGhhCquLkV0yFRhIJJK2dCcBdfXiaNcsk9K1VuKoXqZRpHFh2iI1RELjpHVXSNaqiOKHpEz+gVvVlP1ov1bn3MWzNWOnOA/sD6/AEGIZMz</latexit>p
t(t� 4m2)

<latexit sha1_base64="Je7l4n/D3BLBJvevwcl0q52K68Y=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQEsSwG4J6DHrxGME8IFnD7GQ2GTL7cKZXCEvw4q948aCIV7/Cm3/jJNmDJhY0FFXddHe5keAKLOvbyCwtr6yuZddzG5tb2zvm7l5DhbGkrE5DEcqWSxQTPGB14CBYK5KM+K5gTXd4NfGbD0wqHga3MIqY45N+wD1OCWipax501L2EREFBwWnFvyvjgjqBYnGMu2beKllT4EVipySPUtS65lenF9LYZwFQQZRq21YETkIkcCrYONeJFYsIHZI+a2saEJ8pJ5m+MMbHWulhL5S6AsBT9fdEQnylRr6rO30CAzXvTcT/vHYM3oWT8CCKgQV0tsiLBYYQT/LAPS4ZBTHShFDJ9a2YDogkFHRqOR2CPf/yImmUS/ZZqXJTyVcv0ziy6BAdoQKy0TmqomtUQ3VE0SN6Rq/ozXgyXox342PWmjHSmX30B8bnDxHXlew=</latexit>p
st(st� 4m2(s+ t))

<latexit sha1_base64="5Uyrb0hMazKzMg/LTBnRtK3oo3c=">AAACDnicbVDLSgMxFM3UV62vqks3wVJoKZaZoajLohuXFewD+iKTpm1oMjMmd4Qy9Avc+CtuXCji1rU7/8b0sdDWA5d7OOdeknu8UHANtv1tJdbWNza3ktupnd29/YP04VFNB5GirEoDEaiGRzQT3GdV4CBYI1SMSE+wuje6nvr1B6Y0D/w7GIesLcnA531OCRipm8629L2CWOdkp4T1mSs7Lgac0wXT8gWsoePmJ7ibzthFewa8SpwFyaAFKt30V6sX0EgyH6ggWjcdO4R2TBRwKtgk1Yo0CwkdkQFrGuoTyXQ7np0zwVmj9HA/UKZ8wDP190ZMpNZj6ZlJSWCol72p+J/XjKB/2Y65H0bAfDp/qB8JDAGeZoN7XDEKYmwIoYqbv2I6JIpQMAmmTAjO8smrpOYWnfNi6baUKV8t4kiiE3SKcshBF6iMblAFVRFFj+gZvaI368l6sd6tj/lowlrsHKM/sD5/AJKImUE=</latexit>p
s(m4s� 2m2t(s+ 2t) + st2)

<latexit sha1_base64="XGNDE1pP/uspeteMwEshYtKFcrk=">AAACFXicbZDLSsNAFIYnXmu9RV26GSxCC7YkpagboejGZQV7gTYtk+mkHTq5MDOxtCEv4cZXceNCEbeCO9/GaZqFtv4w8PGfczhzfjtgVEjD+NZWVtfWNzYzW9ntnd29ff3gsCH8kGNSxz7zectGgjDqkbqkkpFWwAlybUaa9uhmVm8+EC6o793LSUAsFw086lCMpLJ6+pmAV7DYcTjCUQXmx7AIp4VuOY7ypsJxt1yACU0VxT09Z5SMRHAZzBRyIFWtp391+j4OXeJJzJAQbdMIpBUhLilmJM52QkEChEdoQNoKPeQSYUXJVTE8VU4fOj5Xz5MwcX9PRMgVYuLaqtNFcigWazPzv1o7lM6lFVEvCCXx8HyREzIofTiLCPYpJ1iyiQKEOVV/hXiIVEJSBZlVIZiLJy9Do1wyz0uVu0quep3GkQHH4ATkgQkuQBXcghqoAwwewTN4BW/ak/aivWsf89YVLZ05An+kff4AlqCaEw==</latexit>

s = � 4(w � z)2

(1� w2)(1� z2)

<latexit sha1_base64="IQGUXZlZPs+PG0cU92rwJSEb8MU=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLURUtSiroRim5cVrAPaGOZTCft0MkkzEwsbQi48VfcuFDErT/hzr9x2mahrQcuHM65l3vvcUNGpbKsb2NpeWV1bT2zkd3c2t7ZNff26zKIBCY1HLBANF0kCaOc1BRVjDRDQZDvMtJwB9cTv/FAhKQBv1OjkDg+6nHqUYyUljrmoYKXsND2BMJxfggLcHx6X0riIRwnHTNnFa0p4CKxU5IDKaod86vdDXDkE64wQ1K2bCtUToyEopiRJNuOJAkRHqAeaWnKkU+kE09/SOCJVrrQC4QuruBU/T0RI1/Kke/qTh+pvpz3JuJ/XitS3oUTUx5GinA8W+RFDKoATgKBXSoIVmykCcKC6lsh7iOdh9KxZXUI9vzLi6ReKtpnxfJtOVe5SuPIgCNwDPLABuegAm5AFdQABo/gGbyCN+PJeDHejY9Z65KRzhyAPzA+fwBN1pYO</latexit>

t = � (w � z)2

wz
<latexit sha1_base64="rsFj/B2XxQwr1SGlItcrgB4OPfc="></latexit>p
�2wz + z2 + w4z2 � 2w3z3 + w2(1 + z2 + z4)

<latexit sha1_base64="ZO0ohfzypIIJVLgsglPneUTek7c=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRb0IRS8eK7htoV1LNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm9nfvuJKs1i+WAmCQ0EHkoWMYKNlXzxWLv2+uWKW3XnQKvEy0kFcjT75a/eICapoNIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupxILqIJsfO0VnVhmgKFa2pEFz9fdEhoXWExHaToHNSC97M/E/r5ua6CrImExSQyVZLIpSjkyMZp+jAVOUGD6xBBPF7K2IjLDCxNh8SjYEb/nlVdKqVb2Lav2+Xmnc5HEU4QRO4Rw8uIQG3EETfCDA4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gDwnI4g</latexit>

m2 = 1

J. Henn’s talk

Non-rationalizable??..
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Chen’s iterated integrals

• Solutions in terms of Chen’s iterated integrals 


• One-forms: rational, with square root


• Numerical evaluation using G and one-fold integrations

<latexit sha1_base64="5pKR0GkBa+4J0CiH/0JmQtTXQ9s=">AAACC3icbVA9SwNBEN3z2/h1ammzGIRoEe4kqI0g2lhGMCaQxGNusxcXd++O3TkhHOlt/Cs2ForY+gfs/DduPgpNfDDweG+GmXlhKoVBz/t2Zmbn5hcWl5YLK6tr6xvu5taNSTLNeI0lMtGNEAyXIuY1FCh5I9UcVCh5Pby/GPj1B66NSOJr7KW8raAbi0gwQCsF7m6rC0rBbX7Qp6VWongXArFPT2kUCFrCfdrBwC16ZW8IOk38MSmSMaqB+9XqJCxTPEYmwZim76XYzkGjYJL3C63M8BTYPXR509IYFDftfPhLn+5ZpUOjRNuKkQ7V3xM5KGN6KrSdCvDOTHoD8T+vmWF00s5FnGbIYzZaFGWSYkIHwdCO0Jyh7FkCTAt7K2V3oIGhja9gQ/AnX54mN4dl/6hcuaoUz87HcSyRHbJLSsQnx+SMXJIqqRFGHskzeSVvzpPz4rw7H6PWGWc8s03+wPn8AelimQ0=</latexit>

�⇤(!i) = fi(t)dtThe pull-back of the differential one-forms to the unit interval [0,1]

Let        be the manifold, and           be the one-forms. 
<latexit sha1_base64="Hm56z2EOyBt8mwyWD0x9icCm4QE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN26ECvYB06Fk0kwbmkmGJCOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u09UaSbFo5kmNIjxSLCIEWys5PdjbMYE8+x+NqjW3Lo7B1olXkFqUKA1qH71h5KkMRWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SgWOqg2weeYbOrDJEkVT2CYPm6u+NDMdaT+PQTuYR9bKXi/95fmqi6yBjIkkNFWTxUZRyZCTK70dDpigxfGoJJorZrIiMscLE2JYqtgRv+eRV0rmoe5f1xkOj1rwp6ijDCZzCOXhwBU24gxa0gYCEZ3iFN8c4L86787EYLTnFzjH8gfP5A4V4kWw=</latexit>

M
<latexit sha1_base64="cvecmXc9/NsaTERQDOliRJfIAs0=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA9hV0J6jHoxWME85BkCbOT2WTIPJaZWSEs+QovHhTx6ud482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1kmPXSXoAKMz0yuV/Yo/A1omQU7KkKPeK311+4qkgkpLODamE/iJDTOsLSOcTord1NAEkxEe0I6jEgtqwmx28ASdOqWPYqVdSYtm6u+JDAtjxiJynQLboVn0puJ/Xie18XWYMZmklkoyXxSnHFmFpt+jPtOUWD52BBPN3K2IDLHGxLqMii6EYPHlZdK8qASXlep9tVy7yeMowDGcwDkEcAU1uIM6NICAgGd4hTdPey/eu/cxb13x8pkj+APv8wcji4/8</latexit>

!0s

Iterated integrals of          along     is defined by
<latexit sha1_base64="wplLSeZG7rOgHUVcPa+dCJtP3Xo=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS+idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnAkM5k7RpmeW0k2gKIuK0HY1vZ377iWrDlHywk4SGAoaSxYyAdVKrNwQhoF+u+FV/DrxKgpxUUI5Gv/zVGyiSCiot4WBMN/ATG2agLSOcTku91NAEyBiGtOuoBEFNmM2vneIzpwxwrLQrafFc/T2RgTBmIiLXKcCOzLI3E//zuqmNr8OMySS1VJLFojjl2Co8ex0PmKbE8okjQDRzt2IyAg3EuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKCHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPidmPHg==</latexit>�

<latexit sha1_base64="cvecmXc9/NsaTERQDOliRJfIAs0=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA9hV0J6jHoxWME85BkCbOT2WTIPJaZWSEs+QovHhTx6ud482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1kmPXSXoAKMz0yuV/Yo/A1omQU7KkKPeK311+4qkgkpLODamE/iJDTOsLSOcTord1NAEkxEe0I6jEgtqwmx28ASdOqWPYqVdSYtm6u+JDAtjxiJynQLboVn0puJ/Xie18XWYMZmklkoyXxSnHFmFpt+jPtOUWD52BBPN3K2IDLHGxLqMii6EYPHlZdK8qASXlep9tVy7yeMowDGcwDkEcAU1uIM6NICAgGd4hTdPey/eu/cxb13x8pkj+APv8wcji4/8</latexit>

!0s

Analytic representation

<latexit sha1_base64="HKYV+aEz1MIunULUsgxIpH4vnkw="></latexit>

G(z1, z2, ..., zk; y) =

Z y

0

dy1
y1 � z1

G(z2, ...zk; y1)Goncharov’s Polylogarithms 

Boundary condition:
<latexit sha1_base64="1wVMyLmF8EYpCjNI+RJkT2AWKn4=">AAACCXicbVDJSgNBEO2JW4xb1KOXxiBECGEmBBUkEPTiMYJZIBmHnp6epEnPQneNEIZcvfgrXjwo4tU/8Obf2FkOmvig4PFeFVX13FhwBab5bWRWVtfWN7Kbua3tnd29/P5BS0WJpKxJIxHJjksUEzxkTeAgWCeWjASuYG13eD3x2w9MKh6FdzCKmR2Qfsh9Tgloyclj3+G4qGpmCUPNvAzuK6c13POYAOKkvGSNnXzBLJtT4GVizUkBzdFw8l89L6JJwEKggijVtcwY7JRI4FSwca6XKBYTOiR91tU0JAFTdjr9ZIxPtOJhP5K6QsBT9fdESgKlRoGrOwMCA7XoTcT/vG4C/oWd8jBOgIV0tshPBIYIT2LBHpeMghhpQqjk+lZMB0QSCjq8nA7BWnx5mbQqZeusXL2tFupX8ziy6AgdoyKy0DmqoxvUQE1E0SN6Rq/ozXgyXox342PWmjHmM4foD4zPH4Ubl7g=</latexit>

fi(s = 0, t = 0;m2) = �i,1

<latexit sha1_base64="X219vSS/CKC0RdIVVkMAyng2ETQ="></latexit>Z

�
I(!1...!n;�) =

Z �

0
d�1f1(�1)

Z �1

0
d�2f2(�2)...

Z �k�1

0
d�kfk(�k)

S. Weinzierl’s, D. 
Chicherin,’s S. Zoia’s talk
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The alphabet

<latexit sha1_base64="jZYelTqMAbN/1WGy3B2ANnrVgw0="></latexit>

1� w, 1 + w, 1� wz,w � z, w,w + z, 1 + w � z + wz, 1� w + z + wz, 1 + wz, 1� z, 1 + z,

z,
�sq + w � z � wz + w2z � wz2

sq + w � z � wz + w2z � wz2
,
�sq + w2 � 3wz + z2

sq + w2 � 3wz + z2
,
�1� sq + w2z � wz2

�1 + sq + w2z � wz2
,

1� sq + w2z � wz2

1 + sq + w2z � wz2

<latexit sha1_base64="a1/majkAwKVf6nKtPKOCZXnheYs="></latexit>

sq =
p

�2wz + z2 + w4z2 � 2w3z3 + w2(1 + z2 + z4)

6  master integrals containing all 4 square roots in the integrand at weight-4.    
We keep the analytic result in terms of  iterated integrals with dog one-form derived using [Heller, von Manteuffel, Schabinger, `20]  

We also express the first two orders in terms of logs and classical polylogs by matching symbols  
<latexit sha1_base64="T/tENbstSIZd0PC5MJ5Q9JKR4Hc="></latexit>Z

�
I(!1...!4;�) =

Z �

0
d�1f1(�1)

Z �1

0
d�2f2(�2)

Z �2

0
d�3f3(�3)

Z �3

0
d�4f4(�4)

| {z }
<latexit sha1_base64="nelxCCj4wtuOk54+kddcEGsVbho=">AAACD3icbVC7SgNBFJ31GeMramkzGJQIEnZDUMugjYVFBPOAbFxmJ5NkyOyDmbtiXPYPbPwVGwtFbG3t/BsnyQqaeODCmXPuZe49bii4AtP8MubmFxaXljMr2dW19Y3N3NZ2XQWRpKxGAxHIpksUE9xnNeAgWDOUjHiuYA13cD7yG7dMKh741zAMWdsjPZ93OSWgJSd3YMfYBnYH8WXQS25KuHB/ePSj8MQp6Te2EyeXN4vmGHiWWCnJoxRVJ/dpdwIaecwHKohSLcsMoR0TCZwKlmTtSLGQ0AHpsZamPvGYasfjexK8r5UO7gZSlw94rP6eiImn1NBzdadHoK+mvZH4n9eKoHvajrkfRsB8OvmoGwkMAR6FgztcMgpiqAmhkutdMe0TSSjoCLM6BGv65FlSLxWt42L5qpyvnKVxZNAu2kMFZKETVEEXqIpqiKIH9IRe0KvxaDwbb8b7pHXOSGd20B8YH9/hh5tM</latexit>

{Log2(z),Li2(z)}

We convert all the integral in terms of 1-dimensional integrations  [Caron-huot, Henn, 14] [Chicherin, Sotnikov `21] [Chicherin, Sotnikov, Zoia `22]
[Duhr, Gangl, Rhodes, `11] 
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Numerical evaluation

<latexit sha1_base64="vG0H1BMSyq8uere4rk5VMwU0dhM=">AAACKXicbVDLSgMxFM3UV62vUZdugkWpmzIjRQWLFN24rGAf0Cklk2ba0MyDJGNpx/kdN/6KGwVF3fojptNZ1NZLDhzOuZebe+yAUSEN40vLLC2vrK5l13Mbm1vbO/ruXl34Icekhn3m86aNBGHUIzVJJSPNgBPk2ow07MHNxG88EC6o793LUUDaLup51KEYSSV19IpRHpZNaF0m7zglBROW4VjBcjjCkRlHw1jpjwpjeDWrnnT0vFE0koKLxExJHqRV7ehvVtfHoUs8iRkSomUagWxHiEuKGYlzVihIgPAA9UhLUQ+5RLSj5NIYHimlCx2fK3gSJursRIRcIUaurTpdJPti3puI/3mtUDoX7Yh6QSiJh6eLnJBB6cNJbLBLOcGSjRRBmFP1V4j7SMUgVbg5FYI5f/IiqZ8WzbNi6a6Ur1yncWTBATgEBWCCc1ABt6AKagCDJ/AC3sGH9qy9ap/a97Q1o6Uz++BPaT+/jeqiGA==</latexit>

0 < w < 1 & (1 < z <
1

w
| z >

1

w
)

<latexit sha1_base64="N3pRrePbJkZkCvxytt2PnxezhCk=">AAACGHicbVA9T8MwEHXKVylfAUYWiwpUlpKgCpDoUMHCWCT6IbVR5bhOa9VxItuhKqU/g4W/wsIAQqzd+Dc4aQZoOfmkd+/e6XzPDRmVyrK+jczS8srqWnY9t7G5tb1j7u7VZRAJTGo4YIFoukgSRjmpKaoYaYaCIN9lpOEObuJ+44EISQN+r0YhcXzU49SjGClNdcxTqzws27B9lbzjFBQsWIaPOoe6etI5jGutO+mYeatoJQEXgZ2CPEij2jGn7W6AI59whRmSsmVboXLGSCiKGZnk2pEkIcID1CMtDTnyiXTGyWETeKSZLvQCoZMrmLC/J8bIl3Lku1rpI9WX872Y/K/XipR36YwpDyNFOJ4t8iIGVQBjl2CXCoIVG2mAsKD6rxD3kUBYaS9z2gR7/uRFUD8r2ufF0l0pX7lO7ciCA3AICsAGF6ACbkEV1AAGz+AVvIMP48V4Mz6Nr5k0Y6Qz++BPGNMfYNmZxg==</latexit>

0 < w < 1 & (0 < z < w | w < z < 1)

<latexit sha1_base64="iK0BV7uvrtjZbWHG8TTedD65a9k=">AAACHHicbZDLTgIxFIY7eEO8jbp000g0uIDMKFETWRDduMRELglMSKcUaOh0Jm1HgiMP4sZXceNCY9y4MPFtLMMsFDzpSb7+55y053cDRqWyrG8jtbC4tLySXs2srW9sbpnbOzXphwKTKvaZLxoukoRRTqqKKkYagSDIcxmpu4OrSb1+R4SkPr9Vo4A4Hupx2qUYKS21zROrNCzZsHURn8MEcnkbluC9zvxQ3x+0pGGqWEdtM2sVrDjgPNgJZEESlbb52er4OPQIV5ghKZu2FSgnQkJRzMg40wolCRAeoB5pauTII9KJ4uXG8EArHdj1hU6uYKz+noiQJ+XIc3Wnh1RfztYm4n+1Zqi6505EeRAqwvH0oW7IoPLhxCnYoYJgxUYaEBZU/xXiPhIIK+1nRptgz648D7Xjgn1aKN4Us+XLxI402AP7IAdscAbK4BpUQBVg8AiewSt4M56MF+Pd+Ji2poxkZhf8CePrBx3tmpU=</latexit>

0 < w < 1 & (�1 < z < �w | � w < z < 0)

Physical phase-space regions of interest

<latexit sha1_base64="G4NrL4+FchmdNAyoq1HYtt9oFXI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZlZDCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOejjQQ=</latexit>w

<latexit sha1_base64="VcduhImtG31xtIwCRH/3qEwy95Y=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOwvjQc=</latexit>z

We obtain different analytic representations of the results valid in different regions
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• Joining forces to compute the NNLO corrections by computing the 3loop 
corrections using local unitarity methods (Z. Capatti’s talk)

Conclusions

• We are aiming for a completely analytic representation for the squared matrix 
element at 2-loop; checks and comparisons are in progress. 


• NLO cross section with massive contributions for light-by-light scattering at UPC 
within reach!
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