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Outline

• N = 4 SYM at weak coupling in the planar limit

• Duality between Correlation Functions, Wilson Loops, and Scattering Amplitudes

• Duality of the Wilson Loop form factors (two polygonal light-like contours)

• MHV example of the duality

• Supersymmetric extension of the duality

• LHC (Lorentz Harmonic Chiral) superspace formulation of the Wilson Loop

• Diagrammatic proof of the duality



Duality between N = 4 SYM observables

Alday, Maldacena ’07;

Drummond, Henn, Korchemsky,

Sokatchev ’07 ’08;

Alday, Eden, Korchemsky, Maldacena,

Sokatchev ’10;

Mason, Skinner ’10;

Caron-Huot ’10;

Adamo, Bullimore, Mason, Skinner ’11;

Brandhuber, Heslop, Travaglini ’07

• Correlators of half-BPS operators O = tr φ2. UV & IR finite. Conformal symmetry!!!

〈O(x1) . . .O(xn)〉

• Polygonal light-like Wilson Loops on the contour Cn = p1 ∪ . . . ∪ pn. UV div

W [Cn] =
〈

tr Pexp
(

ig
∮

Cn

dx · A
)〉• Loop corrections of the MHV amplitudes. IR div

AMHV
n (p+

1 , . . . p−i , . . . p
−
j , . . . p

+
n )

• Conformal and dual conformal symmetries are anomalous.
• Correlator ↔ Amplitude works at the level of INTEGRANDS
• Dualities work for supersymmetric observables
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”MHV” Wilson loop form factors and their duality

Polygonal light-like contours

p2
i = 0 ,

∑
i

pi = 0 k2
i = 0 ,

∑
i

ki ≡ K = y1 − ym+1 6= 0

〈
tr Pexp

(
ig
∮

dx · A
)∣∣∣k+

1 k+
2 . . . k+

m

〉

∼
〈

tr Pexp
(

ig
∮

dx · A
)∣∣∣p+

1 p+
2 . . . p+

n

〉
in the planar limit

p1∪...∪pn

k1∪...∪km
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Form factors of SL(2) light-ray operators

[Derkachov, Korchemsky, Manashov ’13]

O(z1, . . . , zm) = n2 = 0
n̄2 = 0

n · n̄ 6= 0

f (z1, . . . , zm; y1, . . . , ym) ≡ 〈O(z1, . . . , zm)|p1n̄, . . . , pmn̄〉

where
m∑

i=1

pi = 0 , pi ≡ yi − yi+1

One-loop integrability of the dilatation operator implies

f (z1, . . . , zm; y1, . . . , ym) = f (y1, . . . , ym; z1, . . . , zm)

Now we unfold contour and consider form factors of polygonal Wilson Loop



Tree level ”MHV” Wilson Loop form factors

Color ordered MHV form factor of the ”wedge”

= + + + . . .

= g3 〈p1p2〉
〈p1k1〉〈k1k2〉〈k2k3〉〈k3p2〉

exp (ix(k1 + k2 + k3))

Factorization of the Wilson Loop form factor

=



Tree level ”MHV” Wilson Loop form factors. Example

[S. Caron-Huot]

=

exp(ix1 (k1 + k2)︸ ︷︷ ︸
y13

+ix3 (k4 + k5)︸ ︷︷ ︸
y41

+ix5 (k3)︸︷︷︸
y34

) = exp(iy1 (p1 + p2)︸ ︷︷ ︸
x13

+iy3 (p5 + p6)︸ ︷︷ ︸
x51

+iy4 (p3 + p4)︸ ︷︷ ︸
x35

)



Supersymmetric Wilson Loop form factors

Light-like chiral contour. θA, A = 1, . . . , 4

Superconnections Aαα̇(x , θ), AαA(x , θ)

Superstate (vector multiplet: G±, Γ±, S)

|k, η〉 = G+ + ηAΓA
+ + . . .+ (η)4G−

xi − xi+1 ≡ pi , θA
i − θA

i+1 ≡ |pi〉ωA
i yi − yi+1 ≡ ki , ψi,A − ψi+1,A ≡ |ki〉 ηi,A∑

i
pi = 0 ,

∑
i
|pi〉ωi = 0

∑
i

ki = 0 ,
∑

i
|ki〉 ηi = 0 Constraint!

Wn,m({x , θ}{y , ψ}) ≡
m∏

i=1

〈kiki+1〉 ·
〈

tr Pexp ig
∮ (

dxαα̇Aαα̇ + dθαAAαA
)∣∣∣k1, η1; . . . ; km, ηm

〉

Duality: Wn,m({x , θ}{y , ψ}) = Wm,n({y , ψ}{x , θ})

p1∪...∪pn



Grassmann structure of the Wilson Loop form factors in Born
approximation

Recall: Vacuum expectation value of the super Wilson Loop

Wn =
n−4∑
κ=0

W (κ)
n , where W (κ)

n ∼ (θ)4κ

Form factors: Grassmann variables θA, ψA ⇒ SU(4) invariants: (θ)4, (ψ)4, (θ · ψ)

Wn,m =
∑

clusters

e ixi1 yl1 l2 +... e i〈θi1ψl1 l2 〉+... Ŵn,m

Grassmann expansion Ŵn,m =
∑

κ,σ≥0

W (κ,σ)
n,m

W (κ,σ)
n,m ∼ (θ)4κ(η)4σ — NκMHV×NσMHV

Duality: NκMHV×NσMHV ↔ NσMHV×NκMHV



How to describe supersymmetric Wilson Loop?

Superconnections (at θ̄ → 0)

∇αα̇ = ∂/∂xαα̇ +Aαα̇(x , θ) , ∇αA = ∂/∂θA
α +AA

α(x , θ)

Defining constraints of N = 4 SYM

{∇αA ,∇βB} = εαβWAB +��
�H
HHW (αβ)
AB , . . .

put all fields on shell
• Complicated expressions for Aαα̇(x , θ) and AαA (x , θ) in terms of standard fields

Aαα̇(x , θ) = Aαα̇(x) + θα · ψ̄α̇ + . . . , AαA(x , θ) = φAB(x) θB
α + . . .

• Component field interactions produce plenty of Feynman graphs
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• On-shell superfields. Chiral anomaly of the Wilson Loop [Belitsky, Korchemsky, Sokatchev ’11]

• We need chiral SUSY off shell
• Twistor [Witten ’04; Mason ’05; Mason & Skinner ’10; Adamo, Boels, Bullimore, Mason, Skinner]

vs Lorentz Harmonic [Sokatchev ’95; D.C. & Sokatchev ’16]

approach to off-shell formulation of N = 4 SYM



N = 4 SYM in the Lorentz Harmonic Chiral superspace
Harmonic variables u±α on SU(2)/U(1) ∼ S2, a pair of spinors

Rosly ’83; Galperin, Ivanov, Kalitsyn, Ogievetsky, Sokatchev ’84; Sokatchev ’87

(u+
α, u−α) ∈ SU(2) , u+αu−α = 1

A harmonic field of given U(1) charge contains an infinite number of irrep., e.g.

f ++(x , u) = f (αβ)(x)u+
αu+

β + f (αβγ)(x)u+
αu+

β u−γ + f (αβγδ)(x)u+
αu+

β u−γ u−δ + . . .

τ -frame Analytic frame

Superfields A(x , θ) A(x , θ, u)

Gauge transform ∇ →
(
eτ(x,θ))

Adj
∇ ∇ →

(
eΛ(x,θ+,u))

Adj
∇

Connections
∇++ = ∂++ ≡ u+ ∂

∂u−
∇+

A = u+
α∇αA , {∇+

A ,∇
+
B} = 0

generalized
gauge

transform−−−−−−→
h(x,θ,u)

∇++ = ∂++ + A++

∇+
A = u+

α
∂

∂θA
α

Off-shell fields of the theory: gauge connections covariantizing ∂++ and ∂+
α̇ ≡ u+α∂αα̇

A++(x , θ+, u) , A+
α̇(x , θ+, u)



Wilson Loop in the Lorentz Harmonic Chiral superspace

Classical Wilson Loop Wn = tr E12 E23 . . . En1

= tr E12 U2 E23 U3 . . . En1 U1

gauge invariant & completes the twistor formula [ Mason & Skinner ’10]

Bi,i+1(t) ≡ pαα̇i Aαα̇(x(t), θ(t))

+ωA
i pαi AαA(x(t), θ(t))

where x(t) = xi − t pi , . . .

generalized
gauge

transform−−−−−−−−→
u+ = |pi〉

Bi,i+1(t) ≡ pα̇i A+
α̇(x(t), 〈piθi〉, pαi )
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Classical Wilson Loop Wn = tr E12 U2 E23 U3 . . . En1 U1

Ei,i+1 = Ei,i+1[A+
α̇]

sits on edge
Wilson line Nonlocal in x-space

Ui = Ui [A++]
sits at vertex Transform between

two analytic frames
u+ = |pi−1〉 → u+ = |pi〉

Nonlocal in
harmonic space

Quantization of the theory in the light-cone gauge

〈A++A++〉 , 〈A++A+
α̇〉 , 〈0|A++|k, η〉

The main role is played
by vertex graphs

Edge graphs restore
gauge invariance



N2MHV×NMHV is dual to NMHV×N2MHV

Drop E -pieces of the Wilson Loop. Then the duality works graph by graph.

Duality of Wilson Loop form factors ∼ Duality of planar graphs

Ŵ (2,1)
6,5 ({x , θ}{y , ψ}) = Ŵ (1,2)

5,6 ({y , ψ}{x , θ})



One loop MHV form factor of the bosonic Wilson Loop

UV and IR divergences, but the duality works at the level of the INTEGRAND !



Summary

• Supersymmetric Wilson Loop form factors

• New duality which exchanges two polygonal light-like contours

�

• Lorentz Harmonic superspace formulation of the Wilson Loop

• Deep reason for the duality?

• Superconformal properties of the Wilson Loop form factors?


