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DETERMINING THE FUNDAMENTAL PARAMETERS OF THE SM.

,{ A theoretical problem in strongly coupled QFT } N

SacolA,,9] = [ d4x4—2F7w W+Zwm By + g + 1A )

v

Fundamental parameters (115, o) naturally defined at high energies (Mz).

v

Well measured and clean QCD quantities naturally defined at low energies
(Mp, Mz).
» In principle one-to-one correspondence, but. ..

v

Relating fundamental parameters with low energy hadronic quantities requires
non-perturbative formulation of QFT = Lattice QCD

—by /2R — 1 2% (1) 1 1 b
A=px [bogz(u)] V0 e 2o () exp {/0 du [/B(u) + b boilu}

) (3
M = (1) [2bog? (1)) =0/ 0 exp { /oq " dx [% - bdﬂ } ’
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LarTice YM IN ONE SLIDE

Lattice field theory — Non Perturbative definition of QFT.

~

Uy (x) = e 846 () ahp(x) 1
(0 = 2 [ DU OWwae= 5 det(D)

#a

» Compute the integral numerically — Monte
Carlo sampling.

> Observable computed averaging over samples

Neonf

Z O(ul + O l/\/ conf)

Neont

» One to one relation between 2 and .

5] 1
Soll=25 Y BO-U- U — / % Te(F i Fou)
p€EPlaquettes a=0
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FINITE SIZE SCALING AND STEP SCALING FUNCTION [Liscuer, Weisz, WoLer ‘91]

372
= —F
alw) = 0| _ T
H ol L
uge computer resources
L/a ~ 100 — 1000. l

a1 <L <L

Hmax Hmin
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FINITE SIZE SCALING AND STEP SCALING FUNCTION [Liscuer, Weisz, WoLer ‘91]

47

—

-

Conditions:

» Small cutoff effects:
r/a>1 (~10)

» I want to change u from perturbative
to non-perturbative: Change r by a
factor 10.

» FV effects small:
L/a>r/a (~10)
» Huge lattices

L/a > 1000
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FINITE SIZE SCALING AND STEP SCALING FUNCTION [Liscuer, Weisz, WoLer ‘91]

p
Finite volume renorm. scheme:

m » Fix
L = constant
LS I .
\_/ » No FV corrections.
> Only condition
L/a>1 (~10)

» Coupling depends on one scale: L

g%() notation : ¢?(L), g*(1/L)

» Step scaling function: How much
changes the coupling when we
change the renormalization scale:

S

os(u) = g*(sL)

S

_

2 (L)=u

achieved by simple changing
L/a — sL/a!
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FINITE SIZE SCALING AND STEP SCALING FUNCTION [Liscuer, Weisz, WoLer ‘91]

4 p=1/r

a{ L

Huge computer resources

L/a ~ 100 — 1000.

a1 <L <L

Hmax Hmin

A Finite volume renormalization schemes | “

v

Finite volume as renormalization scale ul. = constant.

Coupling (1) depends on no other scale but L (Notation: «(L), a(1/L)).
Finite Volume effects part of the scheme [Liischer, Weisz, Wolff. 1991].

a < 1/ easily achieved: L/a ~ 10 — 40

Boundary conditions become relevant:

» Periodic bc. bad for matching with perturbation theory [Gonzalez-Arroyo et al ‘81].
> Schrodinger Functional [Liischer et al. '92]
> Twisted [de Divitiies '94]

vy VvV VY
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SCHRODINGER FUNCTIONAL COUPLINGS

4 Schrodinger Functional: Dirichlet be at xg = 0, T, periodic in x }—\

T
Cifx) O c{<x>O> L

Background field choice

Ci(x) = % [diag(—7/3,0,7/3) + 1(As + vAs)]

Cl(x) = % [diag(—, 7/3,27/3) — n(As — vAs)]

127 <§‘ >7 127 — 12muB
§2(L)  \anl=0/ "~ (L)

No background field

Ci(x) =Ci(x) =0

Gradient flow coupling géF
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SCHRODINGER FUNCTIONAL COUPLINGS

4 Schrodinger Functional: Dirichlet be at xg = 0, T, periodic in x }—\

T
Cifx) O c{(x)@ L

~  Nice properties of g2 N\

> Ostatgap ~ O(g*) => high precision for small g2..
» Known 3-loop B— function = O(a?) corrections in the determination of A

» Finite volume = No IR renormalons. Known NP contribution O(e~26/¢)

~  Nice properties of g2, \

> Istat géF ~ O(g?) but with a continuum limit = high precision for large géF.

> Statistical precision largely independent of a or g2.
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OVERVIEW

Connecting the hadronic regime of QCD
The gradient flow
Continuum limit of flow quantities
Preliminary results
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YANG'MILLS GRADIENT FLOW: BASICS [NaravanaN, NEUBERGER "06; LiisCHER "10]

r

v

Add “extra” (flow) time coordinate t (# x). Define gauge field B, (x, t)

Guu(x,t) = 0uBu(x,t) —OuBu(x,t) + [Bu(x,t), Bu(x,t)]
dB,,(x,t
% = DL/GVM(x7 t); Bﬂ«(x’t = 0) = A‘u’(x) ’
Since
Bu) _p,Gun (- Eaill)
w

im0 Bll«(t, x) = Aﬂassical (x)

Correlation functions of the “smooth” field By, (x, t)
G(x17x27 oo ) = (B(xlzt)B(x27t) o >

are finite after the usual bare parameter renormalization [Liischer, Weisz. ‘11].

For example, in pure YM

B, 1) = 3 (G (5, )Gy (5, 1)

is finite (for t > 0) after the usual coupling renormalization.
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GRADIENT FLow: How 1T WORKS

e A

Bt DGy, t); Bu(x,0) = Au(®)

dt
Expand the flow field in powers of .

oo
Bu(x,t) = ZB#a"(X7 1o
n=1

\. J

,{ GF = Heat equation (+ gauge terms)

35000

dB[,L,l (x, t)
dt
that has solution

Bui(x,t) = > e Ve A, (p)
12

5 20000
= 6VBH,1(x7 t) 25000
20000
15000
10000

5000

G=p?

1 _
Bua(x,t) = R/‘#ye T Au(y)

We are “looking” at world with a
resolution ~ /8t.
10/29
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5D LOCAL FORMULATION |[Lisscuer, Weisz “11]

We can see the theory as a 5d local field theory [Zinn-Justin ‘86, Zinn-Justin, Zwanziger ‘8]

t
Lagrfnge multiplier
Spuk = fyds 1 d'a Lo (x,t) {9,B: — D, G4, }
/\/4 Sboundarv - /d4$ Ga GZV
0 4d space-time
STotal = Sbulk + Sboundary
,{ Theory finite to all orders of perturbation theory } N

» Power counting
» Theory has BRS invariance

» No loops on the bulk = No extra counterterms = No operator mixing for ¢ > 0.

J
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GRADIENT FLOW. COUPLING |[LiscrEr “10]

4 Take the Energy density as a candidate observable }

/DA Gl (x, DG}, (x, t)e= Skl

In perturbation theory we have:

2

~ 6n 2t2

and in terms of the running coupling o(x) at scale 1 = 1//8t.
PUE®M) = o os(h) [1+ clags() + 002
= 47 Vs 195 \H s

Therefore one can define the strong coupling at a scale p = 1/+/8t = 1/cL

47

3 P(E) = age(p) + ...

a(p) =

r

.

» Non-perturbative definition. » Fits well with finite size scaling

» Easy to evaluate on the lattice. p=1/cL

> precise (smooth observable).

/29
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WHY 15 A Goop cHOICE? Ny = 2 AND SU(3) SIMULATIONS [P. Frirzscr, A-R. 13

L/a 6 8 10 12 16
B 5.2638 5.4689 5.6190 5.7580 5.9631
Ksea 0.135985 0.136700 0.136785 0.136623 0.136422
Nimeas 12160 8320 8192 8280 8460
(L) 4.423(75) 4.473(83) 4.49(10) 4.501(91) 4.40(10)

T2p(u) (c=0.3)  4.8178(46)  4.7278(46)  4.6269(47)  4.5176(47)  4.4410(53)
Bgr(u) (c=04)  6.0090(86)  5.6985(86)  5.5976(%7)  5.4837(97)  5.410(12)
Thp(u) (c=05)  7.106(14)  6.817(15)  6.761(19)  6.658(19)  6.602(24)

Advantages of GF coupling definition |

v

0O(10%) less expensive at g2 ~ 4 (1 CPU day — some CPU years).
Finite variance when a — 0 (i.e. V ~ (E2(t)) — (E(1))?).

Statistical precision independent of coupling value g2 /¢* ~ constant.

v

v

v

Smaller ¢ = Larger cutoff effects, more precision. (c € [0.3,0.5])

[ Ideal for matching with hadronic regime of QCD ]
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SOLVING THE FLOW EQUATION ON THE LATTICE

The continuum equation

dBH(x,t) ZJSYM[B]
————= =DuGupul(x,t); ~ =80 n
dat n(x1) 80 5B,
4 How do the links V,(x,t) = exp[B,(t, x)] change with the #? }—\
d (Sslatt[v}
2 2
—V t = t
a dt H(x7 ) gO§V (x t) H(xv )
» Is this the best option?
» Which lattice action S!at?
r{ The Zeuthen flow } 2
d JSLW[V]
2 2
=V t) = — 1+ D D
£ 2Vl = =g5 (14 G0uD} ) F Vil
This equation is the result of a computation.
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LATTICE PEOPLE HATE DISCOVERING “NEW PHYSICS”

S = Standard model 4+ Quantum Gravity At low energies (< My1)
(0) = (O)sn + O(1/M,,))
We simulate We obtain QCD
S = Zz,u#u Tr(1 = Uu(z)Uy (x4 ) - ) S = *% J Tr (FuFu) + ...
At low energies (< 1/a)
Multi gluon interactions: UNIVERSALITY o) — (0)ocp + O(a?
6,8,10,12,. .. gluon vertices. (Symmetries, dimensions, ... ) {Oha = (O)qep (@)
at energy scales 1/a

f{ Symanzik improvement program }

Fine tune (i.e. cook) a lattice action S such that the efective theory at energy scales
much smaller than the cutoff looks as close as possible to the continuum.

\.
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5D LOCAL FORMULATION [Luscher, Weisz “11]

We can see the theory as a 5d local field theory [Zinn-Justin ‘86, Zinn-Justin, Zwanziger ‘8]

t
Lagrfnge multiplier
Spuk = fyds 1 d'a Lo (x,t) {9,B: — D, G4, }
/\/4 Sboundalv =/ d4$ GZVGZV
0 4d space-time

STotal = Sbulk + Sboundary

Theory finite to all orders of perturbation theory }

» Power counting
» Theory has BRS invariance

» No loops on the bulk = No extra counterterms = No operator mixing for t > 0.
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THE SYMANZIK EFFECTIVE ACTION FOR THE GRADIENT FLOW

4 Action composed of bulk part and boundary part } N
1 —
Sbndry = *? /d4x Tr(FMVPuV) + Z Q; /d4x 0?76(3()
0 i
S = <2 dt [T L (x,D0BA (5, 1) = DG}
0
+>° / dt / d*x Of=8(x, 1)
—Jo
1
A Possible bulk counterterms } \
» Remember: No loops in the bulk = No new counterterms are generated.
» Classical improvement in the bulk is equivalent to non-perturbative
improvement.
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CLASSICAL EXPANSION OF THE FLOW EQUATION

_ 1 1
(uzatV#) Vi' = @0Bu+ 5a*DuaB, + o’ DLoBu + O)
> 1
_83(,# [ggslat(v)] = Z{a3Ducuu + §a4DMDvGVM
v=0

1
+ 57 [(1 £ 12(c1 — ) (ZDVDi 4 Di) —12(c; — &2)DAD,

3
+12c2 ) (32D, — 4D,D,D, +2D,D3) | GW} + 0@
p=0

Some conclusions }

» Correct continuum flow equation
BtB o = D v G Vi

» O(a) corrections cancel.

» No value of ¢, ¢, for which the O(a?) corrections cancel!
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CLASSICAL EXPANSION OF THE FLOW EQUATION

1 1
(RPovi) vt = doB.+ 58D, 0B, + = D}0B, + O(a)
3 1
78}5«# [géslaf(v)] = Z{ﬂ3DuGuu + Eﬂ‘lDlLDI/GV/I.
v=0

1
+ 50 [(1 +12(c; — ) (ZDVDi + Di) —12(c; — 2)DAD,,

3
+120, ) <3D%DV —4D,D,D, + 2DVD§,)} G,,u} + 0@

p=0
the Symanzik /IW flow (c; = —1/12, c; = 0), is “almost” O(a?) improved
3

1
OBy =Y {Dycw(x, t) — EazDiDqu + (’)(a3)}
v=0

The Zeuthen flow }

(PaVu ) Van™!

aD,,F(x)

1 *
g2 (1 + EazDuD#) O [géSLw(V)]

Vo (x, DF(x +ap)V,, (x, )T — F(x), ...

29
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CONTINUUM LIMIT OF FLOW QUANTITIES

4 Study the general quantity } N\

g2 (L)
82 (sL)

Rc,c’ (uv II/L, S) = = Rc,c’ (u7 0, S){l + Ac,r’ (u)[ez - 6/2] +... } P

g2 (L)=u
withe =a/(cL) and €’ = a/(c'sL).
> R, (u,a/L,s) is mainly a function of sc’.
» Step scaling function = R¢ (1, a/L,2).
» Instead study R, . (u,a/L,1) => we can use L/a = 8,12,16, 24,32

19/29
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SCALING OF THE RATIOS R, o/ (u,a/L, 1)

1.5 T T T T T
Zeuthen Flow (¢! =0.21) —e— Wilson flow cJ =0.18) =
Wilson flow (¢’ = 0.21) +—e— Zeuthen Flow (¢’ = 0.15) F—+—
Zeuthen Flow (¢’ = 0.18) +—4— Wilson flow (¢’ = 0.15) +F—+—

Ry3,/(4.26,a/L)

\ \ \ Ty P
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
[1—(c/e)*]e?
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SCALING OF THE RATIOS R, o/ (u,a/L, 1)

\ T I T \
Zeuthen Flow (¢! =0.21) —e— Wilson flow cJ =0.18) =
9 L Wilson flow (¢’ =0.21) +—e— Zeuthen Flow (¢’ = 0.15) F—+— |
Zeuthen Flow (¢’ = 0.18) +—4— Wilson flow (¢’ = 0.15) +F—+—
1.8 —
3
~
S
5
L 1.6 _
i
~
1.4 .
1.2 -
\ \ \ \ \ | | \

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

1= (c/e)’]e”
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SCALING OF THE RATIOS R, o/ (u,a/L, 1)

Three sources of cutoff effects in flow quantities }

» Quantum effects at t = 0. Very complicated dependence on g3

» Integrating the flow equation

» Evaluating an observable
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SCALING OF THE RATIOS R, o/ (u,a/L, 1)

4 Three sources of cutoff effects in flow quantities } N\

» Quantum effects at t = 0. Very complicated dependence on g3

> Integrating-theflow-equationr Zeuthen flow
» Evaluating-an-observable Classically improved discretization

\. J

A Conclusions: Still lot to understand! } N

> In our data:
> Wilson Flow: Breaking of scaling at (a/cL)? = 0.15
> Zeuthen Flow: Breaking of scaling at (a/cL)* = 0.3
> WeuseL/a =8,c=0.3= (a/cL)®> =0.17

» Zeuthen flow not cooked for this!
> O(a?) effects still significant!
» Main suspect: The “extra” boundary counterterm:

O4(x) = tr{L,(0,x)D, Fy . }

complicated (i.e. receives quantum corrections).
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CONNECTING WITH THE HADRONIC REGIME OF QCD

A We need \

LpagA =77

Lpaq is @ hadronic scale: One must be able to compute FiLy,q in “usual” large volume
lattice simulations

8&¢ (Lnad) = 11.31
But the result of the high energy SF running gives at g2 (Lo) = 2.012 the result

LoA = 0.0308(8)

\. J

4 Strategy \

1. Determine the S-function, and compute

Lhad — exp /X(Lhad) dx
Lo e(Ly) B

21/29
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STEP SCALLING FUNCTION L/a = 8,12,16 — 16,24,32

T T
2.9 Fit ¥ ---eee- —
}1 Fit 1/%
......... Continuum _(fit ¥) F—e—
~~~~~~~~~~ Continuum (fit ]1{2 —e—
9 I ata +F—e—
518
=
~
~
<
2 1.6
W
1.4
1.2
o S
0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016

(a/L)?
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STEP SCALLING FUNCTION L/a = 8,12,16 — 16,24,32

CONCLUSIONS

S(ui,a/l) o

22 |- Fit ¥ «weeees
}1 Fit 1/%
--------- Continuum_(fit 3) F—e—
__________ - Continuum (fit 1/¥) F—=—
Systematic difference between ansatz for continuum extrapolation
) 1 1,
Y(uj,a/L) = o; +r(a/L) and = — +7(a/L)

(1/oi — 1/u;) x 10

Ui i

65489 14.005(175) 14.184(197) —8.13(10)  —8.22(12)
58673  11.464(123) 11.654(146) —8.32(10)  —8.46(13)
53013 9.371(79)  9.468(89) —-8.19(11)  —8.30(12)
44901  7.139(47) 7.181(51) —826(11)  —8.34(12)
38643  5.622(28)  5.641(30) ~8.09(10)  —8.15(14)
32029  4.354(19) 4.367(21) -8.25(12)  —8.32(13)
27359  3.541(14) 3.550(15) -8.31(12)  —8.38(13)
23900  2.991(10) 2.996(10) -8.40(12)  —8.46(13)
21257 2.575(9) 2.578(9) —821(14)  —8.26(14)
Constant fit: —8.233(37) —8.316(42)

(a/L)
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STEP SCALLING FUNCTION L/a = 8,12,16 — 16,24,32

T
22 | Fit 5 -eeeee
ﬁ Fit 1/%
~~~~~~~~~~ Continuum (fit ) F—e—
Continuum (fit 1/¥) =
;4-. Data I |

~

Weight points far away from the continuum less when the extrapolation is steep

Ndata
Xpa) = D Wi [f(xispa) — i),

i=1
Wl = (AD)? + (A )2,

AR = 0.05 % (82)4 :

14

1.2

nE
| | | | | | |
0

0.002  0.004 0.006 0008 001 0012 0.014
(a/L)?
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STEP SCALLING FUNCTION L/a = 8,12,16 — 16,24,32

T T
2.9 Fit ¥ ---eee- —
}1 Fit 1/%
......... Continuum _(fit ¥) F—e—
~~~~~~~~~~ Continuum (fit ]1{2 —e—
9 I ata +F—e—
518
=
~
~
<
2 1.6
W
1.4
1.2
o S
0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016

(a/L)?
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DETERMINATION OF o (1)

4 Combined analysis } N\

Combine continuum extrapolation with parametrization of o (u)

1
3(u,a/L)

np np
Px)=>ad;  plx) = rat
k=0 k=0

Flexible: No need to tune, no need to fit: just simulations at L/a and 2L /a at matching
80-

2 =B+ o) (§)
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DETERMINATION OF o (1)

—0.075
—0.08
—0.085
~0.09
7170095
ﬁ@ ~0.1
~0.105
—0.11
—0.115

—0.12

CONNECTING THE HADRONIC REGIME OF QCD

00000000000 000e000

ConcrLusions

1-loop Fit ¥ +—=— Global Fit

\Q'lOOP\__\_ F‘\lt 1/2\'_._\‘ \ \ \

2.5 3 3.5 4 45 5 5.5 6 6.5
u
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DETERMINATION OF o (1)

A What have we learned? } \

» Even seing “perfect O(a?) scaling”, we need to add systematic uncertainty due
to “large” cutoff effects

» Non-perturbative step scaling function is just a shifted 1-loop in g? € [2 — 6.5]!

v

PT completely broken. Probably large 3-loop coefficient in this scheme.

v

o = 0.2 (~ 4GeV) far from applicability of PT at this level of precision.

» Consistents with our conclusions in the SF scheme [arXiv:1604.06193]
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DETERMINATION OF THE ,B-FUNCTION

r

Use the exact relation
g(2L) [y
log2 = / —
1) BK)

3
Blx;p) = —%; P(x) = > p®

with the ansatz
Fit your data using

2
5 _ i log2 — Vo) gy :|
X (p) g = {Og /f o)

NOTE: Very flexible: No tunning, no fitting: just simulations at different L/a and
matching g

a\2 2
2 . / S0 /D +ps) (£ gy
= — |logs —
x“(p) Z 512 08 Vi Blx;p)

(p) = Z 61? |:logs —/ dx + 5, 5) (’1)2:|

N B(x;p) L

29
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THE JOGGING couPLING IN Ny = 3 QCD

—MATTIA DALLA BRIDA

0 \
l-loop — - —-
. 2—100p - —
-0.5 - == fit be —
) fit beffA
-1 |
—-1.5 —
— -2 -
>
4
D25 —
-3 -
-3.5 —
4 |
—45 \ \ \ \ [
1 1.5 2 2.5 3 3.5 4

25/29



Morivarion FINITE SIZE SCALING CONNECTING THE HADRONIC REGIME OF QCD
000 0000000000000 0000e

MATCHING WITH L SCALE

ConcrLusions

Lo defined via g2:(Lo) = 2.012 }

How to relate with g2
> Takea few of 3,L/ast. g3 (L) = 2.012
» Computein 8,2L/as.t. g2 (L) =?

26/29



MorivatioN FINITE SIZE SCALING

000

'CONNECTING THE HADRONIC REGIME OF QCD ‘CONCLUSIONS
0000000000000 0000e

MATCHING WITH L SCALE

2.76

T T
Zeuthen flow F——
275 U Wilson flow +F—e—i

. Continuum H—=—

2.74 -
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2.72 -
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—
T

N
39
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0

0.001

0.002

0.003 0.004 0.005 0.006 0.007
(a/L)*

26/29




Morivarion FINITE SIZE SCALING CONNECTING THE HADRONIC REGIME OF QCD CONCLUSIONS
000 0000000000000 0000e

MATCHING WITH L SCALE

2.76

T T
Zeuthen flow F——
|| Wilson flow +—e— 1

2.75 Continuum +—a—

Q.=Z4

g2 (2Lg) = 2.6723(64)
And finally (PRELIMINARY)

V11.31
Lhad _ 2/ A 21.80(41)
Lo V26725 B(x)

27 } —
2.69 - —
2.68 —
2.67 - E —
2.66 | | | | | | | |

—0.001 0 0.001  0.002 0.003 0.004 0.005 0.006 0.007

(a/L)?
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DETERMINATION OF 3-FUNCTION IN QCD

B(g)

FINITE SIZE SCALING
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CONNECTING THE HADRONIC REGIME OF QCD
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CoNcLUsIONS

~ My ~ M, ~ 200MeV
T T Y
1-loop _|
2-loop — —
Schrédinger Functional — s
= radient Flow mmmm —
S
RN ALPHA
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T 0 AN
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< - —=0.05 \
\
B 4 \ ]
0.1 \
\ —
= - —0.15 \
\ _|
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— —0.25 \
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CONCLUSIONS

r

Finite size scaling key for a first principle determination of the fundamental
parameters of the SM.

» Matching with PT requires care when precision increases

Gradient Flow ideal for matching non-perturbative regimes of strongly
coupled QFT

Determination of 8- function allows more flexibility than o (u).

» O(a?) cutoff effects still large! Better understanding.

3-loop coefficient?
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