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Outline

N =4 SYM at weak coupling in the planar limit

Duality between Correlation Functions, Wilson Loops, and Scattering Amplitudes
Duality of the Wilson Loop form factors (two polygonal light-like contours)
MHV example of the duality

Supersymmetric extension of the duality

LHC (Lorentz Harmonic Chiral) superspace formulation of the Wilson Loop

Diagrammatic proof of the duality



Duality between N = 4 SYM observables
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e Correlators of half-BPS operators O = tr ¢>. UV & IR finite. Conformal symmetry!!!

(O(x1) ... O(x))



Duality between N = 4 SYM observables
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e Polygonal light-like Wilson Loops on the contour C, = p1 U...U p,. UV div

WI[C,] = <tr Pexp (ig?{c dx - A)>



Duality between N = 4 SYM observables

L1

Alday, Maldacena '07;

Drummond, Henn, Korchemsky,

Sokatchev '07 '08;
pl Alday, Eden, Korchemsky, Maldacena,

Sokatchev '10;

p4 Mason, Skinner '10;
p2 Caron-Huot '10;

Adamo, Bullimore, Mason, Skinner '11;

p3 Brandhuber, Heslop, Travaglini '07

e Loop corrections of the MHV amplitudes. IR div

AN (!, b B pn)



Duality between N = 4 SYM observables
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e Conformal and dual conformal symmetries are anomalous.
e Correlator <+ Amplitude works at the level of INTEGRANDS

e Dualities work for supersymmetric observables



"MHV” Wilson loop form factors and their duality

Polygonal light-like contours
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"MHV” Wilson loop form factors and their duality

Polygonal light-like contours

i To Y1 = Ym+1
k‘l Y2
Tn T3 km k
2V s
- =
p? =0, Zp,-:O k?=0, Zk,-:O Constraint!
<tr Pexp (ig?{dx-A) kfk;r...kf,r,> ~ <tr Pexp (ig%dx-A) pfp;...pj>

p1U...Upp kiU...Ukm

in the planar limit



Form factors of SL(2) light-ray operators

[Derkachov, Korchemsky, Manashov '13]

VA Z Z Z
O(z1, ..., zm) = QOO n 2 _
nz nzo NZm m=0

n"=0
/pln/pgn /pﬁn /pmn n-n#0

f(zt, -y zZmyi, ... ¥ym) = (O(z1, ..., zm)|p10, . .., pmN)
m
where Zpi =0 , p=yi—Yyn
i=1

One-loop integrability of the dilatation operator implies

f(zry .o s Zmi Yty ooy Ym) = F(V1y ooy Ymi Z1y o oy Zm)

Now we unfold contour and consider form factors of polygonal Wilson Loop



Tree level "MHV” Wilson Loop form factors

Color ordered MHV form factor of the "wedge”

= g3 <p1p2> exp (iX(kl + ko + k3))

(prki) (kik2) (koks) (ksp2)

Factorization of the Wilson Loop form factor



Tree level "MHV” Wilson Loop form factors. Example

[S. Caron-Huot]

= Y2

x4y = X5

exp(ixi (ki 4 k2) +ixs (ke + ks) +ixs (k3)) = exp(iy1 (p1 + p2) +iys (ps + po) +iva (ps + pa))
—— —— ~—~ —— —— ——
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Supersymmetric Wilson Loop form factors
X1, 01 L2, 92 kma m
k1, m

ITM 071 x?)? 93 ]{}2’ 772

Light-like chiral contour. 84, A=1,...,4 Superstate (vector multiplet: Gi, I+, S)

Superconnections Aaa(x, 0), Aaa(x,0) lk,m) = Gy +malt + ...+ (n)*G-
xi—xip=pi, 0 =04 = |p)wf Yi—Yirr = ki Yia— Yip,a = ki) mia
Spi=0, Y lp)wi=0 >ki=0, > |k)n =0 Constraint!

m

Wn,m({xa 0}{.)/7 1/]}) = H<kiki+l> : <tI‘ PeXP Ig% (dxadAad + deaAAaA)

i=1
p1U...Upp

ki,m; ... km,nm>

Duality: [ Wo,n({x.0} {y. 1)) = Wann({y. 1} (x.0))




Grassmann structure of the Wilson Loop form factors in Born
approximation

Recall: Vacuum expectation value of the super Wilson Loop

W, = Z wir) where W™ ~ (9)*

Form factors: Grassmann variables 64, ¥4 =  SU(4) invariants: (0)*, ()%, (6 - )

W, = E XYt g (B i)t W,

clusters

Grassmann expansion W, , = E W,Sff,;")

K,02>0

W™ ~ (0 (n)* — NEMHVXN?MHV

Duality: N"MHVXN°MHV <+ N7MHVXxN*MHV



How to describe supersymmetric Wilson Loop?

Superconnections (at § — 0)
Voo = 0/0x + Aaa(x,0) , V& =08/90" + A%(x,0)
Defining constraints of N' =4 SYM
{Va, Vi) =" Was +M ;

put all fields on shell

e Complicated expressions for A.q4(x,0) and A% (x, 0) in terms of standard fields
Aas(,0) = Aac(X) + 0o - Do+ .. Aaal(x,0) = pas(x) 05 + ...

e Component field interactions produce plenty of Feynman graphs

P G N




How to describe supersymmetric Wilson Loop?

Superconnections (at  — 0)
vad = 8/8X‘m +Ao¢é¢(X70) ) vi = 6/892 +A2(X’0)

Defining constraints of N' =4 SYM

(V3. VE} = e Was + WET

put all fields on shell

e Complicated expressions for Aqa(x,0) and AZ(x, 0) in terms of standard fields

Aaa(x,0) = Aaa(X) + 00 - Do+ ..., Aaa(x,0) = dpas(x)05 + ...

e On-shell superfields. Chiral anomaly of the Wilson Loop [Belitsky, Korchemsky, Sokatchev '11]
e We need chiral SUSY off shell
(] Twistor [Witten '04; Mason '05; Mason & Skinner '10; Adamo, Boels, Bullimore, Mason, Skinner]

vs Lorentz Harmonic  [Sokatchev '95; D.C. & Sokatchev '16]

approach to off-shell formulation of N’ =4 SYM



N =4 SYM in the Lorentz Harmonic Chiral superspace

Harmonic variables u™, on SU(2)/U(1) ~ S?, a pair of spinors
Rosly '83; Galperin, Ivanov, Kalitsyn, Ogievetsky, Sokatchev '84; Sokatchev '87

(U a,u &)ESUR) , u™uy =1

A harmonic field of given U(1) charge contains an infinite number of irrep., e.g.

F(x, u) = FOD (x)ul G+ f BN (x)uf uyuy +f @B (x)ub ujuyuy +.
T-frame Analytic frame
Superfields A(x,0) A(x, 0, u)
7(x,0) A(x,07 ,u)
Gauge transform vV — (e )Adj \Y V= (e “ )Adj \Y
T gt = ot 83 gennggli:ed vt = 9tt 4 Att
Connections u transform 9
Vi=uiVi, {VA, VE} =0  hxo0) Vi =z
004
Off-shell fields of the theory: gauge connections covariantizing 9" and 9% = v"“0aa

At (x, 0%, u) , AL(x,67 u)



Wilson Loop in the Lorentz Harmonic Chiral superspace

Classical Wilson Loop Wy,=tré12E3 ... Em

i generalized
Bii+1(t) = pi* Aaa(x(t), 0(t)) gauge
fi & (o4
B Aaa(e(0).00)  FEEI Buna(t) = pPAL((0). (b))
u = |pPi

where x(t) = x; — tpi, ...
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Wilson Loop in the Lorentz Harmonic Chiral superspace
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Wilson Loop in the Lorentz Harmonic Chiral superspace

Classical Wilson Loop Wy,=tré12E3 ... Em
=tr E;p Us E23 U3 . B Uq

gauge invariant & completes the twistor formula [ Mason & Skinner '10]

U(wa, 09, [p1), [p2))

i generalized
Bii+1(t) = pi* Aaa(x(t), 0(t)) gauge
fi & (o4
B Aaa(e(0).00)  FEEI Buna(t) = pPAL((0). (b))
u = |pPi

where x(t) = x; — tpi, ...



Classical Wilson Loop Wh=trEwn U, Ex3 Us ... Ejn Uy

sits on edge

Ei i1 = Eiia[AL] P Wilson line Nonlocal in x-space
R
sits at vertex Transform between .
. ) . Nonlocal in
U = U[A™] sl i two analytic frames .
P S harmonic space

ut = |pi-1) = vt = |pr)

Quantization of the theory in the light-cone gauge

(ATTATT) L (ATTAL) L, (0IAT k)

The main role is played AN

by vertex graphs \
Edge graphs restore

gauge invariance



N2MHV xNMHYV is dual to NMHV xN?>MHV

Drop E-pieces of the Wilson Loop. Then the duality works graph by graph.

Duality of Wilson Loop form factors ~ Duality of planar graphs

W (x, 0y, v}) = WP Ly, v}{x, 0))



One loop MHV form factor of the bosonic Wilson Loop

UV and IR divergences, but the duality works at the level of the INTEGRAND !



Summary

e Supersymmetric Wilson Loop form factors

e New duality which exchanges two polygonal light-like contours

Xy, 91 €9, 92 km-, Thm
kv, m

$7219n 1"3193 = kQ,’l]Q

e Lorentz Harmonic superspace formulation of the Wilson Loop
e Deep reason for the duality?

e Superconformal properties of the Wilson Loop form factors?



