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Introduction

In Lattice Gauge Theories, the expectation value of an observable is defined as

(0) = z [D[UO(U) exp(—S(U))

If the field is generated by the transformation U = F(V) D[U] — D[V] det ]:* (V)
(0) = Z [DIV]O(F(V)) exp(—SF(V))

Sx(V) = S(F(V)) — log det F. (V)
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Our goal, then, is to find a flow, JJF, such that

° S]: (V) is easier to simulate with HMC (e.g. better autocorrelation) but force of S]: (V) is required

) S]: (V) =9’ (V) i.e. flows to a different action where it is easier to simulate (or already simulated)

° S]: (V) = const, i.e. all configurations V have the same weight and they are uniformly distributed

Trivializing map [M. Lischer, 0907.5491] —— A/orma/fz/ng Hows [G. Kanwar et al, 2003.06413]
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How to construct the flow?

Direct approach

U=F(V)=foo-ofrofi(V)

Requirements:

e Cheap calculation of det JF, (V)

® Preserve symmetries of the field

Approach:
e Affine coupling layers: [2008.05456]
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Continuous flow
U=FV)=[fU,t)dt
U, = f(Uy, )

Same requirements...
Approach:

e Gradient flow by Lluscher: [0907.5491
e .. with machine learning: [2212.08469]

e Focus of this presentation
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Part 1: Continuous flows for Lattice Gauge Theories

How to define Ut — dCZt — f(Utat) 7

arXiv:0907.5491

~

Trivializing maps, the Wilson flow and
the HMC algorithm

Martin Liischer

CERN, Physics Department, 1211 Geneva 23, Switzerland
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ODEs on manifolds

Ut — g(Ut,t)Ut where Ut & Group
Z [Zt & Algebra ]

o Z; = g(Ut, t) is an element of the algebra

e Imposing Gauge invariance:

Uu(@) = Q@)U @) (@ + ) == [ Z,(2) = 22)2,(2)2' () |

e Strong constraints on Zt, how to satisfy these properties?
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Luscher’s ansatz

- arXiv:0907.5491 ~
Z + — 85 ( Ut . t) Trivializing maps, the Wilson flow and

the HMC algorithm

-~

S t t [ [ 1 ) Martin Liischer
t ’ ?: Cz ’ t \ CERN, Physics Department, 1211 Geneva 23, Switzerl(md/

° Zt is the force of a generic action (i.e. scalar & gauge invariant quantity)

o  Any force (i.e. gradient w.rt. the field components) is an element of the algebra

o Any force of an action (i.e. gauge invariant quantity) satisfies 7, () — Q(:U)ZH (:I:)Q]L ()

° Ut p— (8S(Ut’ t)) Ut is the most generic and suitable ODE for lattice gauge theories!
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Notation in Continuous Flows

(0) = Z [DIV]O(F(V)) exp(—SF(V))

Sx(V) = S(F(V)) — log det F, (V)

e Up =V basefield

Uy = (0S(Uy,t)) Uy flow onE

Ur=F(V) = fOT (85‘(Ut,t)) U, dt intearated field
log det F, (V) = fOT LOS'(Ut,t)dt with Lo =—3"

a a
T,U,a 8%/1 893,,“

S. Bacchio - 25/04/23 - Algorithms23 Workshop



Summing up on Continuous Flows

(0) = z [D[Us] O(Ur) exp(—5So(Uy))

~

So(Uo) = S(Ur) — [} LoS(Uy,t)dt

Base Target Flow
action action action

o SO (UO) — COIlSt./S, (UO)/ . . training condition
s S'(Ut, t) — Zz C; (t)Wz (Ut) trainable action with ¢; (t) free parameters

° LO S(Ut, t) is always equal to an action, e.g. EO WO = % WO (but more complicated
for loops with repeated links)
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Part 2: Building on Liischer’s idea

How to find C; (t) 7

Perturbative approach around /B = ( Machine Learning approach

arXiv:0907.5491 arXiv:2212.08469
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Trivializing maps, the Wilson flow and
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Liischer’s t-expansion

L () = 3, Mtk

=Y #58%w) = Y¢S Pwiw)
L k

1

e When solving around ﬁ— 0,ie. S UT fO [:0 Ut, )dt — const.

§YV = ;s
S =ty 62,500,587 fork>0
T, /.0
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Liischer’s t-expansion - Wilson action

) (1) @) 3) @) (5) (©) 7)

Terms appearing in the Next-to-Leading order,

5 i.e. all combinations of two plaquettes sharing a link |
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Machine Learning approach

—

g(Ut,t) = Zz C; (t)Wz (Ut) — C; (t, 9)

_)
° 9 are coefficients to train for finding the minimum of our tuning condition, i.e. cost function.

e Gradients of the cost function are needed for better & faster convergence

S(Ur) — So(Uo) — [ LoS(Uy,t)dt
it )

Coct ﬁmcﬁon

6
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Gradient of the cost function

9 000) = 4 _dg G
850(0) gé’S(UT) d9 fO dGEOS Ui, t)dt

D X J

o<
Q <
o<

Uy, —— s, = (a5(w0), v,

Coefficiente’ ODE Algebra’e scalar product

e ISSUE: we have as many fields lft(z) as the number of parameters. Suitable only for few parameters...
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Adjoint State method

20@) = fy | (N> 205:) — 21,5, | dt

Adjoint State
()

e We use the adjoint state method to remove any dependence on lft 7 See[2212.08469] for details.

gw)‘e At = 0Ly S: + [3§t,)\t] o E Ay, v) 3(9?‘},,,5',5
2 Y,V Second derivative
00 required

S
)‘T — 8S(l']T) ——— The adjoint state is defined at time T,
so we have to integrate backwards
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Part 3: Numerical Results

2 Dimensional SY(3) Yang-Mille Theory

arXiv:2212.08469
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Considered Flow Actions

e Model A: Next-to-leading order of t-expansion, 7 Loops x Linear coefficients (2 params.)

\/ Y,
/ \
0) (1) (2) (3) (4) (&) (6) (7)

Wy = W — 2W,

e Model B: 42 Wilson loops x 10 time points (interpolated by a cubic spline)

3(13 } (11

(8) ©) (10) (1) (12) (13) (14)
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Results on a 162 lattice

ESS at 3 _ —r _
Ref. Noparams 10 | 50 | 60 B=4.0 B=5.0 B=6.0

| Liischer, NL [3]] 8 non-zero values | 42% | 4% | <1% |

A 14 =2, X Tw 91% | 65% | 26%
B| 420 = 10; x 42w | 98% | 88% | 70%

| Boyda et al. [8]| O(10°) estimated | 88% | 75% | 48% |

This work

e We can use LlUscher’s t-expansion as initial guess

—
' LR m—————r ey
e We can get compatible results to deep learning www
0 T

with as few as 14 parameters (vs 4M)

e Model B represents the state-of-the-art in 2D SU(3) S
poc
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Time dependence of the coefficients is fundamental

| \
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Summary of arXiv:2212.08469

e We have successfully applied the adjoint state method in learning gradient flows
e This is the first successful application of gradient flows as trivializing map since 2009

e We have set a new state-of-the-art in generative models for Yang-Mills theories with
> Higher ESS
> Less number of parameters (5 orders of magnitude)
> Faster convergence thanks to initial guess (hundred iteration)
> All symmetries preserved
e Does the approach solve the volume scaling issue? No, as far as we saw so far...

e What about 4D results? Working on it, an outlook follows...
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Part 4: Outlook on 4D results

4 Dimensional SU(3) Yang-Mille Theory
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Target problem

Q, B=6.0
Moving away from toy models, our current target problem is

e [(=6.0 » 0.093 fm lattice spacing [1009.5228] .
e 16%lattice » 1.5 fm lattice size
e |ong autocorrelation already visible in the smeared Q

1k 1.5k 2k 2.5k 3k 3.5k 4k
For the base distribution then we can consider
Q, B=5.7

e |deally, uniform = most probably impossible
e Realistically, 3=5./ » double lattice spacing
e Practically, ...

1k 1.5k 2k 2.5k 3k 3.5k 4k
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Z/ ) exp(—=S(U)) = %/D[V] O(U) exp(—5S-(V))
radient Ut — _8St Ut
/ﬁ/o; S-(V) = f dt Lo S(Uy, t) { V=U K U=U,

Decired ST — TS + CT — _TEWO NE CT

base action 6
T =1 Target action

=20 Trivial action (constant)

560 Wo + Cpy/s

L’r — IB_,BO Wilcon action
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Ut = —8575 Ut

S, (V)= S(U) — [Fdt LoS(Us, ¢
(V)= 5) =], dt Lo5 (T ) {VEUT,UEUl

d

dr
0S,

or (857"857') — £0‘§T \S’T =75+ C;

Wilson action, S = —gVS _l— 07- — 7 (857 85T) o LOST

o8, — 22 (0Wy,85,) + EWy = const.
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Logt — %(8‘/‘/@,85}) + %W(} = const.

0)

&( ~1 3
_ 00 k _ k 5 = _‘CO Wo =—=W)
- Swnt =53 (%) $"w) { ;

<0 ~(k-1)
P §% = 1 (8WO,8S )

©) = 5 [DU1OW) exp(~5;0)) = 5 [ DIVIOW) exp(-53, (V)

Sp(U) — Sp, (V) = [5 5 4t LoS(Uy, ) = const.
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Convergence of the flow action

s o(SD)/0(S@) e o(LoSV)/0(LeS?) ¢ 0(£05?)/0(L£eS?)

~ 0 ¢ k ~(k) 0.10
S, =53 (%) 8w
kIO 0.06 1
o 1 < 1 ¢ Limit of the integral . 1 2 3 2 ; :

e B <6 X Region ofphysicalinterestat 3 = 6

~

e Order of magnitude of S( ) 77
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Quality of LO and NLO

aw; 8W 8 5'1 Difference 1. . .
dIB - 19 - TT oy . I ‘ SN, | S—— AR 7 R—— T RA—— o
Q.
iff .S is the exact action for flowing in ﬁ =
40 =
= > > < 201 ’ ¢ ’ ° ) 4 ¢ ’
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L 4 4 /! + 1 «Q ¢ . R
B N -20 ¢ ¢ o
(1) 2) (3) 4) Wo Wi W, W Wa  Ws W

S. Bacchio - 25/04/23 - Algorithms23 Workshop 27/28




Conclusions

e ltis very challenging to flow in B with target 3 Z §)
e The t-expansion suggests that the flow action is not local anymore

e Ways forwards?

> Go higher in order in the t-expansion... More work needed, very expensive and when to stop?
> Non-local terms in the flow action... Probably needed also when including fermions
> Not flowing in B... Looking for an action that is easy to simulate and easy to flow

> Or extending the algorithm with new ideas... Many to try, which one is the best?
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