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Feynman’s vision: RG & Turbulence
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We have written the equations of water flow. From experiment, we find
a set of concepts and approximations to use to discuss the solution—
vortex streets, turbulent wakes, boundary layers. When we have similar
equations in a less familiar situation, and one for which we cannot yet
experiment, we try to solve the equations in a primitive, halting, and
confused way to try to determine what new qualitative features may
come out, or what new qualitative forms are a consequence of the
equations.

http://www.feynmanlectures.caltech.edu/ll_41.html Scientific American



Feynman’s vision: RG & Turbulence
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The next great era of awakening of human intellect may well produce a
method of understanding the qualitative content of equations. Today
we cannot. Today we cannot see that the water flow equations contain
such things as the barber pole structure of turbulence that one sees
between rotating cylinders. Today we cannot see whether Schrodinger’s

equation contains frogs, musical composers, or morality—or whether it
does not.

http://www.feynmanlectures.caltech.edu/ll_41.html Scientific American



Goal

 The qualitative behavior of matter is the
domain of statistical mechanics

* Our goal: expose the qualitative content of
the equations of fluid mechanics, from a
statistical mechanical perspective.

e A start: novel predictions and perspectives
based on statistical mechanics.

— Transitional flows
— Fluctuation-dissipation relations

— Thermal fluctuations and spontaneous
stochasticity



Phase diagram of turbulence
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What is turbulence?

»

laminar flow laminar-turbulent fully-developed turbulence
steady transition fluctuating
predictable critical behavior unpredictable
>
Re <1600 Re ~ 2000 Re > 10°

Fully-developed turbulence

* Energy cascade: Non-equilibrium steady state (gm) @Cascade \
Energy transfers step by step - power law L A ;

* Dissipative anomaly:
energy dissipation rate = 0 when viscosity =0
energy dissipation rate # 0 when viscosity - 0 \

e=v|Vul? #0as v — 0
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Phase diagram of turbulence

laminar flow laminar-turbulent fully-developed turbulence
steady transition fluctuating
predictable critical behavior unpredictable
>
Re < 1600 Re ~ 2000 Re > 10°

* Boundary conditions not periodic
 Walls need to be included
 Turbulence generated by instabilities
— Linear and long-wavelength
— Nonlinear and spatially-localized
— Not artificial noise
 Turbulence interacts with mean flow
— Turbulence can generate emergent mean flows



Phase diagram of pipe turbulence
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Phase diagram of pipe turbulence

150D | 7800 D Puffs
; f/ 5 —
Pcrturbatlon Pressure PI'E:SSUVE
Sensor Sensor

Masudevan & Hof (2018)
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Lemoult et al, Nature Physics 2016; Lereselt et al. Nature Physics (in review, 2022)



Phase diagram of pipe turbulence
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Phase diagram of pipe turbulence
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Friction factor in turbulent rough pipes
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Intermittency corrections included
Value of n ~ 0.02 consistent with
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Goldenfeld, Phys. Rev. Lett. (2006); Mehrafarin & Pourtolami, Phys. Rev. E. (2008)



Phase diagram of pipe turbulence

Wang, Shih, NG PRL 2022
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Phase diagram of pipe turbulence
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Phase diagram of turbulence
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Outline

1. Laminar-turbulence transition
— Puff decay and splitting lifetimes
— Minimal stochastic model
— Directed percolation predictions
— Directed percolation experimental confirmation

2. Beyond the critical point
— Growth of turbulence slugs

3. Thermal fluctuations and spontaneous
stochasticity

— Length scale where thermal fluctuations are relevant
— Thermal fluctuations trigger spontaneous stochasticity



Outline

1. Laminar-turbulence transition
— Puff decay and splitting lifetimes
— Minimal stochastic model
— Directed percolation predictions
— Directed percolation experimental confirmation

2. Beyond the critical point

— Growth of turbulence slugs

— Bistable fronts, structural stability and Kolmogorov-
Petrovsky-Piscunov-Fisher fronts

3. Thermal fluctuations and spontaneous
stochasticity
— Length scale where thermal fluctuations are relevant
— Thermal fluctuations trigger spontaneous stochasticity



Transitional turbulence in pipe flow: puffs

* Reynolds’ original pipe turbulence (1883) reports on the

transition

UL

* Defined Reynolds’ number Re = —
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How much turbulence is in the pipe?

a Experiments
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How much turbulence is in the pipe?

a Experiments
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~~ Transition not
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How much turbulence is in the pipe?

a Experiments
10

What is the quantitative description of the
transition to turbulence?
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Turbulence & Phase Transitions

e ina?
How much turbulence is in the pipe~ The energy spectrum

— Transition not '”tegr?'_fca'e Ek) = 2 d(u2)/dk
spatially uniform: ~~
rare sharp bursts

of turbulence Inertial range

2>, Dissipation

* Turbulent fraction as a e Strong power-law
function of Re is correlated fluctuations
reminiscent of a is reminiscent of a
continuous phase continuous phase

transition transition



Why is fully-developed
turbulence hard?



Why is turbulence unsolved?
4

Why are phase transitions hard?

* Strong interactions + fluctuations
in the order parameter ¢ :

— Very non-Gaussian

— Intermittency

* No usable small parameter!

Landau free energy
' 1 1 1
H = /ddr [—’Y (V§)? + srog” + —u0¢4]
2 2 4
t= (1T

— c)/Tc ro ~1

d<4: uyg— o0
rescaling Up ~ Uot(d_4)/2 { d>4: up—0

The coefficient of the interaction becomes

relatively large at phase transition { — 0
\_ J




Why is turbulence unsolved?

\_

Why is turbulence hard?

 Strong interactions + fluctuations
in the velocity derivatives 9;v;:
— Very non-Gaussian

— Intermittency: intervals of weak fluctuations
interspersed with bursts of strong fluctuations

mf"" i W/ MWH“W\WW"
By, Hol |

..........

* No usable small parameter!

The Navier-Stokes equation
1
v +|(v-V)vE—=Vp +.y Vv + f
p .

Turbulence: Re — o0, v — 0

The coefficient of the nonlinearity becomes
relatively large as the viscosity v — 0

~

-

Why are phase transitions hard?

* Strong interactions + fluctuations
in the order parameter ¢ :

— Very non-Gaussian

— Intermittency

L bz

Time

* No usable small parameter!

Landau free energy

' 1 1 1

H = /ddr [—’Y (V§)? + srog” + —u0¢4]
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rescaling Up ~ uot(d_4)/2 {
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The coefficient of the interaction becomes
relatively large at phase transition { — 0
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Transition to turbulence



Stability of laminar flow

1924, A 15.

ANNALEN DER PHYSIK.

VIEETE FOLGE. BAND 74.

1. Uber Stabilitat und Turbulens
von Flilssigkeitastromen;
von Werner Helsenberg.

Einleltong.

Dias Turbulenzproblem, das ganzg allgemein den Gegenstand
der folgenden Untersuchungen bilden aoll, 18t im Laufe der
feit in po wvielen Arbeiten von so vielen verschiedenen Ge-
sichtspunkten aus behandelt worden, dal e8 nicht unsers Ab-
sicht sein kann, emnleifend {iber die bishengen Resultate eine
Ubersicht zu geben. Wir verweisen zu diesem Zweck anf eine
Arbeit von Noosther?) itber den heutigen Stand des Torbulenz-
problems, in welecher auch die meisten Literaturangaben zu
finden sind,

Fir unseren Zweck geniigh es, den gagenwirtigen Stand
des Turbolenzproblems in gans groben Umrissen su skiszieren:
die bisherigen Untersuchungen zerfallen in zwei Teile: dia
einen von ihnen befassen sich mit der Stabilitdtsuntersuchong
irgendweleher laminaren Bewegung, die anderen mit der turbu-
lenten Bewegung selbst.

Die ersteren fihrten anfangs o dem negativen Reaultat, dad
alle untersuchten Laminarbewegungen stabil seien. v, Mises?)
und Hopi?) bewiesen aaf Grund eines Ansatzes von Bommer-
feld?) die Stabilitit des der Couetteschen Anordnung ent-
sprechendeon linearen Geschwindigkeitaprofils, Blumenthal®)
golangte bel einem von Noether zor Digkassion gestellten
Profile 8. Grades zu demselben Ergebnie, Dagegen gelang
ea gpiter Noether®), ein labiles Frofil ansugeben — allerdings

1) F. Noether, Zeitachr, f. angew. Math, u, Mech, 1. B 125, 1821,

2) R. v. Mises, Beitrag r. Ouzillationsprobl: Heinr. Weber. Feat.
nchrift, 1912, 8B, 152,

3) L. Hopt, Amn. d. Phys. 44, 8 1. 1014,

4) A Bommerfeld, Atti d. IV. congr. int. dei Mathem, Rom 1008,

8 0. Blumenthsl, Sitsungsber. d. bayr. Aksd. d. Wiss. B. 583,
1913

8) F. Nosther, Nachr. d. Ges. d. Wisa, Gotiingen 1817,

Anpslen der Fhyek. IV, Folge. T4 88

Werner Heisenberg



Precision measurement of turbulent transition

Q: will a turbulent puff survive to the end of the pipe?

0 reservoir LDA

Disturbance

D=10 mm
j Do

]

L= 690D

4

Many repetitions = Survival probability = P(Re, t)

Hof et al., PRL 101, 214501 (2008)



Pipe flow turbulence
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Avila et al., (2009) Awvila et al., Science 333, 192 (2011) Hofetal., PRL 101, 214501 (2008)



Pipe flow turbulence
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Pipe flow turbulence
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Pipe flow turbulence
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‘ Splitting puffs
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Pipe flow turbulence

Decaying single puff ‘ plitting puffs
. metastable spatiotemporal expanding
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| puffs | intermittency | slugs
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Theory for the laminar-turbulent
transition in pipe flow



Logic of modeling phase transitions

Magnets

Electronic structure

!

Ising model

!

Landau theory

!

Renormalization group
universality class
(Ising universality class)



Critical phenomena in magnets

M

—/

‘MNM()[

T - T| /Tc]ﬁ kor H=0as1T—T1T, Critical isotherm:

Wz;ongwavelength H
1
T %—q —T

M ~ H1/5 forT:Tc‘

e Widom (1963) pointed out that both these results

followed from a similarity formula:

M{(t, h) = [t]7 fpr (h/t2)

where t = (T'—T.,) /T, for some choice of exponent A and scaling function f;,(x)



Universality at a critical point

Scaled magnetization

Scaled temperature

FIG. 1. Experimental MHT data on five different magnetic
materials plotted in scaled form. The five materials are CrBry,
EuO, Ni, YIG, and PdsFe. None of these materials is an ide-
alized ferromagnet: CrBr; has considerable lattice anisotropy,
EuO has significant second-neighbor interactions. Ni is an
itinerant-electron ferromagnet, YIG is a ferrimagnet, and
Pd;Fe is a ferromagnetic alloy. Nonetheless, the data for all
materials collapse onto a single scaling function, which is that
calculated for the d=3 Heisenberg model [after Milosevic and

Stanley (1976)]. Stanley (1999)

Magnetization M of a
material depends on
temperature T and applied
field H

— M(H,T) ostensibly a function
of two variables

Plotted in appropriate
scaling variables get ONE
universal curve

Scaling variables involve
critical exponents



A theoretical physics success

A model ...

Gives a precise prediction in agreement with
experiment!

materials collapse onto a single scaling function, which is that
calculated for the d=3 Heisenberg model [after Milosevic and

Stanley (1976)]. Stanley (1999)



A theoretical physics success

A model of a model of a model of a model of a model
I

Quantum chemistry

Landau theory Electronic structure

/Quantum Heisenberg

Classical Heisenberg

Gives a precise prediction in agreement with
experiment!

Non-systematic approximations

materials collapse onto a single scaling function, which is that
calculated for the d=3 Heisenberg model [after Milosevic and

Stanley (1976)]. Stanley (1999)



Logic of modeling phase transitions

Magnets Turbulence
Electronic structure Kinetic theory
Ising model Navier-Stokes eqn

!

Landau theory

!

Renormalization group
universality class
(Ising universality class)
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Logic of modeling phase transitions

Magnets Turbulence
Electronic structure Kinetic theory
Ising model Navier-Stokes eqn

Landau theory <>

!

Renormalization group e—s
universality class
(Ising universality class)

N e— ) —



Identification of long-wavelength
collective modes at the laminar-
turbulent transition

To avoid uncontrolled approximations,
we use direct numerical simulation of
the Navier-Stokes equations

H.-Y Shih, T.L. Hsieh, NG, Nature Physics 2016



Predator-prey oscillations in pipe flow

Zonal flow

E'()

max u, = 0.00211353

0.08f i
Re = 2600 Time = 0.50 (R/U)
>
>
(b}
c
LLl 10.01
0.06F
—Zonal flow
—Turbulence
500 1500

Time

Simulation based on the open source
code by Ashley Willis: openpipeflow.org



1)

2)

What drives the zonal flow?

m( (
\/7

Zonal flow

Interaction in two fluid model
— Turbulence, small-scale (k>0)

— Zonal flow, large-scale (k=0,m=0): induced by turbulence
and creates shear to suppress turbulence

Anisotropy of turbulence creates Reynolds stress which
generates the mean velocity in azimuthal direction

d;(vg) = —0,((Vg - V,)) — 1 (va)
Mean azimuthal velocity decreases the anisotropy of
turbulence and thus suppress turbulence

induce suppress suppress

turbulence T—) zonal rowT—) turbulence l—) zonal flow l

t |

induce




1)

2)

What drives the zonal flow?

m( (
\/7

Interaction in two fluid model
— Turbulence, small-scale (k>0)

— Zonal flow, large-scale (k=0,m=0): induced by turbulence
and creates shear to suppress turbulence

Zonal flow

Anisotropy of turbulence creates Reynolds stress which
generates the mean velocity in azimuthal direction

d;(vg) = —0,((Vg - V,)) — 1 (va)
Mean azimuthal velocity decreases the anisotropy of
turbulence and thus suppress turbulence

induce suppress suppress

prey { |——>{ predator f——>|  prey | |——> predator |

t |

induce




Pipe flow near transition
to turbulence

Turbulence
(prey) .<
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Zonal flow
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Stochastic model of predator-prey dynamics

« Stochastic individual-level model
fluctuations in number — demographic stochasticity that induces quasi-cycles

A® Stochastic individual-level simulation
@iﬁgamr ‘® ) . ziz 1 ' ' ' ' | = stochastic
o DOl B IV N N TR
® Y— il I |
] sE b e
Z o2p ’ l\ l;)\r‘h Jl l} ”J *ﬁlﬂhﬂ. 'jtf“{ﬂlﬁm"d
b VL m || x' \U -h--deterministic
B+E—=B+B ° :j\) LJ \LJ 'J hﬂ \*u'l 1 solution
c 0.16 : : : : :
B _I_ B % B _I_ E 0 200 400 Tlnﬁ]ﬂg 800 1000 1200

A+BL A+ A

A= — K

McKane & Newman (2005) Butler & Goldenfeld (2009)



Landau theory for transitional pipe
turbulence is stochastic predator-prey



ANNALS OF PHYSICS: 14: 143-165 (1961)

B i I I Wyl d ( 1 2 8- 2 O 1 3 ) Formulation of the Theory of Turbulence in an

Incompressible Fluid

H. W. WyLp, Jr.

Physics Department, University of Illinois, Urbana, Iilinots and Space Technology
Laboratories, Los Angeles, California

The theory of turbulence in an incompressible fluid is formulated using
methods similar to those of quantum field theory. A systematic perturbation
theory is set up, and the terms in the perturbation series are shown to be in one
to one correspondence with certain diagrams analogous to Feynman dia-
grams. From a study of the diagrams it is shown that the perturbation series
can be rearranged and partially summed in such a way as to reduce the prob-
lem to the solution of three simultaneous integral equations for three func-
tions, one of which is the second order velocity correlation function. The
equations have the form of infinite power series integral equations, and the
first few terms in the power series are derived from an analysis of the diagrams
to sixth order. Trunecation of the integral equations at the lowest nontrivial
order yields Chandrasekhar’s equation, and trunecation at a higher order
yields the equations discussed by Kraichnan.

THEORY OF TURBULENCE

othorder w——

d Y e S
Porder 2 00—, 4wy 4 @
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Derivation of predator-prey equations

Zonal flow =~~~~~ Turbulence A = predator B =prey
Vacuum = Laminar flow E = food/empty state
Zonal flow-turbulence Predator-prey

B+EYB+B

“< >~ B+B% B+E

A+BS A+ A

j> < ; A+BL A+ E
B5 A

A p B E



Stochastic predator-prey
recapitulates turbulence data

Phase diagram
Lifetime statistics
Universality class prediction



Pipe flow turbulence
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“Puff splitting” in predator-prey systems
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predator-prey ecosystem Avila et al., Science (2011)



Pipe flow turbulence
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Measure the statistics of the extinction time and the
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Predator-prey vs. transitional turbulence

Prey lifetime Turbulent puff lifetime
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Predator-prey vs. transitional turbulence

Prey lifetime
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Turbulent puff lifetime

Extinction in Ecology =
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Roadmap: Universality class of laminar-turbulent transition

Universality
class

?

4--.--

(Classical)
Turbulence

Direct Numer Simulations
of Navier-Stokes

Two-fluid

,,,,,,

- (Pearson Education, Inc., 2009)



Roadmap: Universality class of laminar-turbulent transition

? (Boffett and Ecke, 2012)
A Directed | _ _ *_ _ (Classical) , :
Percolation Turbulence /%
(Wikimedia cOerReggeon field theory Direct Numwlations
(Janssen, 1981) of Navier-Stokes
: Two-fluid

Field Theory <. . g

q

» [

(Wikimedia Commons)

Extinction transition
(Mobilia et al., 2007)

- (Pearson Education, Inc., 2009)


http://upload.wikimedia.org/wikipedia/commons/1/11/Bond_Directed_Percolation.svg
http://upload.wikimedia.org/wikipedia/commons/1/1f/Feynmann_Diagram_Gluon_Radiation.svg

Directed percolation & the laminar-
turbulent transition

Turbulent regions can spontaneously relaminarize (go into
an absorbing state).

They can also contaminate their neighbourhood with
turbulence. (Pomeau 1986)
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Directed percolation transition

* A continuous phase transition occurs at p,.

Spatial dimension

7
T

>

Time

P>P.

P<P.

* Phase transition characterized by universal exponents:
p~0—p)f S~ —p)Tt G~ —pI)™

Hinrichsen, Adv. in Physics (2000)



DP in 3 + 1 dimensions in pipe

P<Pc

time

Space dimension

Sipos and Goldenfeld, PRE 84, 035304(R) (2011)




Origin of superexponential scaling

* Active state persists until the most
long-lived percolating “strands”
decay.

time

* In other words, the longest path =
the maximum among independent
random percolating paths

- Extreme value statistics

Space dimension

Goldenfeld et al. (2010); Sipos & Goldenfeld (2011); Shih & Goldenfeld (in preparation)



Origin of superexponential scaling

* Active state persists until the most
long-lived percolating “strands”
decay.

time

* |In other words, the longest path =
the maximum among independent
random percolating paths

- Extreme value statistics

Xmax € max({X;})
P(Xmax < :V) = exp (—exp(—y))

* Near phase transition: correlated fluctuations are NOT i.i.d.

Space dimension

Goldenfeld et al. (2010); Sipos & Goldenfeld (2011)



Universality class of predator-prey system
near extinction

Basic individual processes in predator (A) and prey

(B) system:
Death B; 2N E; A; da, E; B; 5 A,
Bith B; + E; —%B+B Ai+Bj 25 A + A
(i7) (17)
Diffusion D; + E; ——-—>E + B, A + E; ——-—>E + A,

(i7) (i7)

camvind p. L B, s B, + E;

capacity (ij)



Universality class of predator-prey system
near extinction

Near the transition to prey extinction, the prey (B)
population is very small and no predator (A) can
survive; A ~ 0.

Death B; 4z, E; AX E; Be><4@

Bith B; + Ej —'E—} B; + Bj A + Bj" > é Aj + ‘43;
(i) ()

Diffusion D; + E; —{Q>—> E; + B; A + E; %E Ei+ Aj
ij ij

Carrying | o c _ 3
capacity B.L + Bj _{;}_} Bg + Ej



Universality class of predator-prey system
near extinction

Near the transition to prey extinction, the prey (B)
population is very small and no predator (A) can
survive; A ~ 0.

Death B; 4z, E;

Birth  DB; + E; ?E? B; + B;
iJ

Diffusion Bi, —|— Ej —{Q?} Ez' —|— Bj.
t]

Carrying | - c _ J
copaciy D1+ Bi 7 Bi+ B



Universality class of predator-prey system
near extinction

Near the transition to prey extinction, the prey (B)
population is very small and no predator (A) can
survive; A~ 0.

t O N
Death [3; —CE—BJ,» E; t+1 8 o 8 Annihilation

O
O
O

g

Birth  B; + E; TE? B; + B,
L]

Decoagulation

Diffusion  ; + E; S Ei + B; .\8 Diffusion
(7) O

Carrying | o c _ ' |

capacity B’*’ + B.? (i) 81 + Ej’ I O C)\I Coagulation



Universality class of predator-prey system
near extinction

Near the transition to prey extinction, the prey (B)

populatic%/ \\

SUINES Near the extinction
Death D, 22 transition, stochastic \tion
predator-prey dynamics
Birth I3 + £ reduces to directed Julation
percolation

Diffusion B; + ES\ Adsion

\ETT

Carrying B; + B_-;' S B; + Ej I, \I Coagulation

capacity (i)



Experimental test of DP in
transitional turbulence



Directed percolation in turbulence experiments

e Turbulent strands in Couette flow form long-time

dynamics like (1+1) DP

L;'l i e“(ll\m” 1 rotation 1 rotation I rotation
Z o
" TE .|
G5 =
L 2h %» Q
| ! : .
inner cylinder -
‘ t
.r‘j\.’l
SRR
T B
& T
3 | of
H oy
'
x {1
- Q t* = Niot Lo

Lemoult et al., Nature Physics (2016)

* Turbulent patches in 2D Taylor-Couette form clusters

like (2+1) DP —
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FIG. 2. Turbulent stripes in the axial-azimuthal cross section. Flow visualizations for (a) Re = 331, (b) Re = 333, and (c) Re = 349. 1072 Lol . Lt
Turbulent phase is marked by red contours. The laminar regions (black) expand as the Reynolds number is decreased and stripes become 1 0-4 10-3 10-2 10-1

Klotz et al. PRL (2022)
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Observation of predator-prey dynamics in
magneto-hydrodynamics

* Low-High confinement transition in fusion plasmas in a tokamak

* Interplay between drift-wave turbulence along the axis of the
tokomak and an azimuthal zonal flow that emerges from the
turbulence and simultaneously suppresses it

* Observations follow theoretical predictions by P. Diamond and
collaborators

plasma - S poloidal

\ = magnetic field

zonal flow

IR
(S
E, (~ zonal flow)

plasma current  toroidal magnetic field 0
168.5 169.0 169.5 170.0 170.5

time

Diamond et al. PRL (1994)) Estrada et al. EPL (2012)

SUO[193]} 82UBINGIN}



Summary of transitional turbulence

Theoretical results predict that the laminar-
turbulence transition is a non-equilibrium critical

point in the universality class of directed
percolation.

Confirmed in two Taylor-Couette flows D=1, D=2
experimentally. e

(a) (b)

Time

FIG. 2. Turbulent stripes in the axial-azimuthal cross section. Flow visualizations for (a) Re = 331, (b) Re = 333, and (¢ )R 349,

Turbulent phase is marked by red contours. The lm regio s(bl k) expand a th Reynolds number is decreased and stripes become
sparse.




Phase transition with puff
interactions

Grégoire Lemoult (Normandie U),
Mukund Vasudevan (ISTA), Jose M.Lopez (ISTA), Bjoérn Hof (ISTA),
Gaute Linga (U of Oslo), Joachim Mathiesen (NBI)
Hong-Yan Shih (Academia Sinica), Nigel Goldenfeld (UCSD)



time

Pipe flow with interacting turbulent puffs

Space

Q: Do puff interactions prevent the directed percolation transition in pipes?



Do puff interactions affect transition?
* Strategy 1.

— Measure puff interactions accurately in experiment

— Use the empirically-determined interactions as input
to molecular dynamics calculations of puff dynamics

— Measure turbulent fraction, correlations etc
— Determine critical Re and scaling

* Strategy 2:

— Abstractly represent puff interactions in a field theory
model of stochastic puff dynamics

— Are the puff interactions relevant at the fixed point
controlling directed percolation scaling?



a. Microscopic dynamics — Experiment / DNS:

/)

—= e pushing

e suppression

00— & Srbibition

Strategy 1 ® diffusion

b. Mesoscopic dynamics — Model:
zi(1) -

6
!

Strategy 2

c. Statistical physics — Theory:

time

At = 1010

Az = 10°




Why this is hard

* Near critical points, need large system sizes and
long times for equilibration

* We estimate that to get a single measurement of
turbulent fraction near the critical point requires
a pipe of length L=10° D and time T=10'!
advective time units
— L=4000 m
— T =100 years

* The critical regime is ~ 0.05% of Re_. In jammed
phase, relaxation is much faster, and we can
estimate accurately turbulent fraction ~0.1% of
Re..



Strategy 1: empirical puff interactions
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(a) Puff speed as function of distance to upstream puff; (b)
Puff arrival times yield puff diffusion coefficient; (c) Decay
time as function of distance to upstream puff; (d) Splitting
time as function of distance to downstream puff.



Strategy 1: puff molecular dynamics

dx;
dt
a.
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(a) Turbulent fraction; (b) & (c) Scale
invariant laminar gap distributions in
time and space at Re; (d) Universal

scaling function for time-dependent
turbulent fraction. Solid lines are DP
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Strategy 2: Simple lattice model for interacting

[ ]
particles
150D 5D 7800 D | Puffs
" // L\
)_Jd E(i'| g/‘f ﬁ‘ ) 2
ﬁ %_j \EJ
Perturbation  pracure Pressure
Sensor Sensor

Masudevan & Hof (2018)

Lattice model: Totally Asymmetric Simple Exclusion Process (TASEP)

input propagation output

a p p B

¢6led e _¢'__e
o 1 2 3 N-1 N

Idea: Turbulent puff in the pipe flow

Lemoult et al. in review (Nature Physics, 2022)



Simple lattice model for interacting particles

propagation

Lemoult et al. in review (Nature Physics, 2022)



Simple lattice model for interacting particles

Lemoult et al. in review (Nature Physics, 2022)



Simple lattice model for interacting particles

splitting
P @y a,
N\
¢ '%_o6.00_o00_
0 1 2 3 - i I+ N-1 N

Lemoult et al. in review (Nature Physics, 2022)



Simple lattice model for interacting particles

suppression

Lemoult et al. in review (Nature Physics, 2022)



Simple lattice model for interacting particles

pushing

Lemoult et al. in review (Nature Physics, 2022)



Simple lattice model for interacting particles

propagation decay splitting suppression  pushing

P Wy /(%v ) r
¢ s _o. . oH_e060)
0 1 2 3 - 7 i+l N-1 N

Mean-field equation
O (ni) = —p(ni(1 —nip1)) + p{ni—1(1 —ny)) —wa(ni) + ws{ni—1(1 —n;))
—L?J(Tli_lni> —r(nmi_l(l — Tlf,;_|_1)> -+ ?“((1 — n,,;)n@-_lnf,;_g)

Stochastic hydrodynamics

1
5(1) + ws)agp o (p + ws)a:cp + wsp(l o P)

+(2p + ws) pOrp — _982 p(1 —p)n

Oep = —wap +

Lemoult et al. in review (Nature Physics, 2022)



Simple lattice model for interacting particles

propagation decay splitting suppression pushing

p Wy /(%v o r
¢ ' _o. o8 _o06)
0 1 2 3 - I 1+1 N-1 N

Mean-field equation

Or(ni) = —p(ni(1 — niq1)) + p(ni—1 (1 —ny)) —wa(ni) + ws(ni—1(1 —ny))

—L?J(Tli_lni> —r(nmi_l(l — Tlf,;_|_1)> + T((l — n,,;)n@-_lnf,;_g)

Stochastic hydrodynamics

1
Orp = —wap + 5(p+ ws)ﬁip[— (p+ ws)&cp}r wsp(1 — p)
[+(2p + Ws) pOpp — _982 p(1 —p)n

additional terms from interactions that are not in directed percolation

Lemoult et al. in review (Nature Physics, 2022)



Simple lattice model for interacting particles

propagation decay splitting suppression pushing

p Wy /(%v o r
¢ s _o. . oeH_o060)
0 1 2 3 I 1+1 N-1 N

Mean-field equation

Or(ni) = —p(ni(1 — niq1)) + p(ni—1 (1 —ny)) —wa(ni) + ws(ni—1(1 —ny))

—L?J(Tli_lni> —r(nmi_l(l — Tlf,;_|_1)> + T((l — n,,;)n@-_lnf,;_g)

Stochastic hydrodynamics

%(p + ws)agp[_ (p + ws)ﬁmp}{_ wsp(l o P)

[+(2p + Ws) pOpp — _982 p(1 —p)n

Oep = —wap +

Q: How do puff interaction terms affect DP universality class?

Lemoult et al. in review (Nature Physics, 2022)



Universality class for interacting puffs on lattice model

Q: How do puff interaction terms affect DP universality class?

%(p + ws)(‘?ﬁp[— (p + ws)axp]+ wsp(1 = p)

[+(2p + W) POy p — —p<‘92 p(1 —p)n

Oip = —wap +

Phase transition logic: Renormalization group analysis around the DP fixed point

Lemoult et al. in review (Nature Physics, 2022)



Universality class for interacting puffs on lattice model

Q: How do puff interaction terms affect DP universality class?

1
Oip = —wap + 5 (p + ws)(‘?ip[— (p+ ws)f?prJr wsp(1 — p)

[+(2p+ W) POz p — —p<‘92 p(1—p)n

Phase transition logic: Renormalization group analysis around the DP fixed point

(1) Start from DP path integral action:

Alp, p) = /ddx dt [p (0 + D(r — 92)) p—usp(p — p)p + usp”p” + O(p”)]

Lemouttetat imreview (Nature Physics, 2022)



Universality class for interacting puffs on lattice model

Q: How do puff interaction terms affect DP universality class?

%(p + ws)aip[— (p + ws)f)xp]Jr wsp(1 = p)

[+(2p + W) pOzp — —p<‘92 p(1—p)n

Oip = —wap +

Phase transition logic: Renormalization group analysis around the DP fixed point

(1) Start from DP path integral action:

Alp, p) = /ddx dt [p (0 + D(r — 92)) p—usp(p — p)p + usp”p” + O(p”)]

(2) Dimensional analysis:  [z] = p~ !, [t] = =2, [p| = u¥/?,[D] =
[r] = p?, [us] = 2=Y2, [ug] = p>~¢ > d.=4

Lemouttetat imreview (Nature Physics, 2022)



Universality class for interacting puffs on lattice model

Q: How do puff interaction terms affect DP universality class?

1
Op = —wyp + §(p+ ws )02 p [ (p + ws)0 xp]+ wsp(1 — p)

[+(2p+ws)pf9 p— —p J+

Phase transition logic: Renormalization group analysis around the DP fixed point

(1) Start from DP path integral action:
Alp, p) = /dd:v dt [p (0 + D(r — 82)) p—uzp(p — p)p +uap”p? + O(p”)]
(2) Dimensional analysis:  [z] = p~ !, [t] = =2, [p| = u¥/?,[D] =
] = 1%, [us] = 2=, fua] = >~ > d.=4
(3) Puff interacting model: look at the general form of terms in the action
Loy Z Xap o™ (020)" 1 [Aapy) = HP257 with yasy = 22— a =) — By

e8 [\ pd.p| = p2t4?, a=p=y=1 = Yapy <0 irrelevantat DP critical point

Lemouttetat imreview (Nature Physics, 2022)



Universality class for interacting puffs on lattice model

Q: How do puff interaction terms affect DP universality class?

1
Oip = —wap + 5 (p + ws)(‘?ip[— (p+ ws)f?mpJJr wsp(1 — p)

[+(2p+ W) POz p — —p<‘92 p(1—p)n

Phase transition logic: Renormalization group analysis around the DP fixed point

(1) Start from DP path integral action:
Alp, p) = /dd:v dt [p (0 + D(r — 82)) p—uzp(p — p)p +uap”p? + O(p”)]
(2) Dimensional analysis:  [z] = p~ !, [t] = =2, [p| = u¥/?,[D] =
] = 12, [us] = 2=, Jug) = =7 >d.=4
(3) Puff interacting model: look at the general form of terms in the action
A: All puff interaction terms are irrelevant at the DP fixed point.

Transitional pipe turbulence with interacting puffs = DP

Lemouttetat imreview (Nature Physics, 2022)



Numerical results of
simple lattice model for interacting particles

Large puff
splitting rate

Small puff
splitting rate

Time

Puff splitting rate

I > o,
@, > O,

a)s < ws,critical @,

s,critical ,critical

Lemoult et al. in review (Nature Physics, 2022)



Numerical results of
simple lattice model for interacting particles

Small puff Large puff
splitting splitting rate
rate

Time

Puff splitting rate

I 0 B TR SN A § A
, > @,
a)s < ws,critical ws,critical a)s > ws,critical

Lemoult et al. in review (Nature Physics, 2022)



Numerical results of
simple lattice model for interacting particles

Space

N
7
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splitting : ¢ splitting rate
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; 2744
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Lemoult et al. in review (Nature Physics, 2022)



splitting rate

Small puff ” }f&
A\

oult et al. in review (lature Physics, 2022)

Numerical results of
simple lattice model for interacting particles
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Numerical results of
simple lattice model for interacting particles
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N
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Lemoult et al. in review (Nature Physics, 2022)
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Summary

e Puff interactions lead to traffic jams and local
regions of puff crystallization.

— Close to Re_ the crystals melt due to fluctuations
and the DP universality class is observable.
* Turbulent fraction
* Laminar gap exponents at Re_

* Universal scaling functions

— Precise measurement of critical behavior
emerging from a purely fluid dynamical system!



Outline

1. Laminar-turbulence transition
— Puff decay and splitting lifetimes
— Minimal stochastic model
— Directed percolation predictions
— Directed percolation experimental confirmation

2. Beyond the critical point
— Growth of turbulence slugs

— Bistable fronts, structural stability and Kolmogorov-
Petrovsky-Piscunov-Fisher fronts

3. Thermal fluctuations and spontaneous
stochasticity
— Length scale where thermal fluctuations are relevant
— Thermal fluctuations trigger spontaneous stochasticity



Beyond the critical point



Transitional turbulence

maxuy, = 0.00211353
Time = 0.50 (R/V)

1 pr— HOZ
= / ,/:A-\\\ \
o) 4 " N . !
= // \ 0
w 1 T Al ! } | L
Turbulence > 9 t& Lo
1 ) ,I
Fonal flow 0.08; N s7 1 -0.2
-0.5 M N\ /oy
NN
1 —_— 0.4

e Dynamics of single puff
— Nascent turbulence generates an emergent mean flow (zonal flow)
— Zonal flow inhibits the turbulence by shearing
— “Predator-prey” oscillations
— Long-wavelength fluctuations of soft mode -> second order phase
transition

e Single puff spatial extent is actually determined by the transfer of
laminar shear into turbulence
H.-Y. Shih et al. (2016)



Transitional turbulence

xuo-000211358
= 0.50 (R'V)

: N\E@r [
'C What happens if we 7 |-
. pynamicsof INClUdE mean shear

— Nascent t as We”? iflow)

— Zonal flo

— “Predato

— Long-wave /ghase
transition

* Single puff spatial extent is actually determined by the transfer of
laminar shear into turbulence

H.-Y. Shih et al. (2016)



The three trophic-level preda’gqr-prey model

A: predator(zonal flow) B: prey(turbulence) ”

. i . 1
N: nutrient(mean flow energy) @:null i i Nearest neighbor sites

Predation A; + B, —>A + A

<ij>
Diffusion A; Da A; B; —2> B,
<U> <Zj>
Death A 24 4, B; 22 ¢,

Competition 24; % A;  2B; == B,

Mutation Bi = A Two trophic-level reactions

Birth Bi+N; —>— B, + B; New reactions
<1)>

Recovery of nutrient L N,

. . rob.=1
Advection of nutrient NN, \ilocity=U> i1

185




The three trophic-level preda’gqr-prey model

A: predator(zonal flow) B: prey(turbulence) ”
N: nutrient(mean flow energy) @:null

T ,
I | Nearest neighbor sites

Predation A, + B, —>A + A;

<ij>
Diffusion A; Da A; B; —2> B,
<U> <Zj>
Death A, 2 6, B; 225 ¢,

Competition 24; % A;  2B; == B,

i B; = A,
Mutation ! ! Two trophic-level reactions
Birth Bi+N; —>— B, + B; New reactions
<13>
Recovery of nutrient b2 N, Re = 22
]
prob.=1 Various Re number can be reached

Advection of nutrient N, velocity=U’ < Vi+1 by changing the advection speed

186



Summary of transitional turbulence

weak slugs

strong slugs

Re

Stochastic
model

Localized

Navier-Stokes
DNS

2050

2250




Outline

1. Laminar-turbulence transition
— Puff decay and splitting lifetimes
— Minimal stochastic model
— Directed percolation predictions
— Directed percolation experimental confirmation

2. Beyond the critical point
— Growth of turbulence slugs

— Bistable fronts, structural stability and Kolmogorov-
Petrovsky-Piscunov-Fisher fronts

3. Thermal fluctuations and spontaneous
stochasticity
— Length scale where thermal fluctuations are relevant

— Thermal fluctuations trigger spontaneous
stochasticity



Thermal fluctuations and
spontaneous stochasticity



David Ruelle, “Microscopic fluctuations and turbulence”, Physics Letters A, 72 (2),

81-82 (1979)
t ~ w(lp) og((wlc)N 21 }/?) @

The logarithm in (4) is not very sensitive to its argu-
ment. For air we have »=0.16 cm2 s—1, ¢ =34 X 103
ems—1, N =25 X 1018 cm—3.If we take I; = 1 cm,
we get
log((v/c)N 1/2) (1,/ 2) =10

(and also, using (1), w(ly)~1 = 6.25 s). Therefore (4)
implies that the time it takes for thermal fluctuations
to affect the macroscopic motion is of the order of the
characteristic time associated with the smallest eddies,
multiplied by 10. For larger eddies the result would
not be very different.

Edward Lorenz, “The predictability of a flow which possesses many scales of motion,”
Tellus XXI (3), 289-307 (1969)

It is proposed that certain formally deterministic fluid systems which possess many
scales of motion are observationally indistinguishable from indeterministic systems;
specifically, that two states of the system differing initially by a small ‘‘observational
error’’ will evolve into two states differing as greatly as randomly chosen states of the
system within a finite time interval, which cannot be lengthened by reducing the
amplitude of the initial error.




Thermal noise and Navier-Stokes

Thermal noise is unavoidable. Its effects on turbulent flows can be modeled by the
Landau-Lifschitz fluctuating hydrodynamic equations:

2vkgT
diu+ Py(u-V)u = —-Vp +vAu + P V.-p+f,V-u=0

2
Mij X, N (x',t7)) = <5ik5j1 + 6;10j — 3 5ij5kz) Sp(x—x)6(t —t")

An ultraviolet cutoff A is physically required in these equations, where cutoff length At must
be chosen between the Kolmogorov length #=1v*4/¢/4 and mean-free-path Amfp.

Non-dimensionalizing with integral length L and r.m.s. velocity U=(¢L)3

9, P Viu=-V . A - 20,V f
(U + A(u- ju=— p+—e u+ 615/81/ ¥V n+rL
with dimensionless number groups

UL kBT f;‘msL ) 3
Re ” , Ok pv11/4€‘1/4'FL U ,A= AL € [Re®’* Re/Mal]

Typically 6k~102 so thermal noise is very weak and not directly relevant in the inertial range.



Thermal noise in far dissipation range

6, is the ratio of the thermal energy to the Atmospherzic b3oundary layer )
energy of the Kolmogorov-scale velocity ¢ =400 cm®/s”, v =0.15cm?/s,
fluctuations u, in a spatial region of diameter 0 =12x 1073 g/cm3, T = 300°K
er-

n=0.54mm, u,=278cm/s, 6, =283x10""°

Below the Kolmogorov scale Uy ~ Uy exp(—n/ﬁ)

kgT
puz 3

Oy ~ 1 loq ~ /11

* For atmospheric boundary this length is 49 microns >> the mean
free path of 68 nm!

* This result implies that stochastic Landau-Lifshitz equations must
be used in far dissipation range, not Navier-Stokes

e This conclusion was first made by R. Betchov (1957) in a long-
forgotten paper

3
0, = ~ Qn(%) exp(n/¢)




Thermal noise in far dissipation range

1020 exp(—bkf;{)“ .
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102 10° 10? 10* 10°
k [m™1]

FIG. 1. Plot of the model turbulent energy spectrum Eq. (2.18)
for the parameters Eq. (2.11) of the atmospheric boundary layer and
for a typical Reynolds number Re = 107, as a solid line. The dashed
line 1s the spectrum with no thermal noise.



Thermal noise washes out dissipation
range intermittency
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(a) Deterministic Sabra (b) Noisy Sabra.
FIG. 7. Plots of modal energies €,(t) versus time ¢ for shells in the dissipation range with n = —1 to n = 7. (a) The deterministic Sabra

model results, exhibiting the extreme intermittency predicted by Kraichnan [39], and (b) the stochastic model results, with the large intermittent
fluctuations completely washed out by Gaussian thermal fluctuations.

* Inertial range intermittency can cause the
thermal equipartition scale to fluctuate!

* Even still, it remains 100 x mean free path of air



Spontaneous stochasticity: Historical origins

* Insight from unpredictability of * Sensitivity of solutions of DEs
weather due to Lorentz to change in initial conditions

* Scenario 1: The difference between * Scenario 2 The states diverge in
two copies of the system can be finite time, no matter how close
made arbitrarily small by sufficiently the initial conditions are taken

reducing the initial separation

Spontaneous stochasticity

* Exponential separation of * Intrinsic stochasticity
trajectories

e "Effective stochasticity”

E. N. Lorenz, “The predictability of a flow which possesses many scales of motion,” Tellus, vol. 21, no. 3, pp. 289-307, 1969. 232



Lagrangian spontaneous stochasticity

Lagrangian particle in noisy medium

dR;(t V), =

u§”>(1§, t) is a solution of Navier-Stokes P(ﬁf, t\ﬁi; 0) = 5(§f — ﬁ(t))

Trajectories
v—0,D—0 ‘ remains “ Spontaneous stochasticity

stochastic!

e Holder continuous drift rather then

* Order of taking limits is crucial
differentiable (weaker condition)

* Noise is akin to symmetry breaking field |0(Z + 7) — U(Z)| < const - 7"

« “Stochastic anomaly” h € (0,1)

233



Shell models of turbulent cascade

ko k
Pog(k) = dap — k25

Navier-Stokes st (k,t) =

—%{I%Pm(k) + kyPop(k }Zuﬁ plu,(k —p

Reduced models of cascade e Drastic reduction in the number
of degrees of freedom

(shell models)
* Exponential spacing in k-space

* Coupling local in k-space

Sabra model

duy, /di vk2uy,

By [u] = i[kn+1un+2u;§+1
—(1/2)kpun 1ty
+(1/2)kn—1un—1un—2

P.D. Ditlevsen “Turbulence and shell models”, 2001 235



Spontaneous stochasticity in Sabra model: Origin

0.6 - Singular states encountered in the dynamics

Self-similar blow-up in finite time

Un () = —ien k27 U (K2 (t — )

Traveling wave in renormalized variables
(shell velocities and time)

Stochastic front after blow-up

wA T T=-00
{: ' V) A >
. 6 AVARN:
* Stochastic propagating * Inviscid solutions should
wave (error) in be understood in the
renormalized variables probabilistic sense

236

Mailybaev, A. A. Spontaneously stochastic solutions in one-dimensional inviscid systems. Nonlinearity 29, 2238 (2016)



Variance growth in Sabra model

£2-error growth

101-
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10714 n
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i
o -3 > -
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- T 107"
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error spectrum

— Time = 12.14 s
— Time = 48.56 s
—— Time =194.24 s

10-6 1074 1072 100 102 104
kn,m1

Simulations were performed with flow parameters of the atmospheric boundary layer

Here we plot the total £2-variance

n=1

Var[u] = g‘, Var([u,]
N

= 2 Ef|lu, - Eunlz]

n=1

as a function of time and the error spectrum Var[u,] versus n at several times.




Spontaneous stochasticity in Sabra model:
Numerical Results

Average energy and variance per shell Original plot of Lorentz

105_

Energy and Variance
=
(=]
S

—— time = 0
—t— time =1
—e— time = 10
time = 100
—e— time = 1000
—e— time = 10000

2500
625
156

40000
km
20000 4
10000
5000

10-1° 102 10-°¢ 10-* 10-2 10°
Wavenumber

For each shell (scale):  variance grows linearly at first
* then stochastic front reaches the scale

 statistics becomes fully turbulent
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Randomization time

Crucial for spontaneous stochasticity is the Re-dependence. We define the
randomization time tr(n) as the time when the shell’s variance Var[un(t)] reaches
the ensemble average energy E[(1/2)|un(t)[?]. At the flow parameters of the ABL
we see that tr(n)~ 3.4 £4%3 for lengths above 10 cm and, furthermore,
approaches that limiting time for any shellnumber n as Re > .

103+
] —— 3.4 turnover times
102{ —— Randomization times v g
4 '-A;Vl*:
10! o
I ‘,@@y/'/
' e, 2000 -
100-5
] “ 8001
107 = ]
] 300 -1
_2_: 1 ' :
— ? 104 107
: Re
1073+ , | |
1072 107! 10! 10°
I, m

Varlu]

100_

10—2 4

10—4_

1076_

10—8_

10—10 .

¢?-variance Var{u(t)]

Re = 0.39x10°
Re = 1.56x10%
Re = 6.25x10°
Re = 25.0x10°
Re = 100.0x10°

RN

10~ 1073 1071 100

This holds because the variance Var[ux(¢)] at each shellnumber n approaches a positive
limit as Re - . Note the similarity of the plot on the right to Richardson dispersion!



Universal statistics at large Re

PDF of |ux(?)|, n=18, =1 PDF of energy flux In(t), n=18, t=1
I 3.0t
2.5}
O Re = 6'25“066 25} O Re = 6.25%106
2.0} =, Ree=157510 O Re = 15.75x10°
Re = 39.68x10° Re = 39.68x10°
~ [J Re =100.0x10° ~ 2.0} [J Re = 100.0x10°
215} =
= S 15¢
S 1.0}
1.0+
0.5 0.5
0.0 . ) ) ) 8 . 0.0} =m=F" ‘ . ) : i
0.0 0.2 0.4 0.6 0.8 1.0 -0.5 0.0 0.5 1.0 1.5 2.0 2.5
|uig| 1

This is the clear signature of spontaneous stochasticity in the limit Re—o.

Recall the statement of Lorenz (1969) that some “formally deterministic fluid systems...

will be operationally indistinguishable from indeterministic systems” and their evolution

will result in “states differing as greatly as randomly chosen states of the system within a finite
time interval, which cannot be lengthened by reducing the amplitude of the initial error.”



Summary

 Thermal noise modifies the energy spectrum at
scales about a tenth of the Kolmogorov scale,
well above the mean free path

— Smooths out fluctuations in far dissipation range

* Thermal noise can trigger spontaneous
stochasticity, leading to propagation of error to
large scales in a few eddy turnover times

— LES, weather and climate modeling should not
attempt higher and higher resolution

— Stochastic ensemble modeling is fundamentally
appropriate



Conclusion

e Stochasticity controls universal asymptotic
behavior in turbulence through two fixed points

— Sub-critical transition to turbulence is a non-
equilibrium phase transition

— Near transitional behavior and the spread of
turbulence is intrinsically stochastic

* At large Re, thermal fluctuations and
spontaneous stochasticity randomize turbulence
with infinite Lyapunov exponents, in a few eddy
turnover times
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Fluctuations and dissipation



Nikuradse’s pipe experiment (1933)
to measure the friction factor f

f=AP/lpU?

Pipe diameter is 25-100

| mm- Monodisperse sand grains
Pipe length is ~ 70 0.8mm glued to sides of

pipe

diameters

Figure 3.,- Test apparatus,

em = electric motor h = outlet valve
kp = centrifugal pump zr = feed line
vk = supply canal mb = measuring tank
wk = water tank gm = velocity measuring device
vr = test pipe ksv = safety valve on water tank
z1 = supply line sb1 = gate valve between wk and kp

sg : \éggt:fciglwp;?:e sby = gate valve between wk and zr
b= teep gl = baifles for equalizing flow Figure 4,- Microphotograph of sand grains which produce uniform roughness.

(Magnified about 20 times,)



Friction factor in turbulent rough pipes
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Friction factor in turbulent rough pipes
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Critical phenomena and turbulence

Critical Turbulence
phenomena
Correlations G(k)~k? E(k)~k5/3
Larga scale _ Data Collapse ?
thermodynamics




Universality at a critical point

Scaled magnetization

Scaled temperature

FIG. 1. Experimental MHT data on five different magnetic
materials plotted in scaled form. The five materials are CrBry,
EuO, Ni, YIG, and PdsFe. None of these materials is an ide-
alized ferromagnet: CrBr; has considerable lattice anisotropy,
EuO has significant second-neighbor interactions. Ni is an
itinerant-electron ferromagnet, YIG is a ferrimagnet, and
Pd;Fe is a ferromagnetic alloy. Nonetheless, the data for all
materials collapse onto a single scaling function, which is that
calculated for the d=3 Heisenberg model [after Milosevic and

Stanley (1976)]. Stanley (1999)

Magnetization M of a
material depends on
temperature T and applied
field H

— M(H,T) ostensibly a function
of two variables

Plotted in appropriate
scaling variables get ONE
universal curve

Scaling variables involve
critical exponents



Data collapse of friction factor

Friction factor in turbulent rough pipes . . . .
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Goldenfeld, Phys. Rev. Lett. (2006); Mehrafarin & Pourtolami, Phys. Rev. E. (2008)




Critical phenomena and turbulence

Critical Turbulence
phenomena
Correlations G(k)~k2 E(k)~k5/3
Large scale M(h,t) — |t|ﬁfM(ht_55) f:Re‘(2+3’7)’(8+3")g(§ Re6/(8+37)
thermodynamics




By simply measuring the pressure drop
across a pipe, Nikuradse in 1933 measured
the anomalous spectral exponents
(intermittency corrections) 8 years before
Kolmogorov’s mean field theory!

Friction factor =2 intermittency corrections
to velocity fluctuations

Connection between the velocity fluctuations at small scales
and the friction factor or dissipation is called the “spectral link”
and is an example of a fluctuation-dissipation relation



Friction factor in turbulent rough pipes
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Calculating scaling exponents

* Basicidea:f~pVu,/p V3
— u, is the RMS velocity at a characteristic scale s
determined by main source of dissipation

— For weak turbulence dissipation comes from the
flow, i.e. the Kolmogorov scale s ~ Re-3/4

— For strong turbulence, dissipation because fluid
strongly affected by wall roughness s ~ r

— Model thisby s~ r+ Re3/4

f X ug X fl/ k)dk)Y/?

Dissipation Fluctuatlon

Gioia & Chakraborty PRL (2006); Guttenberg & Goldenfeld (2009); Gioia, Guttenberg, Goldenfeld, Chakraborty PRL (2010)



Friction factor in turbulent rough pipes
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Testin 2D



Experimental test in 2D

e Two cascades in 2D turbulence, an inverse
one of energy, a forward one of enstrophy

E(k) o \2/3k—3 E(k) o €2/3f=5/3
2D forward cascade 2D inverse cascade
Enstrophy cascade Inverse cascade
f ~ Re1/2 (Blasius) f ~ Re1/4 (Blasius)

f ~ (r/D) (Strickler) f ~ (r/D)1/3 (Strickler)

Guttenberg & NG (2009)



Tran et al., Nature Physics (2010); Kellay et al. Phys. Rev. Lett. (2012)



Forward cascade in 2D soap films

JRC

Log10 E(k)

Tran et al., Nature Physics (2010); Kellay et al. Phys. Rev. Lett. (2012)



Inverse cascade in 2D soap films

a __ b Inverse energy cascade: E(k) ~ k=°/3

Tran et al., Nature Physics (2010); Kellay et al. Phys. Rev. Lett. (2012)



Friction factor depends on cascade
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Tran et al., Nature Physics (2010); Kellay et al. Phys. Rev. Lett. (2012)



Beyond Blasius regime in 2D
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Fig. 5. Log-log plot of the data points (r/W, f). The data points are transferred from
Fig. 4 (squares and small circles) or computed via the direct numerical simulations
described in the main text (large red circles and green stars).

Vilquin, et al. .... Kellay (2021)



Roughness-induced criticality in 2D

r/'W = 0.05
= r/W=0A1
m /W=0.3
r/'W=0.2
0 = /W=0.035
1077 (W =0.15
1 = r/W=0.025
= /W=0.075
r'W =0.0

101§ _w_/

f Re1/2

10" 10° 10’ 10° 10°

1/2
r/(W-r) Re
Figure 7: Goldenfeld’s scaling for the enstrophy cascade using all the different

roughness values. The black squares are for the smooth channel with a fictitious r/w (0.01)
instead of r=0.

Vilquin, et al. .... Kellay (2021)



Fluctuations and Dissipation

The drag experienced at large scales reflects the very
nature of the turbulent state at smaller scales. We

make two predictions, both confirmed experimentally

: : ‘ : 1410°
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Anomalous scaling exponent from

Friction factor depends on energy
data collapse of friction factor

spectrum/cascade, measured in 2D

Goldenfeld, Phys. Rev. Lett. (2006); Mehrafarin & Pourtolami, Phys. Rev. E. (2008); Gioia & Chakraborty, Phys. Rev. Lett. (2006); Kellay et al. Phys. Rev. Lett. (2012)



Take-home: 2 types of universality in turbulence

laminar flow laminar-turbulent fully-developed turbulence
predictable critica?.%vior unpredictable

Re < 1600 Re\~‘2/0 0 Re>16° ] :

g Unifying concepts of R

Critical points with their . . ...
) fluctuation-dissipation, rare
own scaling laws, crossovers
events, mean-flow

and universality classes . .
\ interactions Y,




Summary

The transition to turbulence seems to be a non-
equilibrium phase transition in the universality
class of directed percolation

— Theory =2 phase diagram and universality class

— Experiments in quasi-1D Taylor-Couette
— DNS in 2D Waleffe flow

Time

 Widom scaling of the friction factor suggests
that fully-developed turbulence is controlled by

a critical point and anomalous dimensions can
be extracted from small Re data

Jnr)f.ree”*-’“”f‘“’“’“’

300 %00
6/(8+3n)

Friction factor depends on the nature of the
small scale velocity fluctuations |+ Py

— Predicted and observed dependence on spectrum in T
quasi-2D turbulence
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Turbulence is a life force. It is opportunity.
Let's love turbulence and use it for change.

Lucky Numbers 34, 15, 28, 4, 19, 20
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