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Motivation for a Mass Dependent Scheme

Lattice 483 % 96 Physical | 64° x 128 Physical | 48% x 96 Fine

1/a (GeV) 1.73 2.36 2.8

Mp, (GeV) 1.42 - 1.68 1.49 - 212 1.51-2.42

PDG My = 1.86957(16) GeV, Mpy = 1.86480(14) GeV 1

@ massless quarks: am < ap <

@ Reduction in lattice artefacts when performing continuum
extrapolation in a massive scheme, by potentially removing mass
dependent O(a?) terms

1arXiv: hep-lat/1602.04118v1 and hep-lat/1511.09328




—————
The Charm Project

Determine the decay constants fp and fp_ using
(0| A% Dg(p)) = fp,Pp,

where g = d, s and the axial current Aty = ¢v,754.

To obtain the decay constant, we need to renormalize
the bare axial current.




Kinematics
@ Symmetric Minkowski momentum p? = p3 = g% = —p2 with 2 >0
@ Vertex GZ(ps3, p2) = (O2(q)¥(p3)v(p2)) , fermion bilinear OF = Y724

I" spans all the element of the basis of the Clifford algebra, T =S, P, V, A, T

Propagator S(p) = Ww

Amputated vertex function AZ(pa, p3) = S(p3) "1 GZ(ps3, p2)S(p2) ~*

At 1-loop
—_—

P2 p3



Continuum Ward identities

o Consider chiral transformations with a regulator that does not break
the symmetry, e.g. dim-reg
@ Vector and axial transformations on z/_J,-,d)j in the path integral imply:

e Vector WI: g - A, = iS(p2) "t — iS(p3) !
o Axial WI: g - A3 = 2miAd — v5iS(p2) ™t — iS(p3) 195

@ Flavor non-singlet 72 = o1 /2
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Renormalization

vr =200, Sr(p) = Z,S(p), mg = Zmm

[1/_1|_1/1}R =ZrpTp, A= ZpA", V= 2ZyVH

Renormalization of Ar: Arp = %/\r
’ q

e In general, Z = Z(g, au, am)
@ Regulator a
@ Renormalization scale u

@ Renormalization constants are determined by imposing
renormalization conditions. e.g. RI/SMOM.
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RI/SMOM Conditions

lim 1 Tr [iSr(p )t Al

lim
mr—0 12mR

o 1
lim Tr [(q-AvR) ﬁf”sym =

lim Tr [(q-Aar) s llym =1

i iT [Ap R 5]l = 1

mao 127 | PR lsym =

sym

1
lim —Tr [A —1
im 15 TSR]l

sym



Tree level values

RC are consistent with trivial renormalizations at tree level e.g.

lim
mr—0 12 2

—Tr [ISR( ) /é]

Z e [iS(p) !t A

li
M 12p2 2

Jim TZ LTr((p—m) A

=1
pr=—p?

=1
p27_u2

=1
pr=—p?

at tree level Z, = 1, same for all the others.

This is a property we wish to preserve in the massive scheme
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Zy =1 in SMOM

Bare Vector WI: q-Nv =iS(p2)~t —iS(p3)~t
Rewriting in terms of renormalized quantities using,

SR(p) = ZqS(p) and /\V,R = %/\V =

Z . _ . _
72 q-Nr=12Z4 Sr(p2) ™" =i Zg Sr(p3)~"
multiplying by ¢ and taking trace, using

im0 252 Tr [1Sr(P) ™ #]| =1

Mg 0 fT [(a-Mv.g) oy = 1

glves =27y =2Zy=1
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Heavy—Heavy RI/mSMOM Conditions

=1
p2=—p2

{Tr [—iSr(p) '] ‘pzz_m - % Tr(q- /\A,R)’Ys]’sym} =1

lim ——Tr[iSr(p)~" B

mr—m 12mR

l
LA 12

> 11 [(a-Avg) Al =

mIlem 12q ——Tr [(q /\A R —2mgil\p R)'75 ﬁ”sym =1
fim = Tr [Ap sl = 1
mR!mn_”l 12 PR lym =
lim —Tr [As.r] —iTr [2imR/\P R’Y5¢] =1
me—ri 12 ’ 692 ’

sym
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—————
Example: Z4 = 1 for Heavy-Heavy Vertex

Bare axial WI:

q-Aa =2milp —35iS(p2) " — iS(p3) s

Rewriting in terms of renormalized quantities

1 A 1
Zy T AR T 7 7

2mpifp g = — {75iSr(p2) "t + iSr(ps) ys}
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—————
Example: Z4 = 1 for Heavy-Heavy Vertex

@ Trace with v° ¢

Zx
Zi—1)=(1- Cop .
2 -1)= (1- 35 ) Cor

1

CmP = leT”ﬁ 12q2 Tr [2lmR/\p7R’75 gj”sym

@ Trace with 4°

(Zp —1)Cqn = —22 <1 -

ZmZP> ’

Cga = lim
mr—m mg

Tr[q - Aa,r5]lgym

Together give Zy =1 and Z,,Z, = 1.
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—————
Check at 1-loop in perturbation theory using dim reg

Dimensional Regularization, D = 4 — 2¢

Vulp, — k+ mlT[p, — k+ my*
k2[(p2 — k)2 — m?][(p3 — k)? — m?]

N =g cal) [
k
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Results

Zq:1+%C2(F)(%77E+1*%227m—:|n( m? >7In(m2ﬁ_¢;u2>)

Iz m2+p?

«

o 1 P Oopo o 1 (eg o
Ag) (P27P3) = . CZ(F) I:AVE (’6 ’ B7p75p3aP26) + Bvy? + CVE(PZ B + p3 ¢3)

1 1
D (65 Bt ) B (67 4 p;)}

2
. o - (fE
Ay = - Pty G+ |1+ —5)log| —— | — 1+4—2|og -
W
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e
Results

satisfies bare WI, and ... Zy = 1!
Similarly for Z4 and all other identities.

In particular no 1 dependence for the renormalization
constant of Noether currents.
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Heavy-Light RI/mSMOM Conditions

) 1 o 1 L1 -1 . -1
ml‘ﬂo o Tr [(a-Avir = (Mr — mp)As g) 9oy = mLIEQ oy Tr [(‘C Sw,r(P2) ™" — €S, r(P3) ) ‘/]

Mg—>m Mg —m

fim T [(a- Aap = (Ve + me)inp, ) 35 oy = lim ——Tr [(=in*C S a(p2) ™ = iCS10(p) %) 5 4]
me—0 122 " b SYm T my—0 122 ' ’
Mg —m Mg — i

lm =T [A [T S — {Tr [<i¢™ sur(P) 7| T g A s }+
w30 1or PR ey =0, M0 | 12(Mg + me) O L T e
Mg —>m Mg—m

1 . . 1
712(,\/’,? ) {Tr [*ICS/,R(P) ”PQZ*MZ — 5 Tr [(q . /\_A,R) 'YS] Isym} } .

where M and m refer to heavy and light quark masses respectively and

VZ
VZn

¢=
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Lattice Regularization

Lattice WI for chiral symmetry

VZ<AZ(X)¢()/)1/_J(Z)> = 2m(P?(x)1(y)¥(z)) + contact terms
+H(X2 ()Y (y)d(2))

@ X? explicit chiral symmetry breaking by lattice regulator

@ Reproduces usual continuum result when regulator is removed
= X°(x) =a02(x)

@ Renormalize operators, O2(x) mixed with lower-dim operators

@ Testa®: power divergencies do not contribute to the anomalous dimensions
= AR,H = ZA (g, am) AM

Za

—1_,
VMA;(X)

a a ’ﬁ a
O3R(x) = Zs [ 03(x) + ZP°(x) +

Z6(x)

2arXiv: hep-th /9803147
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Summary

@ Generalised SMOM to non-vanishing fermion mass

@ Derived non-perturbatively, checked at 1-loop in perturbation
theory

@ Both for heavy-heavy and heavy-light vertex functions such
Zyr =1

@ Obtain Z\'j’fj' by taking ratios of vertex function with
appropriate projectors

@ Numerical implementation and tests will be performed on

renormalizing matrix elements used to obtain decay constants
and form factors in semi-leptonics

19/25
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Finiteness of the ( ratio

_VZ
VZn

@ BPHZ theorem: Remove all the divergences of a graph, G, using
local subtractions only —>
coeffs. multiplying the divergent part are local.
2
: m
o Possible structure of the coeffs: 1, p>/m?, m?/p?, In <2>
p

—— ——
IR div  non-local “N>———
L non-local
~ A

£

D p—k D
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Numerical Implementation

( Ca(Mm)— Cvmp

2
An-t mixed)

(CA(MM) - CMMP) CA(mm)

=1

1
Ca(Mm) = |Irj>0 12 Szl Aarys dlm

MR~>m
- 1 Z1/221/2
mr—0 12¢2  Z4

MR~>m

Tr [q “Navs ﬁ”sym



Numerical Implementation

1 B _ .
Ay = ,r\gl,l?nlo TqQTF (=i’ ¢ Sr(p2) ™t = iCSiR(P3) ) s 4]
R— M

1 .
0 127 Tr [i(Mr + mr)Ap rYs Al g

Mgr—m

CMmP = lim
mgr—

. 1 .
Cump = M[:mm quTr [2iMrAP RYs 4]y m

Tr{g-AarYs oy

. 1
Camm) = le-:mﬁy 1242

Ca(mm) = “@ 12q 2Tr [q-AarYs Hloym

23 /25



Numerical Implementation

Wish to compute Z4(HL), all ingredients are available.

ZaZp(A(x)P(0))
Zaeons Zp (A5 P(0))

(A" P(0))
(A()P(0))

where ZAcons =1.

i TeliS(p)™t Bl om0
.
mr=m p? T [Apys]|gym

Tr[iSu(p) =t All e 2

( (Tr [1S1(P) 71 B o2 ) v
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Continuum 1-Loop Calculation: Example

=g [ L
HTE ok —m (g~ K m R

2 e ) x 1
< ), <de>‘5< Z ) be((p2 — K2 — ) + xa((ps — k) — ) + kT

@ Integrate loop momentum
@ Integration over the Feynman parameters is the difficult part

@ Certain techniques have become standard in the past few years

Mathematica packages: C. Duhr and Fire5 (Smirnov), Feynman
Integral Calculus (V.A. Smirnov),
F. Chavez, C. Duhr (2012): Three-mass triangle integrals

and single-valued polylogarithms.
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