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* Inkroduction
* Symmetries of amplitudes n planar N=4
* Yangian symmelry - map to spin chain
* Symmetries of the amplituhedron
* Capelli differential €qs
* Map to spin chain - Yangian symmetry
* New own-shell diagrammatics

%k Cownclusions and open qu&s&oms
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Scattering amplitudes n N=4 sYM

Standard ma&kods for aampu&vxg ampts involved

s:zmmeémes and qood (geometric) formalism hetp

Maximally supersymmetric Yang-Mills theory

assive
(picture of L. T)E,xov\;

Interacting 4d QFT with highest degree of symmetry
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Summebries and ampls A N=4 sYM

Important in discovering the characteristic of ampls

Dual superconformal symm.
(planar) hidden

[ DHKS]
JAES =0, J. € psu(2 21>

Superconformal symm,
expected ..

Ja AT =0,  jo € psu(2,2[4)

Yangian summet
| S j r?‘brummund,ﬂehh Plefica]

infinite number of ,levels' of qgenerators
* level-zero generators: [j{”, 7\ = fap500)
* level—one generators: [j\), jél)] = £c5 0

* + Serre relakions

The Yangian Y(q) of the Lie algebra q is generated by J© and j®

* tree-level collinear singularities
x broken ot Loop level
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Dual superconformal symm.

Superconformal symm,
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Q-XF"Q‘:E?-C& [Witten] [ DHKS]

Yangian SvMMQEr?Brummm\d,Hem\ Plefia]
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Summebries and ampls A N=4 sYM

Important in discovering the characteristic of ampls

Superconformal symm,

Dual superconformal symm.
expected

(planar) hidden

Yangian il ma&rj

Best formalism:
¢  Grrassmanniain
. or . (Drummond, L.F.
Hallmark of m&egrabd:,&'j rummond, LE)

uw ¢ Infinite-dimensional algebra

Iv\E@.gmbLe d@_&,rm&ﬁm\ ¢ Present also in spm chains

of amplitudes ¢ ,Solvability" of the theory
(LF, T. Lukowski, C. Meneghelli, 3. Plefka, M. Staudacher) *
Map of ampls ko spin chain
(R. Frasselk, N. Kanning, Y. Ko, M. Staudacher; N. Kanning, T. Lukowski, M. Staudacher)
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Crrassmaininiain

(Arkani-Hamed, Bourjaily, Cachazo, Caron-Huot, Cheung, Goncharov, Hodqes, Kaplan,Postinikov, Trinka Y(Mason,Skinner)

In wmomenbum bwistor space: ZA =AY, 1%, xY

S

denC

Ani(2) = }'{ (12...k)(23..k +1)...(nl..n + k — 1)GL(k) H A ( C“iZ‘)

a=1 1=1

* cs: complex parameters forming a kxn makrix

* (L irl..ivk=1): deberminant of kxlk submabrix of ¢’
58 space oaf lf‘wptames i I dimensions = Grlie,n)

* Yangian thvariant:

0
=3 2t

a

(A 4 0 _o O S
J B_ZZ’L 82023 823 (ZH])

1<

L. Ferro (LMU Munchen) Ampti&ud&s RO17, 10,07.2017



M&E to sﬁm chain

(R. Frasselk, N. Kanning, Y. Ko, M. Staudacher)

* Tree amplitudes: states of an integrable spin chain
* Quantum space = space of functions (distributions)
of n copies of momenkum supertwistors

\;:‘: \;1 XPeee® \i;,\

* This spin chain is integrable
* How to find Yangian invariants?

Quantum Inverse Scattering Method
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M&E to sgm chain

* Inkroduce auxitiarv space. Vaux{O)

* Define Lax operators

Li(u,v;)% = 6% + (u —v;) " T,

"L_ J

roosmee O LEX (D,M)

* Define a mc:»m)drc)mv makrix
M (u)?; = L1(u)? La(w)...Ln(u) 5

!

L Ssgea&ro&. Farame&&r
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M&E to sgm chain

Yangian thvariants
M (u) Ap ke = 65 A0 1

Expamd to see generators

1 0) A 1 1)A
M(U)AB — 5AB T a‘]( ) B + @J( ) B T

£ n O
L O =Nz

— L OZB
4 (HA A 9, C 0 : :
=22 92021 5zB ~ 1)

1<J

Explicit construction of Yangian tnvariants
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M&E to SEEM chain

(N. Kanning, T. Lukowski, M. Staudacher)

Explicit construction of Yangian tnvariants
Ingredients:

g vacuum of V,[0): ke 544(2)%, n-k 1%

7 permutation o and. iks d@.ﬂampas&mm in ad jacent
&ramsposiﬁoms 0 =7T10..0Tp

@ bridge operator

0 ., dov  oz.. 2
Bij() = (2 5)" = [ e 7

o act according to detomyosiﬁans
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M&E to SEEM chain

Explicit construction of Yangian tnvariants

=4, k=2
VACWU, 0) =0(21)0(22)1314
PQTMM&O&QOMI 04,2 = ( é Z i) ;l ) = (23)(34)(12)(23)
A4,2 — 823(0)812( )[534( )[523(())‘(» Crrassmalnian

d2x4

:/(12)(23)( (41) GL(2 H54|4
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M&E to sgm chain

Explicit construction of Yangian tnvariants

=4, k=2
Ay2 = B23(0)B12(0)B34(0)B23(0)[0)

s \VOC
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Summebries and ampls A N=4 sYM

Important in discovering the characteristic of ampls

Superconformal symm,

Dual superconformal symm.
expected

(planar) hidden

Yangian il ma&rj
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Summebries and ampls A N=4 sYM

Important in discovering the characteristic of ampls
Superconformal symm, Dual superconformal symm.
expected (planar) hidden

Yangian symmelry

+

Hallmark of im&egra\biti,&j

What about the Ampt&uheciram?
non-trivial realization!
RS../ help from spin chain
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(picture of A. Gilmore)

; ampi&%ud@. LA Ftamar N=4 s/ M !
through canonical form on the amplituhedron space

? |

(N. Arkani-Hamed, I3, Trinka; N, Arkani-Hamed, Y. Bai, T. Lam)
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(picture of A. Gilmore)

; ampt&%ud@. LA ptav\ar N=4 s M :

|

| -

volume of the dual amplituhedron

through canonical form on the amytiﬁuhedrmn space

(N. Arkani-Hamed, I3, Trinka; N, Arkani-Hamed, Y. Bai, T. Lam)

The idea: NMHY tree-level Qmpi,i?:ucies = volume of
polytope in dual momentum twistor space (Hodqges)

2
a b Area 1 (abc>2 ,,Amyii&ude“z
~  2(0bc)(0ab){0ca) "~ labc]
1 ¢ < JR-tnvarianks® j B

area of the
Eriangle in
dual space
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Rosonized momentum bwistors

Greomelbric ,Ilnternal” posi&ivi&v () = nterior
requimmev\&s

JExkernal™ positivity (Z2) = convexity

¥L ordered minors » ©
phvsics: mM==-
tree: k=1 polytope, k»>1 more complicated object (which?)
loops: similar, more complicated formulae
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1 Amplituhedron

Rosonized momentum bwistors

CGreomelric sInternal™ positivity () = interior
requ&remev\&s

JExkernal™ positivity (Z2) = convexity

R\_/ ordered minors » ©

How bo ﬁamptﬁé the volume cli,re&':ﬂv i dual sgo\te.?
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Anmplituhedron

k
denC

tree _ m m mk Ektm
Ak (2) /d P1...d g‘)’“/(5 (Y’YO)/(12...k)(23...k+1)...(n1...n+k—1)OH 6" (Yo = D caaZa)

=1

H/_/

(m)
Qn,k

S-jmmeﬁmes Oﬁf — volume {um‘:%mm

(LF, T. Lukowski, A, Orka, M. Parisi)
wérl{m+ie) covariance
w&EL(1) variance for 2% and GL(K) covariance for V'

wCapelli differential equations
k=1:

det [ —2- A"y, Z) =0 o o0
OWa, ) o1 o 0z10zP  0zPozt
1<pu<k+1 920 B 920
A B B A
(e+1)th order 0Z;0Y; 0Z;0Y;
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Anmplituhedron

den k
Aree( 2y = [ d™pq...d™ SR (Y Y, / sktm
ni (£) / 1 gp’“/ YY) | e @kt Dol b= 1) 1;[ (Yo ana

H/_/

. N Q(m)
S-jmmeﬁmes Qﬁf 4 n’kvaimma function
(LF, T. Lukowski, A, Orka, M. Parisi)

wérl{m+ie) covariance

w&EL(1) variance for 2% and GL(K) covariance for V'

wCapelli differential equations

s On
( ) _+K)7n+1
in_/<Hth>tY +1H9t2 (ST
0 A=2 1=m-+2
77 ] > b2
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Anmplituhedron

n k
Atree Z) — dm dm 5mk V.Y, dkx c
n,k:( ) $1--. Pk ( ) O) H

k+m
2123+ D)onlon+ k1) 1L 077 (Vo = ) cauZa)

H/_/

. N Q(m)
S-jmmeﬁmes Qﬁf 4 n’kvaimma function
(LF, T. Lukowski, A, Orka, M. Parisi)

wL{m+k) covariance
wL(1) vartance for 25 and GL{K) covariance for V'
wCapelli differential equations

| M w=4 <> Fkvsms
—7 & wno need ko bhink abouk triangulation
o cii,rer;:&i.j i dual space
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Anmplituhedron

=1

H/_/

(m)
Svmme@ries Qﬁf = Qn’kvuimw\a function
(LF, T. Lukowski, A, Orka, M. Parisi)

denC k
Atree Z) — m g mk V.Y, Lt
ni (2) /d P10 gO‘“/(S (Y, O)/(12...k)(23...k+1)...(n1...n—|—k—1)OH " (Yo =) caaZa)

wL{m+k) covariance

wL(1) vartance for 25 and GL{K) covariance for V'
wCapelli differential equations

Higher helicity
—~7 0 integrand not fully fixed
O can Yangian symmetry help us?
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M&E to sﬁm chain

(LF, T. Lukowski, A, Orta, M. Parisi)
*Yangian symmetry: long-standing problem

*Use spin chain formalism
Lax Qpera&or

-» bosownised twistors Z
- aux&t&arj M’“FLQHQ Y
Change of vacuum

k
[[om™(2:) S seed

1=1

S;(Cm) / dkxkﬁ H 5m—|—k (YA ZﬁazZA>
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M&E to sgm chain

*Yangian symmetry: long-standing probi.em
*Use spin chain formalism

k(n—k)
o =TI Bia()Sg™
[=1

Examyt& =4, k=2
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M&E to sgm chain

Exampi.e =4, le=2
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M&E to sgm chain

Exampi.e =4, le=2

QU™ = Bys(0)B12(0)B34(0) Bag(0)S5™

New oh-shell diagrams kransformations
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Oin-shell diagrammatics

New c:w\mshei.i. dmgrams &rams&arma&wms

Trivalent ver&tes amd seed:

Mutations for the seed:

=1

1)

.hold for any ke
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Yangian symmetbry

* Yangian svmmeﬁrjz Long-standing prc;-biem
*Use spin chain formalism
Define a set of functions

O = (Jy) 5 A

k
0
(JY)AB — Z YozA oY B T kéé
a=1 o

v

M (u) G Qe(Y, Z) = @Y, Z)
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Yangian symmetbry

*Yanglan symmetry: long-standing prc:-biem
*Use spin chain formalism

Define a set of functions

0 0
A : :
’L<] 1 1

generators of Y(gl{m+ic))
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Yangian symmetbry

* Yangian svmmeﬁrjz Lcwvxg*sEamdiv\g prc:-biem
*Use spin chain formalism!

Define a set of functions

o o 0
b= 2 2 G707 gz 10D

1<J

Malrices Q% are Yangian thvariant
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Conclusions

Amplituhedron gives a geometric interpretation of
the amplitudes for planar N=4 sYM

M volume function possesses interesting symmetries
¥ described via spin chain
o suitable modification invariant under Y{(gl{m+k))

] how bto evaluake volume &w k>1 and &)r i.c::-ops?
O can Yangian symmetbry fix it?

A Lot of work still has to be done!
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