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@ P-boundaries — complex determinant
© Dirac operator in Majorana basis

© Construction of D with CP-boundaries
e Pion propagator

© P-boundaries for 2 degenerate flavors

© Conclusions & Outlook
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P-boundaries
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@ P-boundaries — complex determinant
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P-boundaries
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P-boundaries: complex determinant problem

@ Reflection of fermion fields
1/’(&)’,2) — i757x¢(L_X7yvz)

@ ~s-hermiticity is lost —  complex determinant

eig(D) o
| eig(D)

1 2 6 11 12 13 14

@ Avoid complex determinant problem: add charge conjugation
T —
W — Cip Y= —pTC  U,— U
with C = iy,y: = Ct=c1=_CT



C-eigenbasis
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© Dirac operator in Majorana basis
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C-eigenbasis
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Fermionic action in antisymmetric form

@ Charge conjugation swaps 1) with 1

@ Usual form S = ¢D1 not applicable

@ Rewrite using vectors containing both v and ¥
1

_ --D’ _ r
GNP (ﬁ)%wow—;WDwT:ww
2

@ Introduce
§= (fT) , D

5 =UDw = —¢TBe

I
T
)
)
s'
N——
I
|
lw]}
~|

@ Then
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C-eigenbasis
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Grassmann integral — Pfaffian

o §=4yDy = —3£7D¢
1 +x N
° /d§ exp <—2§TD§> = pf(D)
e pf(M): Pfaffian of 2n x 2n matrix M

HM 2i-1),0(2i)

s pf(M) =

2n

! g€Sy,
o pf(M) = pf (M 2MT)
o pf(ATMA) = det(A) pf(M)
o if M= —MT then pf(M)? = det(M)

@ In our case
~ T p— —
pf(D) = pf (—D D > = det(D) = /d¢d¢) exp(wDi/))
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C-eigenbasis
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Majorana basis

@ Change basis: 1,9 — eigenbasis of charge conjugation
Lucini et.al. JHEP 1602 (2016) 076

:(m>: 1 [ yp+Co" i(l C) wT ~ve
K 2 V2 —11/1+/C1/1 V2 \—i iC)\y
@ Charge conjugation: 7 — (_177172> =p3n,  p3= ((1) _01>
CINT Ay 1 A
© 5= €Dt =2 (V) B(v )n= 10" CBy
@ Using CD[U]" C = D[U*]

5_ (D[U]JrCD[U] Cc iD[U] - ico[u]” c)

—iD[U] +iCD[U]"C  D[U] + CD[U]"C

-D {Fsggg }IQEEJ‘;)} =D[Re(U) L2z — i1m(V) - ]

@ D is a usual Dirac operator, but with 6 x 6 real component links
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C-eigenbasis
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O(a)-improvement and D, in C-eigenbasis

— Re(U) —Im(V)
YD[U]y = 7577 e D[ m(U)  Re(V) } n (1)
@ Eqn. (1) is valid for D[U] linear in links

U {Re(U) “Im(V)

Im(U)  Re(U) } is a representation equivalent to 3 @ 3

@ Eqgn. (1) is valid for D[U] linear in products of links
— valid for clover improved Wilson operator

@ Eqn. (1) is valid in some more general cases, e.g. for
Dov[U] = 1+ 75 5gn(vs (Dw[U] — mo) )

overlap operator:

Do [U]Y) = —%WTC (1 + 5 5gn {’Vs (DW “:EZ; _Rlzzgjl;)} - mo) }) U]
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CP-boundaries
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© Construction of D with CP-boundaries
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CP-boundaries
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Construction using 2 M

@ Start with doubled manifold 2 M

L

0 ‘ t
0 T 2T
@ Periodic b.c. for both gauge fields and fermions
o D: Dirac operator on 2M, satisfying vsD~s = DY
o P: projection onto fermion fields with desired b.c.

@ On manifold M

0 T
Dirac operator is given as

Dvy=2(PDP),,  xyeM



CP-boundaries
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Construction of CP-boundaries

@ 7: transformation on 2M
shift in direction t, reflection in direction x

L — x (mod L)
_ y
t+ T (mod 2T)

L
D , (i
o Gauge fields: t—t+ T, x— —x, charge conjugation

1o, e
00 T 2T t

Uc(x,y,z,t+T) = UXT(L—X—l,y,z,l“)7
Ui(x,y,z,t+ T) = U(L—x,y,2z,1t), i=y,zt

@ T: transformation of fermion fields:
t—t+ 7T, x— —x, charge conjugation

(Tn) (x) = =v5xp2p3n(TXx),  p2= <O B')

I
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CP-boundaries
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Dirac-operator with CP-boundary condition

@ T: transformation of fermion fields
t—t+ T, x— —x, charge conjugation

(Tn) (x) = = yxp2p3n(rx),  p2= <O BI)

Th=T, T*=1, [ﬁ,T]:O

— Define Py = liTT D =P.DP.
o Dy: Dirac-operator on M Dy ~P.LDPy

Ran(P4.)

(Dj:) = (ﬁ + Tf)) = ﬁ)ﬁy + V5 YxP2pP3 I’jrx,y X,y € M
X,y x5y

)

ty

Bulk term: D..,

Boundary term:  Fysyxp2p3 IADTX,y yolom

0 T
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CP-boundaries
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Positivity of fermionic action

@ 75 p2-Hermiticity
[D,p] =0, 4Dy =D" — 75pD75p, = DY
M. A. Metlitski arXiv:1510.05663
oT: t—t+T, x— —x, charge conjugation

(Tn) (x) = =5 xp2p3n(Tx),  p2 = (? _Oi>

14T
® [T,5p2] =0 — Pi= —— preserves 5 p2-Hermiticity

—  det (6i|Ran(Pi)) € R, where f):t = Pif)P:t
o p2T = 7Tp2 — pgpi = P¢p2 — ,02f):|:,02 = f)y
s b.~D. — {eig(lf)i)} - {eig(ﬁ)} with multiplicity 2

@ Disan ordinary Dirac-operator, with Re {eig(f))} > 0 close to the
continuum
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CP-boundaries
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Positivity of fermionic action

@ D, : Dirac-operator on M Dy~ f)i|Ran(Pi)

o det(Dy —s)=det(C(Ds—s)) = pf(C(Ds1—s))" = H(s — Ag)?me
— A are the eigenvalues of Dy

o "y5p2Di’y5p2 = Dl, Re{elg([)i)} >0 — )\a >0 or Az = )\0/
— pf(CDy) H)\ >0 — pf(CDy)=/det(Dy)

Lucini et.al. JHEP 1602 (2016) 076
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7T propagator
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@ Pion propagator
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7T propagator
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Pion propagator

@ Interpolating operators in 7 basis

— 1
O, = Y, 5%s = 75"7[‘1”75C(17p2)77d
— — 1
Op- = =Ygt = 51a75C (1= p2)inu

@ Correlator between x,y € M

(00 (1)) =~ { (D 2C (1= p2) () (1), 25C (1~ p2)(ma), )
@ Grassmann integral for n
1
/dn i M TMis My €XP (—EUTMTO ) B B
1, -3 22 580(0) (M) ) ) (M) o i
/dn exp (7577 Mn) cES,
® We choose my =my  (N.B.. M= CD, [p2,D] =0 but [p2, D] #0)

_ 1 A A " AN
(Or- ()0 () = 3T (D7), 2 (D7) o+ (D7), (D7) ]




7T propagator
[e] Jole]

2 remarks

@ Strategy to increase statistics
@ Usual: put sources at several different t > 0
o Here: shift gauge configuration with —t, and put source at 0

© Correlator can be expressed using D!

(D*l)w = 2(Pifrlpi)w X,y € M

0 T 2T 3T
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7T propagator
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Numerical test

@ 16° x 32 quenched with CP-boundaries, 8 = 4.35, wy = 1.57
@ Wilson-Dirac operator, 4 steps of stout smearing with ¢ = 0.125,

bare quark mass my = —0.16
0
10 T T T
CP-periodic  »
1072 Ftag
S Aa,
E Y
F o4 fAay L
y t
10°®
0 5 10 15 20 25 30
0.280 | My b
(EIC S S ST S S N
0.272 &, L L . i
0 8 16 24 periodic

@ Backward propagation suppressed

@ Translational invariance
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7T propagator
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Suppressed backward propagation

(O~ (t) O~ (7)) =
=Tr[CPe (T-H O, e (=DHD _ e TH] =
=> (n|cPe”T=DH O _ |k) (k| e ""DH O, _ e |n) =
n,k

=) (cpP |k) (k| O, |n) exp [~ TE,—(t—F)(Ex—Ep)]

n,k

o Lowest term: n=vacuum, k =7~ — exp ( — (t — T)M)
@ Missing: n= 7", k = vacuum
@ 2nd lowest: n=7n"+7", k=7"

—  exp [— TE o+ +(t —t)(Ex- v — MF)]
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2 flavors
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© P-boundaries for 2 degenerate flavors
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2 flavors
o

P-boundaries for 2 degenerate flavors: u <> d

@ 7: same as CP-boundaries: t—t+ T, x— —x

X

L n m (;)(Lx;modL))
. T_”, W . ’ i B t+T(;od2T)
0 T 2T
@ Gauge fields: t—=>t+ T, x— —x
Udx,y,z,t+T) = Ul(L—x—1,y,z 1),
Ui(x,y,z,t+ T) = U(L—x,y,zt), i=y,zt

oT: t—t+T, x——x, u<d

(TY) (x) = iy ¥(7x), T = <(1) (1)> in flavor space

o If my = my then [D,T] =0
o [1573,T]=0 — ~s7m3Dins3 =D} — det(D:) e R



Conclusions
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© Conclusions & Outlook

Biélint C. Téth LQCD on non-orientable manifolds Il



Conclusions
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Conclusions

@ Conclusions

o P-boundaries for fermions: complex determinant

o Fermions on non-orientable manifolds are possible
@ 1 flavor: include C
@ 2 flavors: u <> d

o Pion propagator: suppressed backward propagation

@ Outlook

¢ Implement dynamical HMC

o Investigate effects of 2 sectors for QCD
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2 sectors

Outline

@ Two topological sectors
@ Sectors of SU(3) in 4 dimensions
@ Sectors of U(1) in 2 dimensions
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2 sectors
e0

Topology of SU(3)-bundle in 4 dimensions

@ Space reflectionat t=T

X L —x
puy = diag(l,~1,-1,-1), <y) _ <iy>

. Au(x = L)
Au(t=0) Q Aulx=Ly,z,t) = [y, z,t)|Au(x=0,y,21t)
Auley =Lz, t) =[xz, t)]Aulx,y =021t
Q Au(t=T) _ _
0 ! Aulxy,z=1Lt) = [Q(xy, )] Aulx,y,z=0,1)
0 O Afx=0) T ! Aployszt=T) = [Qo)]puvAv(rx, t =0)
® Q,: transition functions -  gauge transformations we need to

apply when crossing the boundary in direction p.

@ Cocycle conditions

N(y,z,t=T) Q(x=0,y,z) = Qx=1Ly,z)(ry,7z,t=0)
Q(x,z,t =T) Q(x,y =0,z) = Qu(x,y =L,z) Q(rx,72z,t =0)
Q(x,y,t=T) Q(x,y,z=0) = Qo(x,y,z=1L) Q3(7x,7y,t =0)
Q(y=1Lz,t) D(x=0,z,t) = Dx=1L,zt)Q(y=0,z1)
Q(y,z=1L,t) Q3(x=0,y,t) = Q3(x=L,y, t) U(y,z=0,t)
Q(x,z=1L,t) Q3(x,y =0,t) = Q3(x,y=1L,t) Q(x,z=0,t)
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2 sectors
oe

Sectors

@ Gauge transformation

A) = 2()A) e () +ig(x) g’ (x)
Q(y,z,t) = z(x=Ly,z1t) Uy, zt) g (x=0,y,2,1)
Qh(x,z,t) = zlx,y=Lz1t) W(x,zt) g (x,y =0 2z1t)
Aoy t) = elay,z=L1t) Qloyt) g (xy,z=01)

Q(x) = glx,t=T)(x) g (7x,t=0)

@ Choosing suitable g: Q123 =1 achievable
@ In this choice of gauge

Q= —ﬁe,-jk / ¢ Tr [ (250190 ) (240520 ) (2006 |
QeZ
non-orientability — wviag Q — Q=+*2 possible.

(]

2 distinct topological sectors, characterized by @ (mod 2).

Biélint C. Téth LQCD on non-orientable manifolds Il



2 sectors
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U(1) in 2d: Continuum

© Q,(x) = exp (i wu(x))

X

. w1 Ay(x = L)
At =0) wo Ao(x, t=T) = Ay(l—x,t=0)
Al(x,t=T) = —Aj(L—x,t=0)~+ Oxwo(x)
wo AT agx=10) = Ag(x = 0,0) + B (8)
0 t
0w Aufx=0) T Alx=1Lt) = Ai(x=0,1)

Q=5 [/OL Dyio(x) dx — /OT Duwor(£)dt — 2w (t =0)|  (mod 2)

@ Cocycle condition
wi(t=T)+wo(x =0) =wo(x = L) +wi(t =0) +2km, keZ

@ Gauge transformation

AL, t) = Aulx,t) + dua(x,t)
wi(t) = wi(t)+a(x=L,t)—a(x=0,t)
wo(x) = wo(x)+alx,t=T)—a(L—x,t=0)
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2 sectors
(o] lele}

U(1) in 2d: Lattice

® Links U,(x,t) =exp(iA.(x,t))

@ Plaquette
Up(x, t) = exp [iA1(x, t) + iAo(x + 1,t) — iA1(x, t + 1) — iAo(x, t)]

@ Topological charge has a bulk term and a boundary term
1
Q= ;arg [Up(x,t)] — QXX:Al(X, t=0)| (mod2)

with  —7 <arg[Up(x,t)] < 7.

L

0 t
0 T
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2 sectors
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Tunneling between sectors

B=9.025, a=0.332/e
2 3

0 1 4 5
15
® o 10 ®
S S S
& & 5 a
S 5 0 5
s s 5 s
£ - 2 .0 e
-15 periodic 15 2150 periodic #unnélings= 333 periodic
< L1 L1
5 5 5
2 2 2
8 g g
8 3 3
K F s
) S )
11369 P-periodic o 2124 P-periodic 0 P-periodic
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
x 10° sweeps x10° sweeps x 10° sweeps
B=11.025, a=0301/e =121, a=0.287f p=13.225, a=0.275/
0 1 2 3 5 0 1 2 3 4 5 0 1 2 3 4 5
0
3 g2 £}
5 g g
S 51 s
B go g,
6 periodic - 2 periodic
< 1 L1
5 s s
8 8 8
3 3 3
5 H s
) ) S
o a7 P-periodic o 10 P-periodic o 1 P-periodic
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
x 10° sweeps x10° sweeps x10° sweeps

B=14.4, a=0.264/e
0 1 2 3 4 5




2 sectors
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Equivalence of sectors

@ Non-orientability — S=0, Q =1 configuration: Uz(x,1t)

X

1

[

L/2 ! y
/|||||J

0! —

U=-1, A=m

t
0 T

® The mapping Uw— U- Uy

@ bijection between the sectors @ =0 and Q =1,
@ leaves the action invariant,

o leaves the integration measure invariant.

Biélint C. Téth LQCD on non-orientable manifolds Il



	P-boundaries -3mu complex determinant
	Dirac operator in Majorana basis
	Construction of D with CP-boundaries
	Pion propagator
	P-boundaries for 2 degenerate flavors
	Conclusions & Outlook
	Appendix
	Two topological sectors


