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High-energy scattering and Wilson lines
High-energy scattering and Wilson lines.
Light-ray vs Wilson-line operator expansion.
Evolution equation for color dipoles.
Leading order: BK equation.
NLO high-energy amplitudes
Conformal composite dipoles and NLO BK kernel in A/ = 4.
NLO amplitude in A/ = 4 SYM
Photon impact factor.
NLO BK kernel in QCD.
rcBK.

m Conclusions
Two applications:

m QCD structure constants in the BFKL limit
m Rapidity evolution of gluon TMDs
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BFKL in particle production

Collinear factorization (LLA(Q?)):
1
Opp—X :/dxldXZDg<x17mX)Dg(x27mX>Ugg—>X
0

sum of the logs (c In ,’Z—%)” In-=5 ~ 1
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BFKL in particle production

Collinear factorization (LLA(Q?)):
1
Opp—X :/dxldXZDg<x17mX)Dg(x27mX>Jgg—>X
0

2
sum of the logs (c In :Z—%)" In %~ 1

LLA(x): kr-factorization

Opp—X = /dled/"zL(%%le-XA)S(’"?«-"CR)Uygﬁx

- sum of the logs (o Inx;)", In“% ~ 1

nmy,

Much less understood theoretically.
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BFKL in particle production

Collinear factorization (LLA(Q?)):

1
Opp—X :/dxldXZDg <X1 ) mX)Dg(x27 mX>Jgg—>X
0

501

2
my

sum of the logs (c In ,’Z—%)” In

LLA(x): kr-factorization

- sum of the logs (o Inx;)", In % ~ 1

Much less understood theoretically.
For Higgs production in the central rapidity region x; » ~ *% ~ 0.01 and
we know from DIS experiments that at such xz the DGLAP formalism
works pretty well =- no need for BFKL resummation
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BFKL in particle production

Collinear factorization (LLA(Q?)):

!
Opp—sX :/dxldXZDg<x1;mX)Dg(x27mX>Ugg—>X
0

sum of the logs (cIn Z—%)” In-=5 ~ 1

2
my

LLA(x): kr-factorization

Lol gl L
Opp—X = /dkl dhky g(ky 5 xa)g (ks 'v’\[)’)gggﬂx

- sum of the logs (o Inx;)", In“% ~ 1

ny,

Much less understood theoretically.

For my ~ 10GeV (like bb pair or mini-jet) collinear factorization does
not seem to work well = some kind of BFKL resummation may help.
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DIS at high energy

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix
element of a two-Wilson-line operator (color dipole):
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DIS at high energy

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix
element of a two-Wilson-line operator (color dipole):
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Formally, » means the operator expansion in Wilson lines
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Light-cone expansion and DGLAP evolution in the NLO

N —a — — | —

12 - factorization scale (normalization point)

K2 > p? - coefficient functions
kK% < p* - matrix elements of light-ray operators (normalized at %)
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Light-cone expansion and DGLAP evolution in the NLO

—  — el L . . 4

12 - factorization scale (normalization point)

K2 > p? - coefficient functions
kK% < p* - matrix elements of light-ray operators (normalized at %)

OPE in light-ray operators (x—y)2 =0

TGO} = 5 [1+ 22 4+ O] bl 016(0) + 0 )

[~’(-,\'} = 1)(’,"5"./;.1‘[“ (x=y)H A (ux+(1—u)y) _ gauge link
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Light-cone expansion and DGLAP evolution in the NLO

— — — _—— - e

12 - factorization scale (normalization point)

K2 > p? - coefficient functions
kK% < p* - matrix elements of light-ray operators (normalized at %)

Renorm-group equation for light-ray operators =~ DGLAP evolution of
parton densities (x—y)>=0

R TT0) = KoB (Ol lo0) + kot )k 1o)
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Four steps of an OPE

m Factorize an amplitude into a product of coefficient functions and
matrix elements of relevant operators.

m Find the evolution equations of the operators with respect to
factorization scale.

m Solve these evolution equations.

m Convolute the solution with the initial conditions for the evolution
and get the amplitude
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DIS at high energy: relevant operators

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix element of
a two-Wilson-line operator (color dipole):

N
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Als) = [ G ) BITE{U ) U (k)]

U(x,) = Pexp {ig/ duntA,(un+x,) Wilson line

I. Balitsky (JLAB & ODU) High-er mplitudes and evolution of Wilson i



DIS at high energy: relevant operators

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix element of
a two-Wilson-line operator (color dipole):

N
q
g>vv\/\m g
o
q g
0 9 0 g
0 9 0 0
5 3 SIS
0 TTTT Y 0 Q
9 b TTTTY
p oI - 0 g
0 9 %‘m
%‘W 3 g
g g g ooooY
{UD'O‘O‘G 0 q
o qd \—
9 @ "

Als) = [ G ) BITE{U ) U (k)]

o0

U(x,) = Pexp {ig/

duntA,(un+x,) Wilson line

Formally, = means the operator expansion in Wilson lines
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Rapidity factorization

7 - rapidity factorization scale

Rapidity Y > n - coefficient function (“impact factor”)

Rapidity Y < n - matrix elements of (light-like) Wilson lines with rapidity
divergence cut by n

oo
Ul = Pexp {ig/ dx+AZ_(x+,xL)]
—00

4 .
All(x) = / (;Z:)“e(e"— lo])e A, (k)

I. Balitsky (JLAB & ODU) High-energy amplitudes and evolution of Wilson i -



Projectile frame: propagation in the shock-wave background.

- /\/I\/
Boosted Field

Each path is weighted with the gauge factor Pe’s / %«4"  Quarks and gluons
do not have time to deviate in the transverse space = we can replace the
gauge factor along the actual path with the one along the straight-line path.

Wilson Line

[ x — z: free propagation] x
[U%(z,) - instantaneous interaction with the 1 < 7, shock wave]x
[ z — y: free propagation |
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High-energy expansion in color dipoles

The high-energy operator expansion is

T{]}J« .]V } /d2Z1d2Z2 IL Z17Z27-x7y)Tr{Ug] ngn}
+ NLO contribution
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High-energy expansion in color dipoles

+...
n - rapidity factorization scale
Evolution equation for color dipoles
itr{U’?UT”} = / dzz&[tr{U"UT”}tr{U"UT"}
dn 7Y 272 (x—2)%(y —2)? ) Y

— N{UTUI"}] + aKnpotr{UTUS} + O(a?)

(Linear part of Knpo = KNLo BFKL)
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Evolution equation for color dipoles

|
To get the evolution equation, consider the dipole with the rapidies up
to n; and integrate over the gluons with rapidities n; > n > n,. This
integral gives the kernel of the evolution equation (multiplied by the
dipole(s) with rapidities up to 7).

as(m — 1) Kevol ®




Evolution equation in the leading order

d_ . . -
d—nTr{UnyT} = KLoTr{U,Uf} + ... =

d A ~ A
% (TI'{ U, U;[ }>shockwave = <KLOTr{ UU ;[ }>shockwave

U = Te(i"U"UT} = (UUH) = (UU)" + ag(m — ) (UUTUUN™

= Evolution equation is non-linear
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Non linear evolution equation

() = 1= {00 (1)}

BK equation

N, d*z (x —y)?
272 ) (x—2)*(y — 2)?

{Ux.2) +8(y) ~Uy) - U0 )

d -~
%u(xa y) -

I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)
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Non-linear evolution equation

() = 1= {00 (1)}

BK equation

d -~ asN, d*z (x —y)? 5 3 " . .
i) = 55 | o Tt o) + ) () - U @ ) |

I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)

LLA for DIS in pQCD = BFKL (LLA: oy < 1, c4m ~ 1)
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Non-linear evolution equation

() = 1= {00 (1)}

BK equation

d - _aNe [ dPz(x—y)* (- - 5 5 .
) = 53 | G D) + () — Uley) — Ul () |
I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)
LLA for DIS in pQCD = BFKL (LLA: oy < 1, 5m ~ 1)

LLA for DISin sQCD = BKegn  (LLA: a5 < 1, a5 ~ 1, a,A'/3 ~ 1)

1. Balitsky (JLAB & ODU) High-energy amplitudes and evolution of Wilson i



Why NLO correction?

m To check that high-energy OPE works at the NLO level.

m To check conformal invariance of the NLO BK equation(in N'=4
SYM)

m To determine the argument of the coupling constant of the BK
equation(in QCD).

m To get the region of application of the leading order evolution
equation.
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Conformal invariance of the BK equation

Formally, a light-like Wilson line
[oop1 +x1, —oop1 +x1] = Pexp {ig/ dx* A+(x+7n)}
—00

is invariant under inversion (with respect to the point with x= = 0).
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Conformal invariance of the BK equation

Formally, a light-like Wilson line
[oop1 +x1, —oop1 +x1] = Pexp {ig/ dx* A+(x+7n)}
—00
is invariant under inversion (with respect to the point with x= = 0).

Indeed,
(xt,x1)? = —x% = after the inversion x; — x, /x* and x* — xT /x4

I. Balitsky (JLAB & ODU) High-ener; plitudes and evolution of V



Conformal invariance of the BK equation

Formally, a light-like Wilson line
[oop1 +x1, —oop1 +x1] = Pexp {ig/ dx* A+(x+7n)}
—00
is invariant under inversion (with respect to the point with x= = 0).

Indeed,
(xt,x1)? = —x% = after the inversion x; — x, /x> andx* — xT /23 =

B el as xtoxg x| x|
[oopi+x1, —oopi+x1] — Pexp {zg/ d—zAJr(—z,—z)} = [oop1+—5, —oop1+—57]
J—oco X7 XX X X7
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Conformal invariance of the BK equation

Formally, a light-like Wilson line
[oop1 +x1, —oop1 +x1] = Pexp {ig/ dx* A+(x+7XL)}
—00
is invariant under inversion (with respect to the point with x= = 0).

Indeed,
(xt,x1)? = —x% = after the inversion x; — x, /x> andx* — xT /23 =

0o +
[oopi4x, —oopi+x1] — Pexp {ig/ d— Ai(—, >
J—oo X XX

X X

X X
)} = loopi+y, —oopi+75]
X1 X1

=The dipole kernel is invariant under the inversion V(x,) = U(x, /x3)

a; [d*z (x—y)? 7
272 / 7 (x—2)%(z—y)?

1 . .
;—Tr{ V Vit = [Te{ V.V }Te{V.V]} — N.Te{V, Vi }]
dn , , .
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Conformal invariance of the BK equation

SL(2,C) for Wilson lines

i

S_ =K' +iK?), So= %(D+ M), §,. = %(Pl — iP?)

[\S]

. R 1. . R
[So, S+] = £S5+, E[SJ”S,] = So,

[S_,U(z,2)] = 28,0(2,2), [%,U(2,2)] = 20.0(z,2), [S+,0(z,7)] = —8,0(z,7)
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Conformal invariance of the BK equation
SL(2,C) for Wilson lines

S_ =

LK iKY, = %(D+ M), §,. = %(Pl —iP?)

N~

1. - N
=[S4+,5-| =S
2[ +> ] 0,

[S_,0(z,2)] = 28,0(z,2), [S0,U(z,2)] = 20.0(z,2), [S+,U(z,2)] = —0,U(z,2)

[So, S2] = £84,

Conformal invariance of the evolution kernel

ozSN

[s_,Tr{U Ui} = dz K(x,y,2)[S—, Te{ U UI} Te{ U, U] }]

0 5 0 8
= [x a‘*‘y 37+Z a*}K(xa)hZ) =0
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Conformal invariance of the BK equation
SL(2,C) for Wilson lines

S_ =

LK iKY, = %(D+ M), §,. = %(Pl —iP?)

N~

1. - N
=[S4+,5-| =S
2[ +> ] 0,

[S_,0(z,2)] = 28,0(z,2), [S0,U(z,2)] = 20.0(z,2), [S+,U(z,2)] = —0,U(z,2)

[So, S2] = £84,

Conformal invariance of the evolution kernel

ozSN

[s_,Tr{U Ui} = dz K(x,y,2)[S—, Te{ U UI} Te{ U, U] }]

0 5 0 8
= [x a‘*‘y 37+Z a*}K(xa)hZ) =0

In the leading order - OK. In the NLO - ?
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Expansion of the amplitude in color dipoles in the NLO

The high-energy operator expansion is

T{Ox)O()} = / d*z1dz 1"° (21, 22) Te{ U U1}
1 o o .
+ / d*71d*2d% 23 1IN (21,22, 23) [ﬁTr{T” unruinTon Uity — Te{ U7 U1}
c
i CCP, 2007

In the leading order - conf. invariant impact factor
x—z)i O-z)1

—2.-2
Z =




NLO impact factor

INLO (

mZz "¢

X, Yi21,22,2351) = —
Y 3 K25 43, ]) 772212Z23 4 D)

The NLO impact factor is not Mébius invariant < the color dipole with the
cutoff n is not invariant

However, if we define a composite operator (a - analog of p =2 for usual OPE)

A~ A~ 1» A A~
(Te{U2 U1} = Te{U7 U1}

)\ 2 ZZ2 ~ ~ ~ ~ ~ ~ aZZ
+ 53 4o Z%;Z%B [Te{T" 07 UI'T" U2 U} — N Te{U? UI"}] In 2 23 + 0(\?)

the impact factor becomes conformal in the NLO.
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Operator expansion in conformal dipoles

T{OO()} = / 212 X0z, ) Tr{ 07 D7y

1 A A NN A
+ / drd?d s NP (21,22, 23) [ETr{T" Ur o un Uiy — te{ U7 U1}

3722
A 2 2, eMas? .
PNO = - 02 a2 e T2D B 22 irgoc
2 213923 213423

The new NLO impact factor is conformally invariant
= Tr{U UI"}onf is Mébius invariant

We think that one can construct the composite conformal dipole operator order
by order in perturbation theory.

Analogy: when the UV cutoff does not respect the symmetry of a local operator,
the composite local renormalized operator in must be corrected by finite
counterterms order by order in perturbaton theory.
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Definition of the NLO kernel

In general

1 o A Ay PN .
;—Tr{U\U“} = a,KLoTH{ U U1} + a2KnioTr{ U Ul } + 0(a?)
dn
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Definition of the NLO kernel

In general

;—Tr{U\U“} = a,KLoTH{ U U1} + a2KnioTr{ U Ul } + 0(a?)
dn

PN d PN PN
a?KnLoTr{U. U} = d—nTr{UXU; } — a,KLoTr{U.Uf} + 0(a3)
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Definition of the NLO kernel

In general

1 P PN PN .
;—Tr{U\U“} = a,KLoTH{ U U1} + a2KnioTr{ U Ul } + 0(a?)
dn

PN d PN PN
a?KnLoTr{U. U} = d—nTr{UXU; } — a,KLoTr{U.Uf} + 0(a3)
We calculate the “matrix element” of the r.h.s. in the shock-wave background

(@2KnLoTr{ U, U1 }) = %(Tr{f]xf];}) — (Ko Tr{ U, U] }) + 0(a?)
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Definition of the NLO kernel

In general

d

ST {001} = K oTr{ U U1} + 2Ky o Tr{ U U} + 0(c)
dn

PN d PN PN
a?KnLoTr{U. U} = d—nTr{UXU; } — a,KLoTr{U.Uf} + 0(a3)
We calculate the “matrix element” of the r.h.s. in the shock-wave background

(0 KnLoTr{U U }) = d (Tr{U Ul = (asKLoTr{U,U}) + 0(a3)

Subtraction of the (LO) contribution (with the rigid rapidity cutoff)
= H prescription in the integrals over Feynman parameter v
+

V

Typical integral

! 1 1 1 (k—p)
dv S {7} — In——5——
Jo (k — p) v Ap (1 —=v)lvly izt Pl
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Gluon part of the NLO BK kernel: diagrams

> .
XN . (Xt) . (X . (xv)




(xvi (xvin)

(XXt (XXl

‘ (xXxvi) ‘ (xXxvi “ (xvin (XXIX) (XXX)




Diagrams for 1—3 dipoles transition

%q%‘." 9§, - - \
(XXXI) . (XXXIl) « (XXXl “ (XXXIV)
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"Running coupling” diagrams

“ vy
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1 — 2 dipole transition diagrams
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Gluino and scalar loops




Evolution equation for color dipole in VV = 4

R

= [, {1 ol [”—Zmém ?}}
™ 21323 4m L3 2

x [Te{T*U2 U T U2 UI"} — N Te{U2 U7}

_ ag /‘1213‘1254 1%2134 [] 1%22%4 } In 2%3254
4rt By T 304 — B384 T

% TI'{ [Ta? Tb} U;]I Ta Tb UJ'ZI] 4 TbTa 0;/I [Th , Ta ]szr/}(fjg)aa ([]:r/4 o [/r/ )bb

NLO kernel = Non-conformal term + Conformal term.

Non-conformal term is due to the non-invariant cutoff a < o = 7 in the rapidity
of Wilson lines.
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Evolution equation for color dipole in VV = 4

R

= [, {1 ol [”—Zmém ?}}
™ 21323 4m L3 2

x [Te{T*U2 U T U2 UI"} — N Te{U2 U7}
o? / d’z3d*z 73,73 { | 23275 } n 2323,
4rt By T 304 — B384 T

% TI'{ [Ta? Tb} Ué]l Ta' Tb’ UJZI] 4 TbTa 0;/I [Th/, Ta/] szr/}(fjg)aa’([jzrﬁ o U;Q )hb’

NLO kernel = Non-conformal term + Conformal term.

Non-conformal term is due to the non-invariant cutoff a < o = 7 in the rapidity
of Wilson lines.

For the conformal composite dipole the result is Mdbius invariant
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Evolution equation for composite conformal dipoles in N = 4

d P f
;W%WW“

2 2
Z CKN i AA A A A A f
= 5 @ 2 [1 = ST ({1 UL O T 0, U1} = NeT{ U O

2
™ 3303 4
2 2.2 2.2 2.2
a; o a z 21,2 77,2 7732
— g | dBd s iy {2111 ;2;44'[14' o }ln 3 %4}
213224734 214223 213224 — 214423 214203

< Te{ [T, TO) U T T U7 + 10107 [T, 7| UIM} [(U7)* (U1 — (24 — 23)]

Now M®bbius invariant!
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Exersize: 4-point correlator in N'=4 SYM theory in the
Regge limit

I. Balitsky (JLAB & ODU) High-energy amplitudes and evolution of Wilson i -



Small-x (Regge) limit in the coordinate space

(@ = = )HOWOT()O)OT(Y))

Regge limit: xy — pxi, ¥, = px,y_ = ply_, v — ply— p,pl — 00

Regge limit symmetry in a conformal theory: 2-dim conformal Mébius group
SL(2,C).
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Small-x (Regge) limit in the coordinate space

(@ = = )HOWOT()O)OT(Y))

Regge limit: xy — pxi, ¥, = px,y_ = ply_, v — ply— p,pl — 00

LLA: oy < 1, a5lnp ~ 1, = > (a;Inp)" = BFKL pomeron.
LLA & tree diagrams = the BFKL pomeron is Mébius invariant .

NLO LLA: extra a,: > a(aInp)" = NLO BFKL

In conformal theory (M = 4 SYM) the NLO BFKL for composite conformal dipole
operator is Mdbius invariant.
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NLO Amplitude in A’'=4 SYM theory

The pomeron contribution to a 4-point correlation function in ' = 4 SYM can be
represented as X\ = g°N,

(x— y)4(X’ =100 (3)OW)O'())

o / dv (v )tanhmsmh Z F(v, )R2(") Cornalba(2007)
w(v, \) = 3 x(v ) + >\2w|( ) + ... is the pomeron intercept,
LX(I/)* z( P(y) — (1 =), ",:l iv
fir(w) = (™ — 1)/ sin 7w is the signature factor.
F(v,\) = Fo(v) + AFi(v) + ... is the “pomeron residue”.

R and r are two conformal ratios:

B \,)\7\> o (Xi.‘,/)Z(}.i.\,/)l 1 2 ] 7\ﬁ
R*m' r= R - TRy TRl =g

In the Regge limit s — oo the ratio R scales as s while » does not depend on
energy.
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NLO Amplitude in A’'=4 SYM theory

The pomeron contribution to a 4-point correlation function in ' = 4 SYM can be
represented as X\ = g°N,

(x— y)4(X’ =100 (3)OW)O'())

o / dv (v )tanhmsmh Z F(v, )R2(") Cornalba(2007)
w(v, \) = 3 x(v ) + >\2w|( ) + ... is the pomeron intercept,
LX(I/)* z( P(y) — (1 =), ",:l iv
fir(w) = (™ — 1)/ sin 7w is the signature factor.
F(v,\) = Fo(v) + AFi(v) + ... is the “pomeron residue”.

R and r are two conformal ratios:

B \,)\7\> o (Xi.‘,/)Z(}.i.\,/)l 1 2 ] 7\ﬁ
R*m' r= R - TRy TRl =g

In the Regge limit s — oo the ratio R scales as s while » does not depend on
energy.

We reproduced w (v) (Lipatov & Kotikov, 2000) and found F (v)
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NLO Amplitude in A'=4 SYM theory: factorization in rapidity

(x =)' = y)HT{O®)OT ()OO (y)})
== /dZZIJ_dZZ2J_d2Z/1J_dzZIZJ_IFUO (.X, YiZ1, ZZ) [DD}GOJJO (Zl 5y %25 le 9 Z/Z)IFbU (xlv y/; Z/1 ) Z/Z)

i

a = 55 bo = (j,:yy,)z & impact factors do not scale with energy
= all energy dependence is contained in [DD]%* (ayby = R)
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NLO Amplitude in A'=4 SYM theory: factorization in rapidity

(x = y)* (& = )(T{O) O (»)O()OT(y)})
= / d*z11d’ 1 d*2) A2y TR (x,y;21,22)[DD] ™ (21, 225 24, 25)IF (¥, 5 21, 25)

Result : (G.A. Chirilliand I.B.)
N? 4rta? agN, 272 2 8
F(v) = ¢ s {1+ ‘”[— +—77]+ az}
@) NZ? — 1 cosh® mv m cosh>’zmvy 2 1+42 (o)
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v ]
= ¥ i

& —_— D _— L —

DIS structure function F»(x): photon impact factor + evolution of color dipoles+
initial conditions for the small-x evolution

Photon impact factor in the LO

d’zd* A
(=T W0 500} = [FE 0 (o 0l
- 12
R? 9’
LO _ _
L) (z1,22) = 700k - Q1) (R - Co) Oxkdy” (k- C)(k- ) h (G- Q)
K = ﬁl_+(/)—7\/)v+x\) Fl (p—lf\pqu\‘)
\V/S5X s VSsyT s
P . (G- ¢)
= >+ 2 R = =
G = (5 Hamta), 2(k- G (k- C2)
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Photon Impact Factor at NLO G. Chirilli and 1.B.

Composite “conformal” dipole [tr{{., U1, }],, - same as in A" = 4 case.

(x = )TV D)D) ()}

d*z1d%z v Qg P
_ / 2 {1t ) [1 + 2 {04 O, Vg
12

a7 ECHOICHS) w | g
+./d213[47r2 Z212 <1n 2(k - 63)*(C1- C2) _2C>IILO+ " }

2
13223
x {0, U1 Jr{ U UL } = Nete{ U, U, My |

i17z3

2 52 K- ()2
(D)) = 5 R {(h Q) 9 [7( 1)

1678 (k- C1)(k-G) | (k- (G) OxHOy” (¢1-G)
+<ff'C1)(H - (2) n (k- C)(E-G)C-G)  KHG -Cz)}

(G- ¢3) (G- GG G) (G- G)
(k- Cg)z 9? (k- C)(K-G) i'{,z(Cl - (3) ) )
e Bwea | @ﬁ)%@@“wﬁ@}
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Photon Impact Factor at NLO G. Chirilli and 1.B.
With two-gluon (NLO BFKL) accuracy

1 4oy 7 0 = v, Ik Ok "dzidzy LO Qg NLO

E(X*y) T{W )Y P )v )P} = gy ay/ Y Z/{uo(ZhZZ)[Ing(l‘F;) +Z05°]
280G ) - g - ¢

Iu,f(x_\_:: ) = r28 162 .\,1 2 2 5]

o (%321, 22) N (k- C) (k- &)

N A el raeGr 272 2lnR IR
Iylo (e ysz122) = R 202 oL 2 ALy (1 - R) — —— —
NLo(¥: 3521, 22) 477 { (5-C)(k- Q) [ i2( ) s PR TR
1 11 1 2C
— 4R+ — — 242(n=+ = —2)(In= +2C) —4C - =
nR+ 55 +(nR+R )(HR+ ) ]
nR 2C InR 1
(%JFQHQ){H 2 1

R
5

- _ = [ ,,"",’7”””’
(K- C1) R R * 1-R ZR} K2 <f\ T K2 )
CoRf 4 ¢Pre ., IR IR 3.5 2¢
[ CHA *CIHQH R~ g TR 2R+2+2C+R]
af 2
g (Ci-G) 2w .

818 ST (1 —

a3 R

T T 1 2 3
“2Ing =+ 2Rz3)(1nR+2C)+6lnRR+2+2RZ]}
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NLO impact factor for DIS

(g kL) = &/dv sinh v/ (ki)%*iu

32.) 7w (1 + 12) cosh® v \ Q2
G et s (§a0)(o0 2]

N qpqv Y2
P =g 5 Py =

Fie)(v) = @10)(¥) + x, ¥ (),

U(v) = (W) + 202 —7) =204 = 27) =¥ (2 +), =

v

| =

3x 25 11 7 10
Di(v) = F(y) + 72—+ 1+ + oo +
1) ™ 24y 182—7) 2y 2y 18(1+7%) 3(1+47)?
3x 1 7 X xy(1+37)
D(v) = F() 4 52 4l o — oo o A 7Y
2(v) = FO)+ 3755 27 22+37) 1+ 243y
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NLO evolution of composite “conformal” dipoles in QCD

[. B. and G. Chirilli
ai[tr{U vt = 2 2o (je{U., UL We{U., UL Y — Nete{ U, UT }]eomP
da uYzfla T o2 <3 1Yz 3Y2 c uYzSla

2 2 2 2 2
Z aiN, i3 — 2 z 67
x 2 [14 S (bin b + b2 P+ - T
213223 213423 223
oy [d’z 5 223°255 + 234213 — 4T, I 223°25;3
2| + 22 _ 22 n—-
am 234 2(z23%223 — 234213) 224413
x [te{U,, Ul yur{U,, Ul MU, UL} — «{U,, UL U, UL U UL} — (24 — 23)]
1%21%4 Z%21%4 1%2?%4 Z%3Z%4
+ 55" |2In +(1+ 5> ) In 5
Z13Z24 223 Z23 ZI3Z24 — 223 Z23 223 223

X [tr{Um U;}tr{ U23 U;}tl‘{ U24 U;fz} - tI‘{ UZ[ UL UZs UZT,Z UZ4 U;,Lg} - (Z4 - Z3)]}
11 2
KnrLo Bk = Running coupling part + Conformal "non-analytic" (in j) part
+ Conformal analytic (N = 4) part

Linearized KnLo Bk reproduces the known result for the forward NLO BFKL
kernel.
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Argument of coupling constant

d ~
Iu(Zl, ZZ)

as(?1 )N, 2 A N N N N
2 / 12 u (z1,23) +U(z3,22) — U(z1,22) — U(Zlvzs)u(zazz)}
2 Z13 23
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Argument of coupling constant

d -~
IU(Zl,Zz)

Oés

N A N N
/ le U(z1,23) + U(z3,22) — U(z1,22) —U(11,Z3)U(23722)}
13 23

Renormalon-based approach: summation of quark bubbles

2. _ 1 2.
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Argument of coupling constant (rcBK)

d (z ) - P
d—nTr{U ULy = =22 / d*z [Tr{U., UI }Tr{U., U } — N.Tr{U., U} }]
y [ Zi +1<as(ﬁ3) _1>+1(as(zz 3) _1>}

2 .2 2 2

3%y 23 Nas(ay) 253 \ai(2d3)

[.B.; Yu. Kovchegov and H. Weigert (2006)

When the sizes of the dipoles are very different the kernel reduces to:

ag(2) 7,

LI |212| < |Zl3|, |Z23|
(2

Sl 23] < |z1a), 223l
(2

C;;%gj |223| < |z12], |z13]

= the argument of the coupling constant is given by the size of the
smallest dipole.
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rcBK@LHC

1.8 p-Pb (5 =5.02 TeV E

R

Saturation (CGC), rcBK-MC 3 ALlCE aI’XIV1 21 04520
0.6! Saturation (CGC), rcBK E
0.4 I Saturation (CGC), IP-Sat =
1.8 Shadowing, EPS09s (%) E
1.6 LO pQCD + cold nuclear matter =

E Nuclear modification factor

Pb
] R (pr) = d*NG, " /dndpr
) (Typpp)d?oyy) [dndpr
1.8F HIJING 2.1 jéﬁ?ng =028 3 i
1.6 ——— - DHC, no shad. E Npr = Charged partIC|e

— DHC, no shad., indep. frag.

yield in p-Pb collisions.

1 1 1 L 1 1 I L 1 o
2 4 6 8 10 12 14 16 18 20
P, (GeV/c)
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Conclusions

m High-energy operator expansion in color dipoles works at the NLO
level.
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Conclusions

m High-energy operator expansion in color dipoles works at the NLO
level.

m The NLO BK kernel in for the evolution of conformal composite
dipoles in N' = 4 SYM is Mdébius invariant in the transverse plane.

m The NLO BK kernel and NLO photon impact factor (in QCD) are
calculated.

1. Balitsky (JLAB & ODU) High-energy amplitudes and evolution of Wilson i -



Two selected applications:
m QCD structure constants in the BFKL limit
m Rapidity evolution of gluon TMDs
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Structure constants in the BFKL limit

Consider “forward” leading-twist operators in N’ = 4 SYM
®l(x)) = / du 4V 645 (un + x 1),
Al(x)) = / du iV o M (un + x)
Flx,) = /du FOVI=2F (yn 4+ x ),

The renorm-invariant operators are

1 1 1 (1+1)
Sty = Fo+ A - s = F — Al ®!
1n n+4 n 2 n» 2n n 4(1_1) n+6(l_1) n
[+2 (I+1)(1+2)
Sy, = Fi— AL — !

o2(l-1)"" 20-1) "
and tensor structures of 3-point CFs reduce to one (x; -n; =x, -np =x, -n3 =0)

< S (1, )82 (x2, )8 (x3,) >=

’l+’271371 1 +I37[271 12+137’171
(m-m) T (mm) T (myems) T 2

— C(2 1.
=C(g 711)|x12L‘(A|+A2—A3—l‘xl3L|A|+A3—A2—1|xZ3L‘A2+A3—Al—l
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Structure constants in the BFKL limit

Consider “forward” leading-twist operators in N’ = 4 SYM
®l(x)) = / du 4V 645 (un + x 1),
Al(x)) = / du iV o M (un + x)
Flx,) = /du FOVI=2F (yn 4+ x ),

The renorm-invariant operators are

1 (I+1)

1 1
Sty = Fo+ A - s = F — Al ®!
1n n+4 n 2 n» 2n n 4(1_1) n+6(l_1) n
[+2 (I+1)(1+2)
Sén _ Fl _ Al _ !

o2(l-1)"" 20-1) "
and tensor structures of 3-point CFs reduce to one (x; -n; =x, -np =x, -n3 =0)
< S (1, )82 (x2, )8 (x3,) >=
L+l —I3—1 L +i3—lh—1 bLhtl3—1—1

= C(g% 1) (n-m) 2 (mom3) T (mpemg)
o |X12L\(A'+A2_A3_l\x13L|A'+A3_A2_1|X23L\A2+A3_A‘_l

Our aim is to find the structure constants C(g?,1;) in the “BFKL limit” /; — 1
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Light-ray operators

Gluon light-ray (LR) operator of twist 2
Fii(x; +xj_)[xl+,x+}abe,i(X+ +.XJ_)

Forward matrix element - gluon parton density
> 1
&2 (pIFge (), 01 FLE(O)p)* *=" 2(p2)? / g x5 (s, 1) 005 (p2)xs
0
Evolution equation (in gluodynamics)

d .
P X ) PPy 3)

X an :
= / dzﬁr/ dzy K(Xy,xy32y 245 a0 PO (2 +x0) [y 24 ] PF (24 +x1)
X4 X4
“Forward” LR operator

F(Lyx1) = /dx+ FO(Ly 42 +x0)[Ly +xp,0 JPF (o +x0)
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Light-ray operators

Expansion in (“forward”) local operators

Fllen) = Y ognOien), Of = [durt 972 pie, )
n=2

Evolution equation for F(Ly,x, )

d 1
IUI@F(L_A'_,XL) —/Odqug(u,Oés)F(uL_i_,XL)

1
_ d
> e = = [ A Ko p0f = —(e)0f
0

u"'Ky, - DGLAP kernel

2aN,

1 11
_1Kgg( )= ( uu + [%} LT 2+ Eé(ﬁ)) + higher orders in oy
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Light-ray operators

+ iv)

N —

Conformal LR operator (j =

B " dv 3 iy
I’}<LAA.\‘L> :/ 7”(L+) 2 ]‘—iJﬂ,U(.\”L)

00 LI

Fl'(x,) = / dLy L7FH(Ly,x))
J0O

J

Evolution equation for “forward” conformal light-ray operators

d : :
= MszLZFJ‘(ZL) - /0 du Kog (1, cv;)id 2 Fj(z1)

= 7;(ay) is an analytical continuation of -, («)

High-energy amplitudes and evolution of
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Supermultiplet of LR operators

Since LR operators are “analytic continuation” of local operators, we expect
(h=3+ivi, jo =3 + i)

(n1 - ma )1 () 100e)
EECD

(S, (1, )SR (02,)) = (1 = ma)f(as,))

for 2-point CF and similarly (j; = 1 + w;)

) ) ) Cla, wi,wz,ws)
i g2 g2 _ S5 ) )
(S (01,) S (02, S 05.) (w1 + wz — w3) (w1 + w3 — wa) (w2 + w3 — wp)
twy— w3 — w3 —
(nl . nz)wl “’22 w3 (nl . n3)wl ""23 w) (n2 i nS)WZ “’23 wi
X A14+A,—Az—1 X A1+A3—Ar—1 X Ap+Az—A1—1
x12, | x13, | x23., |

for the 3-point CF.
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Supermultiplet of LR operators

Since LR operators are “analytic continuation” of local operators, we expect
(h=3+ivi, jo =3 + i)

(n1 - ma )1 () 100e)
EECD

(S, (1, )SR (02,)) = (1 = ma)f(as,))

for 2-point CF and similarly (j; = 1 + w;)

j i j C(aﬁw]aw23w3)
Sll S]2 SIZ — 2
(S (01,) S (02, S 05.) (w1 + wz — w3) (w1 + w3 — wa) (w2 + w3 — wp)
witwy—w; witw3z—w; wytw3z—w
(nl . n2) 1 22 3 (nl . n3) 1 23 2 (n2 i n3) 2 23 1

|X12L |A1+A2*A3*1 |xl3J_ ‘A1+A3*A2*1 |X23L |A2+A3*A1*1

for the 3-point CF.

Our aim is to calculate f(«ay,j) and C(«s,j1,j2,/3) atji = 1 + w; in the “BFKL limit”
2> —0,w—0,and %2 = fixed
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Supermultiplet of LR operators

Since LR operators are “analytic continuation” of local operators, we expect
(h=3+ivi, jo =3 + i)

(n1 - ma )1 () 100e)
EECD

(S, (1, )SR (02,)) = (1 = ma)f(as,))

for 2-point CF and similarly (j; = 1 + w;)

j i j C(aﬁw]awZaw?))
Sll S]2 SIZ — 2
(S (01,) S (02, S 05.) (w1 + wz — w3) (w1 + w3 — wa) (w2 + w3 — wp)
witwy—w; witw3z—w; wytw3z—w
(nl . n2) 1 22 3 (nl . n3) 1 23 2 (n2 i ns) 2 23 1

|X12L |A1+A2*A3*1 |xl3J_ ‘A1+A3*A2*1 |X23L |A2+A3*A1*1

for the 3-point CF.

Our aim is to calculate f(«ay,j) and C(«s,j1,j2,/3) atji = 1 + w; in the “BFKL limit”
2> —0,w—0,and %2 = fixed

BK equation for evolution of color dipoles =
Clag, 1 +wi, 1 +wp, 1 +w3) atw; — 0and w; = wy + w3

I. Balitsky (JLAB & ODU) High-er mplitudes and evolution of Wilson i



Warm-up exercise: LO

Since LR operators are “analytic continuation” of local operators, we expect

. ) ) C(ay, wi, wr,w3)
gt g2 g2 _ ) ) )
< ny (le) ng(sz) n3('x3L)> (wl T — WS)(UJI T — w2)(w2 Tws — Wl)
(nl . }’lz)leﬂ}227m3 (nl . n3)“’|+“123*“’2 (nz . n3)“’2+u123*w1
|X12L|A1+A2*A3*1 |xl3L|A1+A3*A2*1 |x23l|Az+A3*A1*1

A = j+~(j) - dimension
Warm-up exercise: LO
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Warm-up exercise: LO

(SEFr (a1, ) S (00, )8 (23, ) =

szl (wl+w27w3)r(w2+w3fwl)r(w1+w3fw2

B 6,2 2 2 )
3270x,x73X%3 2 2 2
2n1 - np | Y1tames Ipyepg | Ltesmer Ip,y opg | atesmer
( 2 : ( 2 ) : ( 2 P O(wi,wa,ws)
12 13 23

D (wi,ws,ws)

_ HF(I_M)F(W1+L;2*M3+2)F(w2+c;3*w1+2)F(w1+o;3*w2
i

+2)

> {(eiww3 _ 1) [ehr(wl —w3) + eivr(wszl) _ 2efi7rw_;] + (eim.ul _ 1) [eiw(wsz_g) + eiw(w_qfwz)
*267[7M1] + (eimug o 1) [eiﬂ'(u@fwl) + eiﬂ'(wl —w3) 267i7rw2}

+ei7r(w]+wsz3) + oim(wrtwi—wr) + eimwitwi—w) _ gim(witwrtws) 2}
At small w’s

D (wy,wp, w3) ~ 72772(0.112 + w% + w%) — 7r2(w12 + w% + w% — 2wiwy — 2wjws — 2wows)
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In higher orders one should expect

2
D(wy,wa, w3 g°) ~ @(W"wz’w3)[1+zcn(%) }

It could be obtained from the CF of three “Wilson frames” with long sides
collinear to ny, ny, and n3 and transverse short sides.

Unfortunately, it means analyzing QCD (or N=4 SYM) in the triple Regge limit
which is not studied yet.

Triple Regge limit: scattering of 3 particles moving with speed ~ ¢ in x, y, and
z directions.
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In higher orders one should expect

2
D(wy,wa, w3 g°) ~ ¢(W"w2’w3)[1+zcn(%) }

It could be obtained from the CF of three “Wilson frames” with long sides
collinear to ny, ny, and n3 and transverse short sides.

Unfortunately, it means analyzing QCD (or N=4 SYM) in the triple Regge limit
which is not studied yet.

Triple Regge limit: scattering of 3 particles moving with speed ~ ¢ in x, y, and
z directions.

What we can do in a meantime is to take n; — n, and consider the CF of a
Wilson frame in n; = n direction and two Wilson frames inn, =n3 =n_
directions which can be obtained using the BK evolution.
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Using decomposition over Wilson lines we get:

<52+ '(Xu_,xu_)sz (i, yu)SZjL (zL,z31)) =

oo oo o0 o0
2
=D, /dxl_ /dX3 x5 /dy1+/dy3+Y3|+ “ /dZ1+/dZ3+231+ “
— 00 X1 — Y14 — 00 24
X (U (x11,x3 )V (01, 30 )W (211, 231)),s
3
where D= _c(w])r(,x)z)c(w3)(a‘li. O3 )y y O3 )02y - Oy )
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m BK equation:

d o (e
0—U%(z1,22) = Kk * U% (21, 22),
do

where Kgk in LO approximation:

Kionk * U(z1,22) =

2g 2
-x / 2322 [U(z1,23) + Uz, 2) — UGz, 22) — Ulen, 23)U(zs, 22)].

21343
m Schematically calculation of correlation function of 3 dipoles can be wrote as:
YovYs
/ dYo(U" — U™ ® (BK vertex at Yo) © ( égy(]“;’y%)

where we introduced rapidity Y; = e
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The structure of 3-point correlator (in 2d - | space)

211

Figure : The structure of 3-point correlator. Red circles correspond to BFKL
propagators (the crossed one has extra multiplier (1 + v7)?). The blue blob
corresponds to the 3-point functions of 2-dimensional BFKL CFT. The triple
veritces correspond to E-functions. The af~-triangle in the first, planar, term
and p~-link in the second, nonplanar, term correspond to triple pomeron
vertex.
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Result:

(Sptr (x1 L, ) S (011, 30 )ST (211, 231)) =

1 2 2

100w — w2 —ws) (v, v3, v3) s s 2 |z
c(wl)c(wz)c(w3) |x — y‘2+71+72*73 |_x — Z|2+71+’Y37’Y2 |y — Z|2+72+737'Y]

where v} is a solution of BFKL equation for anomalous dimensions w; = R(v})

~29NE —1)?
B T2N2

26(v) G(ry) G(vs)

" N (of) N () N (1)

N2+ 2+m)’C2+n)

~i = 7(ji) - anomalous dimension (j; = 1 + w;) and
2 (3 +iv)[(=2iv)
(3 +v2)2T2(3 —iv)I(1 + 2iv)’

W(on,v2,23) = Qo) = 33 Al o, ) Re((1) = () = (k) — (),

c

G(v) =

where hj = § +ivi = 1+ 2.

Expression for Q2 and A was obtained by G.Korchemsky in terms of higher
hypergeometric and Meijer G-functions.
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ny — n3 limit

To identify the function ¥ (v}, v5, v5) with structure constants of CF of three LR
operators we need to consider limit n, — n3 in the formula

. . . C(O{ W1, wWs w3)

S (x S (x 2 (x — 5y W1, W2,

S (12) S 2,) S0, ) (w1 + wr — w3) (W + w3 —wa)(wr + w3 —wy)
witwy—wy @ity —wy wytwy—w|

(mom)” 3 (momy) " (maemy) e

bepg, [A1H82=B=T 3 [ArFAAoT [y [AotAs—A-]

The limit n, — ns is tricky:
in the limit n, — n3 we get a “zero mode” coming from boost invariance at n, = n3

wy w3 —w)

1 T2 m—n ) )
<(n2’n3)) ’ 233/df€75(““17“27w3) = d(w) —wy —ws)

W] — Wy — w3 s
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Structure constant in the BFKL limit

Finally for normalized structure constant c.,, .., .., = St==U21 0D we get:

/14w Pldw, Pldws
A2t 2 v -1 3 G(vi) G(v5) G(v3)
2+’71)

N (1) W () W (v5)

* k%
CW15W27W3 =1 \I/(V17V27l/3)a

where w; = X(;") and
2 (3 +iv)[(=2iv)
(3 +v2)2T2(3 —iv)D(1 + 2iv)’

U (v, v2,v3) = Qhi, o, hs) — %A(hnhths)':’te( P(1) = () =Y (ha) —p(h3)),

c

G(v) =

with notation n; = 1 +iv; =1+ 2L, w; = R(1y)
2 2
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Conclusions and Outlook

Conclusions
m We calculated QCD structure constants in the “BFKL limit” w; — 0
atw; = wr +ws
Outlook
m Triple Regge limit and effective 2+1 theory?
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Particle production in pp scattering and evolution of gluon TMDs

Suppose we produce a scalar particle (e.g. Higgs) in a gluon-gluon
fusion.

For simplicity, assume the vertex is local:

Lo = g<1>/dz D(2)F*(2), F* = F° FH

prtoa
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Rapidity factorization for particle production

Sudakov variables:

p = api+Bp2+pi, P1=~pa, pp~pp, pi=ps=0

p
A "Projectile” fields: |F| <b
"Central” fields
"Target” fields: |X| < a
pB

We integrate over “central” fields in the background of projectile and
target fields.
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Matrix element between hadron states = >, = |

“Hadronic tensor”
def —igx
W(pa,ps,q) = Z/d4xe “(pa, ps|F* (x)[X) (X|F?(0)|pa; pB)
X

- / dx ¢ (p palF () F2(0) o, )

Double functional integral for W

Wipapea) = 3 [a e @ papalP0X) (X O lpa.pa)

tf—o0 o pA)=Al) Vly)=vly) . > -
= lim [d'xe ™ / DA,DA, / DYDYDIDY U (A1), ¥ (1))

ti——00 pa

x Uy, (X(z,»), b (1;))e o0 (A:0) iSaco () B2 () F2 (1) W, (A(17), (1)) Wy (A (1), (1))

“Left” A, ¢ fields correspond to the amplitude (X|F?(0)|pa, pB),
“right” fields A, v correspond to amplitude (p4, ps|F*(x)|X)

The boundary conditions A(tf) = A(ty) and ¢ (1r) = 9(1r) reflect the sum over
intermediate states X.
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TMD factorization with power corrections

In the region s >> Q% >> Q3 at the tree level

64 /s> ) 2 . .
W(pa:ps.q9) = Nz/_s 1 /dzxL el(q’x)ls/dx.dx* o iCqXe—iBgxs
i

x {(pA|Qmi(x.,xJ_)ng( )|pa) (Pl Fai(xe, x1) Foj(0) pa)

—0o0

L 32 N2AUH Yo 9
oW —am- 1>/ d=x, d™(pa| Gei(xe, x1)G2(x4, x1)G5,(0) pa)

[ ) P x ) F Ol )
NGkl = gii ghl _ gik gil _ gil it
gfi(Zo,ZL) =

([—OO., Z']?*)abFii(Zh ZJ-)?
Failze,21) =

([—00s, 2J2%) " Fhi(zer 21)
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Rapidity evolution: one loop

We study evolution of ]:“i“”(xL,xB)]-'j"”(yL,xB) with respect to rapidity
cutoff n

4 .
A0) = [ s0te? —loxhe a0

Matrix element of F¢(k', , x,) F(ky,xp) at one-loop accuracy:
diagrams in the “external field” of gluons with rapidity < 7.

Figure : Typical diagrams for one-loop contributions to the evolution of gluon
TMD.
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Shock-wave formalism and transverse momenta

a > o and k, ~ k; = shock-wave external field

ki

Characteristic longitudinal scale of fast fields: x, ~ L, 5 ~ 9

as A o

= X~ X
- . . . K2
Characteristic longitudinal scale of slow fields: x, ~ %, B~

= Xe~
|f04>>04andk2L Ski = X > X,
=- Diagrams in the shock-wave background at k; ~ k|
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Problem: different transverse momenta

a> «and k; > k; = the external field may be wide

ko
- . . . K2
Characteristic longitudinal scale of fast fields: x, ~ %, B~
= Xy~ 5
+ 2
ki

Characteristic longitudinal scale of slow fields: x, ~ é, B~
= Xy~

as
s

51

If « > o and k2 > k% = x, ~ x, = shock-wave approximation is
invalid

I. Balitsky (JLAB & ODU) High-energy amplitudes and evolution of



Problem: different transverse momenta

a> «and k; > k; = the external field may be wide

ko
- . . . K2
Characteristic longitudinal scale of fast fields: x, ~ %, B~
= Xy~ 5
+ 2
ki

Characteristic longitudinal scale of slow fields: x, ~ é, B~
= Xy~

as
s

51

If « > o and k2 > k% = x, ~ x, = shock-wave approximation is
invalid
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Method of calculation

We calculate one-loop diagrams in the fast-field background

in following way:
if k, ~k, = propagators in the shock-wave background
if k. > k, = light-cone expansion of propagators

We compute one-loop diagrams in these two cases and write down
“interpolating” formulas correct both at k; ~ &k, and k; > k|
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One-loop corrections in the shock-wave background

(@) (b)

Figure : Typical diagrams for one-loop evolution kernel. The shaded area
denotes shock wave of background fast fields.
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Shock-wave calculation

Reminder:

2 ns
Frleromm) = % [de, e Pl 0ol

At xp ~ 1 e~ may be important even if shock wave is narrow.
Indeed, x, ~ ;j—‘ L Xy~ ,?T‘ = shock-wave approximation is OK,
1

1
but xgo. ~ xp% ~ & > 1 = we need to “look inside” the shock wave.
kJ_ kJ_

Technically, we consider small but finite shock wave:

take the external field with the support in the interval [—o., 0] (Where

o« ~ 5'), calculate diagrams with points in and out of the shock wave,
N

and check that the o.-dependence cancels in the sum of “in” and “out”

contributions.
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“Lipatov vertex” (k, -dependent splitting function)

P

(@) (b) (c)

Figure : Lipatov vertex of gluon emission.

Definition

L (k,y1,x) = i lim K*(T{A%(K)F(yL,x5)})

i
k2—0
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Lipatov vertex at arbitrary momenta

“Interpolating formula” between the shock-wave and light-cone Lipatov
vertices

LzZlJ_ (k, Vi, xB)hght—hke

QXBSgui — 2kLk;

. k2
- kffx+—l{ U + Upp) ——— Ut
g( J“ (B as) ozx;_gs—i—kzL (j pj)a)q_qs—l—lfzL
—tu—B8 o -UpiUT%—zktg'}lyL)"b + O(p
"7 axps + pA M axgs +pl KoY

This formula is actually correct (within our accuracy gy < aglow) iN
the whole range of xz and transverse momenta
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Evoltuion equation for the gluon TMD operator

A. Tarasov and |.B.
d a a
Tno (Ff(xL,x8) Ff(yL,xB))

= _as/dzkj_ Tr{i[_#(](, X1, xB)light_hkeLW'(k, yl’xB)light—like}

Ino

T Fexm) 01| — P Fele) (0 91 +UD) (2050 — gimg ) U————
’ ((x 1, xp yl| pz k(xB)(lal+ l)( m9j — 8im8 ) o*xBS—|-p2
o 4

+ Filap) 2 s

pi_ (oxps + pi
m

1 - L
+ (e | U———— U1 (2650), — ging™) ik — T) Fixs) o
oxps +p7 P1

~ oXBS )
+ Filxp) 5——~1x1)Fi(yL, x8 } + O(«
l( )pi(UXBS_’_pi)’ ) ]( ) ( S)
This expression is UV and IR convergent.
It describes the rapidity evolution of gluon TMD operator in for any xz
and transverse momenta!
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Light-cone limit

= i Qs Tdo [ §
@‘Eﬂ(xBﬂxL)fm(xBaxl)’p>lna = NC/ / dp {0(1 — Xp — ;"‘)))
T O'/ (6% 0

- 2 3
] 2x B Xg

, + e Ml —
B (xg+B8)2 (xp+pB)> (xg+05)

j e no’ X il in no’
x F"(xp + ﬁ:ﬂ)\l’y - W%Qﬁf,‘](‘m/m)}" (XB-,M)W] }

4} </7‘Jf,” (xg + B,x1)

In the LLA the cutoff in o < cutoff in transverse momenta

2
00 Tk
~ . Bs d
<P|]:in(xBaXL)fm(xB,xl)|p>ki<”2 _ OésNC/ d,@/ . ﬁ {same}
™ 0 u; «Q

= DGLAP equation = (' = ) DGLAP kernel
d ay . [1d7 1 1 , ) XB
Gy @sPe0s) = 2N | (=), 5 =2+ 20 = D)]ad(c
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Low-x case: BK evolution of the WW distribution

Low-x regime: xz = 0 + characteristic transverse momenta

pﬁ_ ~ (x —y)j_2 < 5§

= in the whole range of evolution (1 > ¢ > x y)l ) we have ’% <1
= the kinematical constraint (1 — —) can be omltted

= non-linear evolution equation

Lo vi(z) =

dn
g2 5 5 o 2 “—
— o Tr{ (07" + Ufl)[/d (U, Ul — )Z%ZB(U UL = D] 07 +U?)}
where n = Ino and 75%_22 is the BK kernel
£13<23
(x—y) 2

This eqn holds true also at small xz up to Xp ~

whole range of evolutlon 1>0> el i one can neglect oxgs in
comparison to pL in the denomlnators (lnL + oxps) < effectively xz = 0.

— - since in the
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Sudakov double logs

Sudakov limit: xz = xp ~ 1 and k2 ~ (x —y) > ~ few GeV.

One can show that the non-linear terms are power suppressed =

(P F{ (xg, x 1) Fi (x5, 1) |p)

dln
— 4ach/d Pl [e"(f'»x—m(mﬁ-“ (xp + r x1)F (xp + PL yi)lp)
pL ' os’ / os’
OXBS
- T (| F (v, ) F ey )|
oxgs + p7
Double-log region: 1 > o > S )i and oxps > p3 > (x )’)12
N. d? ;
= —D(xp,z1,In0) = _ O LD(XB;ZJ_aan')/ = [1 _el(p’zh]
dlno 72 P
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Sudakov double logs

Sudakov limit: xz = xp ~ 1 and k2 ~ (x —y) > ~ few GeV.

One can show that the non-linear terms are power suppressed =

(P F{ (xg, x 1) Fi (x5, 1) |p)

dln
— 4a.N. a’py i(Px=)1 (| Fa Pi Fa i
= 4asN, pﬁ_ e (p|F; (XB + gva_) i (XB + E;)’J.)U?)
oXps
- T (| F (v, ) F ey )|
oxXps +pj

(x— ) 2

Double-log region: 1 > o > “="L and oxgs > p7 > (x —y)|

N, 42 )
= L plagzine) = -~ ‘D(xg,u,lna)/ PLIY_ 0]
dlno 2 pJ_
= Sudakov double logs
asN, k2
D(XB kL,an') }D XB,kL,ln—)

27
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Evoltuion equation for the gluon TMD with lines to —cc

Replace
004 — —00, everywhere

and
xp — —xg in the virtual correction:

dlna<p|( (e m) 7 O %8) ")

— —Oéx/dzkj_ <p|TI'{Ll-'LL(k,XJ_,XB)]ight_likeLuj(k, yJ_,XB)light_like}|p>
1 .
- as<P|Tr{ i(x1,x8) (L U ———5——U(26},6) — gimg")(i0) + Up) Fi(xs)
oxps —p | +ie
oxgs
+ Fi(x — |y
il B)pi(axgs -pi+ ze)‘ )
]Lm = (5k6l o okINTTT 1
+ (L= Filxp) (i Ok +Ui) (2576, — gimg™)U U
Pl oxgs —p — i€
oxgs
+ Filg) " x)Fi(vsm) ) + 0(a?)

PL(UXS PL ie)

High-energy amplitudes and evolution of Wilson li
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Conclusions and outlook

Conclusions
m The evolution equation for gluon TMD at any xz and transverse
momenta.
m Interpolates between linear DGLAP and Sudakov limits and the
non-linear low-x BK regime

Outlook

m Conformal invariance (for N=4 SYM)?
m Transition between collinear factorization and k7 factorization.
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Conclusions and outlook

Conclusions

m The evolution equation for gluon TMD at any xz and transverse
momenta.

m Interpolates between linear DGLAP and Sudakov limits and the
non-linear low-x BK regime

Outlook

m Conformal invariance (for N=4 SYM)?
m Transition between collinear factorization and k7 factorization.

Thank you for attention!
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Backup: Virtual corrections and UV cutoff

(a) (b) (c) (d)

Figure : Virtual gluon corrections.

Result of the calculation (in light-like and background-Feynman
gauges)

. . Sd o . =
<]—"l."(yj_,xB)>F1g- 5 _ngfnkl ?(yﬂ - ;)2]]-"/(()53)(161 +U;)
o’ 1
« (204! — gig ) U— Ut 4 Fig) )y
( i 0; — 8ij8 ) 04st+]73_ I(XB)pi(OZXBS +Pi) |}

NB: with o < o cutoff there is no UV divergence.
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Rapidity vs UV cutoff

Regularizing the IR divergence with a small gluon mass m> we obtain

Tdo axgs T oxgs + m?
=& ~ I 22 (4
/0 @ / pL (P2 + m?)(axgs + pt +m?) 2 m2 (1)

Simultaneous regularization of UV and rapidity divergence is a
consequence of our specific choice of cutoff in rapidity.

For a different rapidity cutoff we may have the UV divergence in the
remaining integrals which has to be regulated with suitable UV cutoff.
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Rapidity vs UV cutoff

Regularizing the IR divergence with a small gluon mass m> we obtain

Tdo axgs T oxgs + m?
— [ & ~ I 22 (4
/0 04/ pL (P2 + m?)(axgs + pt +m?) 2 ! m2 (1)

Simultaneous regularization of UV and rapidity divergence is a
consequence of our specific choice of cutoff in rapidity.

For a different rapidity cutoff we may have the UV divergence in the
remaining integrals which has to be regulated with suitable UV cutoff.
We calculated

/ dadpapd’p,
(B —ie)(8' + xp — ic)(afs — p7 —m? +ie)(af's — p} — m? + ie)

by taking residues in the integrals over Sudakov variables 3 and 5’ and
cutting the obtained integral over « from above by the cutofl by o < &
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Rapidity vs UV cutoff

Instead, let us take the residue over «:

L, 0DO-) — 0=
DCB/ /fB 2 (8" +xp —i€e)(B —ie) (8" — B)

a*p. apap ixgf () B d*p, [ 4
B /mz—i‘PL/ﬁ’-i-XB—lﬁ —ie)(8 — B +ie) XB/mz—l-Pi/o B(B -

which is integral (1) with change of variable § =
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Rapidity vs UV cutoff

Instead, let us take the residue over «:

o oat, 0(5)0(—8) — 0(—B)8(5)
/ / P88 G s xs — i) (B~ i) — B)

a*p. apap ixgf () B d*p, [ 4
/mz—i‘PL/ﬁ’-i-XB—lﬁ —ie)(8 — B +ie) XB/mz—l-Pi/o B(B -

which is integral (1) with change of variable § =

A conventional way of rewriting this integral in the framework of
collinear factorization approach is

/ d*p, /OO dp / d’py /1 dz

X =

Vgl 5@ S gt 1
where z = = (xg + B)p2 of “incoming

gluon” (descrlbed by F; in our formalism) carried by the emitted
“particle” with fraction xgps.

If we cut the rapidity of the emitted gluon by cutoff in fractlon of

nentum z. we wou e
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