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 Volume            SU(N)

✦ Large N          Eguchi-Kawai reduction - Volume independence

                

✦ Finite N ?

Effective size involving both volume and group degrees of freedom

      

                

Previous talk by A. González-Arroyo

                             Volume dependence encoded in       

Amber,  Basar, Cherman,  Dorigoni, Hanada, Koren, Poppitz,  Sharpe,…
Kotvun, Unsal & Yaffe

Some relation to the idea of volume independence by
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✦  Formulate the problem in the continuum on a d-torus of Size l 

     

A different limit - Physics on a finite volume

Twist matrices
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⌦2(x)
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2i⇡
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G. ‘t Hooft

⌦1⌦2

⌦2⌦1

Twist tensor

’t Hooft, Luscher, Gonzalez-Arroyo e.a., van Baal



d-torus       Size l 

Aµ(x + l ⌫̂) = �⌫Aµ(x)�†
⌫

�µ�⌫ = e
2⇡inµ⌫

N �⌫�µ

Twist nµ⌫ �µ
Twist
Eaters

For orthogonal twists ⌦µ(x) = �µ

consistency

boundary 
conditions 

1

4

nµ⌫ ñµ⌫ = 0 (modN)
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Â

⌫

(p) �̂(p)

To satisfy b.c. momentum is quantised in units of

Effective box - size 
pµ =

2⇡nµ

le↵

le↵ = lN
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p
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To implement boundary conditions 



Conjecture

Volume and N dependence controlled by le↵

By varying         we can transit from perturbation theory to confinement le↵

     determines the dynamicsle↵



Link to Eguchi-Kawai reduction

le↵ = l
p
N

On a lattice l = La

For the one-point lattice  in EK reduction - thermodynamic limit

le↵ = a
p
N

N ! 1, a fixed

le↵ = 1

fixed le↵ N ! 1 & l ! 0

We will instead pursue



• Free propagator identical that on a finite volume le↵

• Group structure constants

F (p, q,�p� q) = �
r

2
N

sin
✓

✓µ⌫

2
pµq⌫

◆

✓µ⌫ =
⇣ le↵

2⇡

⌘2
⇥ ✏̃µ⌫ ✓̃

Momentum dependent phases in the vertices

González-Arroyo, Korthals Altes, Okawa

Perturbation theory

• Momentum quantized in units of  le↵

�(p)

Links to non-commutative gauge theories



in 4-d

nµ⌫ = ✏µ⌫ k
p

N

k¯k = 1 (mod

p
N)

✓̃ =
2⇡k̄p

N

in 2-d

k¯k = 1 (mod N)

nij = ✏ijk
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2⇡k̄

N

le↵ = lN le↵ = l
p
N

k and N co-prime k and        co-prime
p
N

4d with a 2-d twist  Ramos & Keegan



Vertices                          

In perturbation theory,  physics depends on                           

✓̃ , � , le↵

Volume independence                        

For fixed    , volume and N dependence encoded in the effective size                       ✓̃

The perturbative expansion implies an equivalence between different 
SU(N) gauge theories                       

r
2�

Ve↵
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pµq⌫
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Vertices α                



Morita Duality

The SU(N) twisted theory is physically equivalent to a non-commutative 
U(1) gauge theory defined on a periodic torus with periods       and 
non-commutativity parameter θμν.

le↵

A
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(x) = N
0X

p

e

ip·x
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⌫

(p) �̂(p)

in U(1)

Non-commutativity in the vertices

Links to non-commutative gauge theories

Ambjorn, Makeenko, Nishimura & Szabo
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Comment 1  

✦ Certain momenta excluded by the twist in SU(N)

A
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(x) = N
0X

p

e

ip·x
Â

⌫

(p) �̂(p)

pµ =
2⇡nµ

le↵ nµ = 0 (mod

p
N) 8µ

for d=4, exclude

Reintroduces N dependence

Tr �̂(p) = 0



    MGP, González-Arroyo & Okawa

Example - SU(N)  Wilson loops on a  L4   lattice

logW (b,N, L) = �W1(N,L)��W2(N,L)�2

N ! 1

For TBC
W1(N,L) = F1(L

p
N)� 1

N2
F1(L) �! F1(1)

Finite N 

L ! 1

Retrieves the correct number of colour degrees of freedom

W1(N,L) = F1(L
p
N)� 1

N2
F1(L) �!

N2 � 1

N2
F1(1)

Reintroduces N dependence



N ! 1

retains L dependence

For PBC

W1(N,L) = F1(L)
N2 � 1

N2
�! F1(L)



Comment II  

✦ Fixed ✓̃

k and        co-prime
p
N

✓̃ =
2⇡k̄p
N

Not possible to keep it exactly fixed when changing N 

The conjecture relies on assuming a smooth dependence on  ✓̃



González-Arroyo & Okawa,  MGP & González-Arroyo & Okawa

Possible caveats   

✦ Non-perturbative effects ?       

TEK Symmetry breaking Ishikawa&Okawa, Teper&Vairinhos e.a., Azeyanagi e.a.

✦ Perturbative instabilities in the large N limit  

Negative self-enegy              Tachyonic instabilities
                                Hayakawa, Guralnik e.a., Armoni e.a., Bietenholz e.a., .....

Avoided if   

                           

k and k̄ / N as N !1



Some applications

✦ Running of the SU(   ) coupling in 4-dimensions

✦ Spectrum of 2+1 Yang-Mills theory

8



SU(N) running coupling

    Lüscher, Lüscher & Weisz

Yang-Mills gradient flow

Flow of gauge potentials

@tBµ(x, t) = D⌫G⌫µ(x, t)

Bµ(x, t = 0) = Aµ Gµ⌫ = @µB⌫ � @⌫Bµ + i[Bµ, B⌫ ]

Gauge invariant composite fields at positive flow time

Renormalized observables defined at a scale  

µ = 1/
p
8t



    Luscher, Fodor et al., Fritszch&Ramos

Twisted gradient flow coupling

Action density

Define a renormalized coupling in terms of E(t)

1
N hE(t)i = 1

2N hTr{Gµ⌫(t)Gµ⌫(t)}i / �MS +O(�2
MS

)

• Use twisted boundary conditions 

• Set the scale in terms of the torus size

�TGF(l) = N�1(c)
t2hE(t)i

N

����
t=c2l2/8

    Ramos

Scheme dependence

Scale dependence



    MGP, González-Arroyo, Keegan, OkawaOur proposal

For SU(N) set the scale in terms of the effective size

l̃ = l
p
N

For TEK
l̃ = a

p
N

Non-perturbative lattice determination

Implement step-scaling by changing the rank of the group

�(l̃)

l̃ = La
p
N

L = 1



Implement step-scaling by changing the rank of the group

Fix a value of the renormalized coupling  u

at fixed u

u = �(b, L) ⌃(u, s, L) = �(b, sL)

L =
p
N

(at fixed   )̃l

l̃ = a
p
N

Repeat for a sequence uk+1 = �(uk, s) sn l̃
p
N = 8 ! 12, 10 ! 15, 12 ! 18 s = 3/2

SU(N) SU(s2N)

sL = s
p
N

For TEK

�(u, s) = lim ⌃(u, s,
p
N)

1/N ! 0



⌃/u

1/N Continuum extrapolation implies
a large N limit at fixed renormalized 
’t Hooft coupling 

Continuum limit at fixed    by sendingl̃ N ! 1 c=0.3



Step scaling function  SU(   )8

�/u

u

c=0.3

one-loop

two-loop
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Results in 2+1 d

    MGP, González-Arroyo, Koren, Okawa

in 2-d

k¯k = 1 (mod N)

nij = ✏ijk

✓̃ =
2⇡k̄

N le↵ = lN

x = �Nl/(4⇡) Relevant scaling parameter for fixed      ̃✓ =
2⇡k̄

N

Dimensionful ’t Hooft coupling



Mass Gap  in PT ~n 6= ~
0 (mod N)

2⇡|~n|
Nl

electric flux ei = �k̄✏ijnj

Glueball mass  in PT

one to one relation between flux and momentum
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Lowest state has flux k̄

one-gluon states



Gluon self-energy - Perturbation theory
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Tachyonic instability

Mass squared negative at 

k and k̄ / N as N !1

xt(~e) =
4⇡2|~n|2|~e|

N

~e

N
= (z, 0)

Gonzalez-Arroyo & Chamizo



Electric-flux energies grow linearly with l in the confined region

E
�

=
�~e l
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⌘
�(z) = �(1� z)
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✦   Compatible with reduction E(z)
�

= 4⇡x

�

0
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2
�(z)

✦   The linear growth can overcome      

      the tachyonic behaviour 



Ansazt for electric flux energies
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Low energy - non-commutative field theory

Guralnik
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Summary

✦ For finite N - Perturbation theory indicates physical 
quantities depend on 

   

           (up to  possible           corrections)

✦        combines N  and l dependence

✦ Non-perturbative tests

✓̃ , � , le↵

le↵

1/N2


