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Motivation

® Forward scattering is interesting in many contexts

® phenomenology:
-DIS at small x
-saturation, ...
-large rapidity jets (‘Mueller-Navelet’)

® theory:
-partonic amplitudes in (multi)-Regge limit):

unique insight into scattering at high loops
-generally interesting limit (pomeron—graviton in AdS CFT,...)



Qutline

Wilson line approach to forward scattering:
-Eikonal approximation

-The Reggeized gluon

-Expected all-order structure

-Quantitative tests w/ the 2->2 amplitude

Systematic improvements

- A remarkable equivalence: ‘non-global logs’
- 3-loop evolution



The eikonal approximation

® Fast particles like to go straight

® |n gauge theories, b

natural to dress with Wilson lines:
M(pz) ~ /deeiq.b<U(b)>targeta
U(b) = Pe’ Jooe T AL (btotyotdt

® Familiar enough for heavy quarks. Seems natural
for fast particles... Q: When is that valid?



A slightly less naive picture of
an ultrarelativistic particle:

Q: Which trajectory should one dress with a Wilson line!?



This question was analyzed by many people

The only possible correct answer is « all »
(all partons whose rapidity is between that of the projectile and target)

Increases with energy (=growing o)

Looks complicated!

Successful theory finally developed in the '90°



The eikonal approximation

(a more well-defined gauge theory example:)

quarkonium
— qq pair — p,

b

. b1+bo

M %/deldszP(bl —bg)e' "z Tr[U(by)U'(bg)]

What are the corrections to this?
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The Balitsky-]IMWLK equation




The Balitsky-]IMWLK equation

(+perms.)

Z
y4p) 2

® The ‘shock’ represents Lorentz-contracted target
® The 45° lines represent fast projectile partons

® Fach parton that crosses the shock gets a Wilson line

9



The Balitsky-]IMWLK equation

® Evolution: operator mixing betwegn 2WL and 3WVL:

dif?qrrw; (21)Ur(22)] = 5 / T (e[ <Z1>Tan<zz>Tb@— CrTe[Ug <Z1>Uf<22?1) *

n 20102

|10



Application: 2to2 scattering, |

i) Start from naive eikonal approximation:
scatter fundamental Wilson lines (s > |t|)

q q

Vo ~ 1/V/|¢

7N\



Application: 2to2 scattering, |

i) Start from naive eikonal approximation:
scatter fundamental Wilson lines (s > |t|)

. . q g

000 000N

. N
CI/ q q/ q

ii) Use B-JIMWLK evolution to resum slog(s) effects
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Application: 2to2 scattering, |

i) Start from naive eikonal approximation:

scatter fundamental Wilson lines (s > |t|)

. . q g

000 000N

. N
CI/ q q/ q

Need a
miracle!

ii) Use B-JIMWLK evolution to resum slog(s) effects
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Gluon Reggeization
q g

/ CI/ g
g g
O‘g(t/NIZR)
at leading-log: M ~ ; (‘_—SD

q
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® At LL, most Wilson lines are trivial (U=1)

® Define Reggeized gluon operator by taking log:

Uz, ) = 9T W (@) similar to Goldstone’s
T barametrization of pion field

® Gives a gauge-invariant operator™:

O

> 1
W= / A% (z7)dz™ — gifa’b(;/ drldri A (22) AT e(z1)0(zg — ) + ...

— OO )

® Result is independent of representation used.



® RG equation for W linearizes!

d__ . asC 4 d? 2z,
o Vi) = 2772 / ]

0 7 (W (z0) = W (z1)) + Ol W)

® Diagonal in momentum space:

d%Wa(p) = ag(p)W*(p) + O(g"W") easssany o g% (1)

® Eigenvalue is (LL) 'gluon Regge trajectory’

a,Cy [ d*72%z asCa (P*\
g (p) = 272 /(22)1_26(610 - 1)~ 27re (E
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® More reggeons: start from B-]IMWLK

—d o d? 20 Z0i 20
T S d2 zd2 (/ J (TCL Ta TCL Ta
dn 272 / “i@E zgzzgj L LR

—U:é)(Z()) (TiC,LLij,R + T]%LTib,R)>

® Plug in Goldstone’s parametrization

1gW
U — e
® [’s = color rotation generators: CBH formula:
. a 0 abryxrrx 0 aexr pe T 0 4
1915, = S + f ’ W, 5Wb —1‘ f f byW ij5Wb 720 oW
- a 0 abryyrx 0 aex pebyyr 1Y 0 4
ZgTj,R — 5WCL R _f W 5Wb _|_ f f W W] 5Wb 720 oW



® Result of expanding in g:

5
oWe(p)

(3.13

) )
5Wa’(p1) 5Wb(p2) ’

Hyop = — / dp) Ca ay(p) W ()

+ / (dq)[dp1][dp2] Haa2(q; p1,p2) W (p14+q) WY (p2—q) (F*FY)*

® Act on polynomial W(p1)...W(pn) = n-Reggeon state
® First term = gluon Regge trajectories Z g (pi)

® Second term = sum over pairwise interactions

(p1 +p2)2 (p1 + Q)2 (pz — C])2
pép3 P4q? q>p3

=BFKL/BJKP

Hoo(q;p1,p2) =



LO B-]IMWLK glves

p—t

. S=S=

N

Leading BFKL and
‘BKP’ kernels

off the diagonal: n—-n+k Reggeon transitions

<05 * <0j

2 2

all determined by one simple function:
<0570
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Projectile-Target duality

X X

boosting projectile = boosting target

Basically: [ — HT

*rea”)’: <O|(W1 e Wn) H(Wl e Wm)|0> — <0|H(W1 T V_Vn) (Wl e Wm)‘0>

same as H=HT" in schemes where correlators are diagonal ~&mn:



(General structure

eIV U1+ igWT + ..

n-n+k transitions: from LO B-JIMWLK
(W) (W)2
a | W) (W)?
o (W)? | = (W)?
T w)! (W)
terms in NNLO B-JIMWLK Leading BFKL and
predicted by symmetry H=H' BKP kernels

® Due to Pomeron growth, off-diagonal can’t be ignored

® Complete ‘Reggeon field theory’ remains elusive
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Pomeron loop power counting

O —

H2—>4 X H4—>2
o BFKL (W~I)

NLL X NLL = NNLL

® B-JIMWLK (log Uproi~gW~1)
LL  x NNLL =NNLL

® The observable physics is of course the same



How do we know
that this is right!?



One way: compare w/fixed-order

® Parton amplitude beyond leading-log:

a(ps)al (p2) ~ ;)10 = / A2 Ui(2),

3 4
(2000000
2 1

® Expand in reggeized gluons: ;; _, igT*W*

i) M) = ig TIW* (p)

z’gg

= 129000909/

2

-4

(0000000 4
10000000,

-4

Zer! [l we@W(-a

N ?T?Tm/[d‘h”@ﬂ W (q1)W*(g2)We(p—q1—g2) + O(N’LL),

0000000
+...
20009991  (+crossed)



Form of the NLL 4-point amplitude:

MY = (1 + o,V o, VYW, WNLL + (WW, WW )L

signature (‘CPT’) signature
odd even

The first term is a pure power-law, while the second
term is a (pure imaginary) ‘Regge cut’
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® The NLL Regge cut can be computed using just
the leading order (‘naive’) eikonal
approximation, +leading order BFKL kernel

T2

even .~ ‘S| ag(t)é - 1 &S ‘S| —l tree
NLL — s (—_t> Z /! ( log —_t> de Mij=sij -

T
/=1

aa’bb’
M —ij

2 —2€ J2—2€ 2 2

_mptl [ ptdT "%k | T2 — T2

o= cr / (2m)2—2¢ p(k» T
powers of BFKL Kernel

® This result was known since (B)FKL "77;
actually doing the integrals proves interesting

26



9 27 63 ]
—e(3— — € — —€C5+ ...

S

2 4 2

_ N\ 11 33 357
2 2 2 2

® First two lines matchl,2-loop fixed-order
calculations

® | eading poles reproduce the (correct)
exponentiation of one-loop IR divergences v

® No subleading poles at 3-loops!?!?!

175
b= T ) e
T\ 3. 167
AT 12,2 { = et




Implication for IR
divergences:

® resummation of IR divergences:

_exp< /“ dX* <_@A2 ))H(%,%,%(ﬁ),e)

® Dipole conjecture must break in Regge limit at 4-loops:
(broken at 3-loops, but only away from Regge limit) ¢/

® Regge limit of I'can now be predicted to all loops

(see Joscha’s talk!)
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® NNLL: 3-loop amplitude w/ reggeized gluons

A § A

® Many color structures can be predicted using only
LO evolution

I

(see Leonardo s talk!)

® Breakdown of Regge pole factorization @ 2-loops ¢/

® Poles match 3-loop evolution. ¢/
® Full agreement with 3-loop non-planar N=4 ¢/

® First direct test of projectile/target duality H=H'



Summary so far

Input: Regge scattering factorizes on Wilson lines U

Output: gluon Reggeization
=Regge form ~sa® at LL and NLL;
+Regge cuts beyond (predicted)



Qutline

® Systematic improvements
- A remarkable equivalence: ‘non-global logs’
- 3-loop evolution
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Non-global logs

Q: Cross-section for e'e = X, with ‘X’ energy
smaller than E_0 outside some region R

Radiation
vetoed

Allowed
‘potato-shaped’
regions




® Suppressed by soft™ radiation: large logarithms

® angles not ‘globally integrated’

® Difficult: need to keep track of all radiation in
allowed region!

Fsoft' =GeV<E<<TeV



As in forward scattering: transparent& opaque regions.
Opaque regions grows with energy

Vetoed=‘opaque’:

i / N
Effective allowed /
=‘transparent’ :
shrinks /X / /




® Quantitative equivalence:

d A d?zy 2%
BK: —Uq9 = ) ! 12 (U10U02 — U12) [Regge limit]
d77 ST T 210202
d A d*Qy a1z [non-global
E——Uia = - UioUgz — U 5
BMS dE +2 872 4T 1002 ( H0-02 12) logs]

® Conformal (stereographic) transformation:




Checks at LO and NLO

® Universal amplitude for soft gluon:
: o €-Di a
plolg() M, 11 = Z gl;" x M,

— Po - Di
® Start with two parents and square:




® Similar to textbook computation of IR
divergences, except angular integral ‘not global’!
d A dQQO X192 V

E—Ujy = —
dFE 12 87T2 4 1002

(U10Up2 — Un2)

® Real& virtual related by KLN
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NLO: [SCH,’ 5]

Square of tree-level soft current relatively simple:

|8\2 _ 512 1 $12500" + $105072 — S107520
$10500’S02 | 2(s10+5107)(So2+s02)  |™\\
S —
+ (np —4) 12 N=4SYM

So0’ (S10+S107 ) (S20+S20)

(810820/ — 810/82()/)
-+ in —np + 1
(37 )8(2)0/(810+810/)2(820+820/)

, « general
_gauge thy




® Crucial: two soft gluons not independent

5 5192 $12500’ T S1050’2 — S10’S20
S|° = 14 —_
$10500’S0’2 | 2(510+510") (So2+5072)

® Amplitude depends on ratio of soft gluon energies

® NLO is basically the integral over that ratio



2 i
Pull out angular integrals:
d / d“Q d* Qg

E—U
5 12 2

K / U U /U/
1r an rroor2]~1o0toor Yoz

Integrate over relative energies:

2

K[100'2] :/ TdT [|5(750750’)
0
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2 i
Pull out angular integrals:
d / d“Q d* Qg

E—U
5 12 2

yy— K100 21U10U00 Upr2

Integrate over relative energies:

]

O(r<1) — ‘
t

Subtract iterations of LO
=>no subdivergences!

0(r>1)

T—0 T— 00

K100 2] :/ TdT {‘5(750,50’)
0
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Pull out angular integrals:

d d?Qqg d?Qg
EdEU12 / yy— K100 21U10Upor Ugr2

Integrate over relative energies:

00 }8(7607 50’)‘
K[1 00/ 2] — /0 TdT T_>09( [21700f <Q2 10/2] )

T—00 ( (007 2] <Q17'02 )

° ° S S .
Best: use Lorentz-invariant energy scales Q[Qioj] = 2020

42 5ij



® Full (planar) NLO evolution: (non-global logs&Regge)

8
K12 = / 041004022040 zK[(12())0' 2] (U10Uo2+Ur0 Uy 2—2U10Ugo Ugr2) + Vg)K(l)UH
60750/ ’ ’
12000/ 1oX00/ 1000/
K[(122)0f ) = 210g 12400 I <1 | 12000 ) log 100072
107 02 10002 — 010 X2 107 02

® Precisely Balitsky&Chirilli’s (N=4) result!!!

® Eigenvalues match ‘Pomeron trajectory’
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Note: use Lorentz-invariant energy scales, not ‘energy’!

9 540505

Rfioj) = Sis

This ensures Lorentz-invariance of BMS equation
= conformal invariance of BK equation

2 .2

Similar to using : -+, /210702 instead of k* in LO BK,

L719

makes NLO automatically conformal invariant.
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® Full non-planar result also available (N=4& QCD)

dQQ d Q / ¢ abc C a ¢
K(2)_ / k/ 0 0 2(3212 00/ f b ( O/R Ri;OR?;O’Lk)
1,
dmdQ, N=4t ( pabe sa'b'e b Ca aa'y ) (L2RY £ RY L@
// " Koo ’(fbf U U — =5 (UG UG | (LERT +RY L)
20
—I—/ /d P (2) (RaoLa-l—LaoRa) + K@N#L (3.32)
. 41 0402-040]

Equivalent to NLO B-JIMWLK result

(cf’s Kovner’s talk)
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Wait. QCD is not conformal!

® One can compute QCD non-global logs in
the same way:

. X0i%/
K(Q)N;éll _ / / dQO dQO/ 1 OKZ] lOg Qg Q0 (LaRa/ _|_ Ra/La)
i) AT AT aoy | ity — oy v v

ZnFTrR (TeUT U] — afabe VU uss — (npTy — 20A)(Uga’+ma’)}

/ / dQO dQO/ 1 Qo o/ 5 + ;A0 1 Q3 X/
2 08
drAm 20,

_ 2] (L¢RY + RY'LY)

Qo g’ j — QoG5 ;05

_J 2(ns —20p)Trg (TUp T U], + 2 fa/bc fa’b’f’ Ul ug
—((ng —2np)Tr + Ca)(U§* +Ug" )

+ / 27T’ib0 10{%(04@'3‘) (LgL;L — R?R?) (334)
4J
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® They don't quite agree:

L 1 22 2. — 22, 2
KRegge — KSoft — ﬁ( ) X /( . ) < L log(p’z;) + 0‘72 20 logzgz>

“0i %05 20i %07 20

® Difference computable from matter loop...
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Rapidity vs Soft divergences

® VWork in d=4-2¢ dimensions:

Kot does not depend on ¢

KRegge (6) dOeS

® |n the conformal dimension, they are equal!

KRegge(QE = —f(as)) = Ksort

e Given the e-dependence at lower loops,
they are equivalent to each other!!!

48



Upshot

® Full equivalence: non-global logs/(pert.)Regge limit

® Advantages:

-Directly in coordinate space
(recall that x| < 0 stereographically)

-Can use well-studied on-shell building blocks:
soft currents, KLN theorem, ...

® Works in QCD: difference « 5 computable
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From lan Balitsky’s talk:
NLO evolution of composite “conformal” dipoles in QCD

|. B. and G. Chirilli
d com o com
a—-[u{U, Ul })ome = f,J/ d*z3 ( w{U., UL yoe{U., UL} — Ne{U,, UL}
2 2 2 ) N
<12 [ aslV, 2 2 213 — %23 67 m } =0O(eps)term
X 1+ blnz + b In — - —
Z%3Z%3 4m ( 12/ Z%3Z%3 9 3 ) ( P )

2 ) in LO BK/

2
o d“z4 203°2 Zoal s — 47752 22372
s/ {{_2+ 23 T £24413 12234 1 23}

_|_ -
4w ) 3y 2(223%233 — 254213) 254713 —
x |tr{U, U;rg}tr{ U, UJ4}{UZ4 U;LQ} —tr{ U, U;; U, U;LQ Us, UL} —( —4) =matter
2 2 2 2 2 2 2 2
1 o 2B (14 T i S loops NGLs.
2237253

<2374p3 <13%p4 T 237403

<13<24
~ [tr{ UZl UL }tl’{ UZ3 U;L4 }tl‘{ UZ4 U;fz } o tr{ UZ1 U;r4 UZ3 U;rz UZ4 U;L3 } o (Z4 — 23 — N =4
po N, 2y S\UNGLs

Kneo Bk = Running coupling part + Conformal "non-analytic” (in |) part
+ Conformal analytic (M = 4) part

Linearized Kni.0 gk reproduces the known result for the forward NLO BFKL
kernel.

I. Balitsky (JLAB & ODU) High-energy amplitudes and evolution of Wilson li




NNLO

Triple soft current at tree-level
= extract from known 4-particle integrand v

Double soft current at one-loop
= extract from known one-loop 6-point v

Single soft current at two-loops
. . . 3
= not needed: contribution really just Vo) v

Fully virtual IR divergences at three-loops
= not needed: KLN fixes it from rest v
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® Sample graphs we computed/borrowed:

triple soft emission —
(squared) at tree-level </ />
double soft emission: —
tree/one-loop interference <
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® Recurs

ive subtraction of subdivergences:

F[Slug)Q] — F[IOQ] = 1, (420&)
Fioy o) = Frioorg —[100][10"2] = [00"2][102], (4.20D)
Fﬁ“g)o,o,, o) = Fliooorg) — [1007][10072] — [00"0"][1 00" 2] — [0"0” 2][1 00" 2]

® Cleanly removes iterations of lower-loop evolution

® Compute only finite absolutely convergent integrals

100"0"][10"2] —[00°0" 2][102]
10010/ 0"][10” 2] — [0/0” 2][002][102] — [00"0”][100"][10" 2
00 0"00” 2][102] — [100] [oN 2110"2] — 070" 2[100/][10 2]. (4.20¢)

<energy step functions>

53

4



result:

(3) _ u vl o u
K[100,2] = (1 — >logv [logulogu — glog v —4@] +2(1 4+ v —u) (Cg log; — 2(3)

1—w
2 1 1
(2 1) s (1= ) womin (1 L) 10g 2] = 2103w
1—w v v U 0
—|—4<L13(£B) -+ Lig(a_ﬁ) — 2C3> — Q(Liz(w) + Lig(f) + QCQ) log u . (435)

1 1 1 i
(3) U3 ZMQO—“——)—QMQO—U—)—zugo_“_>
K[l 000" 2] — 1 V1V2 U1 Vo

1 — v
172 _+log v1 log vy + log(vlvg)(log(ulug) — %log U3)

V102

, 1
+ (uiue — ugve — ugvy + V1 + vo — Uy — ug + u3) [ng (1 — —) — (s

+3loguy logus — %log2 us + (1 + P)(f + f1), (4.23)

Attached in computer-friendly format to arXiv submission.
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LO
NLO :
NNLO

LO resum -

® Pomeron trajectory = linearized eigenvalue

Uy =1

d

d_n m,V
for eigenfunction: U,, ,

1
NCM"J'
[j(m V) — 1]2/{

‘Zz —ZJ‘ZV imarg(z;—z;) (A =2+ iv)




Tests

e Collinear limit v—zi controlled by small-x
limit of DGLAP

1024 012 576 464
( C2 7C3 — —C4 + 840¢5 + 64(2(3 + 7( 40¢* — 373C6>

(8<2<5 86631 + 1001@)). 1) V

NONN

® Analytic expression for m=0 conjectured
using Integrability of planar N=4

9
;; = =S5 +25_41—5-32+25 23 —52_3—253_2+45_311+451,-31+ 251,22
+2S19 9425212 — 851,211 + (2(S152 — 355+ 25_91 — 451 _2) — 245 V
+7¢3(281,-1 +2(S1 — S—1)log2 — S_o —log®2) + (8¢_31 — 17¢4) (S—1 — S1 + log 2)
—3(352 + 4¢5 — 6(a(3 + 8(_31,1 - (C.3)

56 | Gromov,Levkovich-Maslyuk&Sizov, ' | 5]



Conclusions

Modern approach to high-energy scattering via
Wilson lines: new theoretical control @NNLL

Evolution now known in planar N=4 SYM:
-eigenvalue for m=1,2,3,...
-nonlinear interactions ‘3-Pomeron vertex’

Possible extension to (planar?) QCD

Study convergence& resummations?



2.0 — —
‘ —— BFKL

Eq.(5.16) |
DGLAP 7 |

Figure 6. Level repulsion between the Pomeron and DGLAP trajectories for m = 0 as a function of
scaling dimension, illustrating the v = +i singularities. (LO expressions plotted with A = g3,,N,. = 1.)

A -3+ /(A —3)2+32g2

5 A =2+ (5.16)

I=1+
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m=1| (leading Odderon trajectory)

05—
100 _
095

3:0.9o€

=085
080
075

07004
-3 -2 -1

note: Odderon intercept=1 to all orders in A.

. .
Agrees with strong coupling! et al 14



On the Odderon intercept

® m=|,v=0 is a very special wavefunction:

Urg =1 — §-(21 — 22)

® Strings of dipoles in planar limit telescope:

Urolho = 1 — 7= ((21 = #60) + (6 — 22)) + O(1/N¢)
=1 ]\176 (z1 — 22) = Uq2
UrolUoo 2Uy 2 = U2

® Cancel in evolution. Thm: Odderon intercept
vanishes to all order in A in planar limit



® Soft current squared from four-particle
planar integrand:
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512500’ + S1050’2 — S10’S20

2(s10+5107) (So2+5072)

® Known 8-loop integrand «<— maximally nonlinear

term in 7-loops evolution!
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Linearized kernel

1

Start with full evolution, expand w/ U;; ~ 1 - —u;

d?zod? 2y (—2) 12 Uy in
KDy = (W%L)K(l) _|_20(L)) Z/{12+/ 02 o (—2)a12 Upo K[(1Lo)(1)/2]
7T Q10Q 00 Xp'2

The functions KA(L) are relatively simple:
(only 5 letters: {z, z, 1—x, 1—-Z, x+Z—xx})

On translation-invariant states, do one integral:

dzy
ly|?

Trajectory = Fourrier-Mellin transform of H

KOU() = (KD +200) U(w) H B () U(xy),
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3-loop special functions:

In nonlinear evolution:
g (02)[21] ] [ ( 0410'040”2) . ( 0400"040/2)
= 2R 1 4+ — L 1— -+
: { [ agr2(007)[071] — 040'2<0 0”)[0"1] Q107 02 2 Q07 L2

10}[0" 0" (0" 0") 10 19(00")[0'1
iy (LU0 g 2100007y 0200100 1Y - o)
[1 O//] [O O/] 1 O” O O/ 0410// a0/ /2 <O O”> | [0”1]

In linear limit: (© letters: {z, z, 1—x, 1-%, v+z—2x%})
01 = 2(Lis(x) + Lis(%) — 2¢s) — log u(Lis(z) + Lis(7)), (B.10a)
02_2(L13( z) + Lig(1-z) — 2¢3) — logv(Liz(1—z) + Liz(1-1)), (B.10b)

() 1 (52) o) 2 (252

—4Lis(x) — 2Li3(1—x) 4 log(zZ)Lis(z) + %log3(1—x) - %logQ(l—x) (log(z) — log(7))

8

—71 logQ(l—x) log(1—z)(1—-%) + (o log(l—x)} — (x < 7). (B.10c)
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