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Outline

* |Introduction - hidden symmetries
* Massive amplitudes in N=4 sYM

* Cusp anomalous dimension

* Simple structure of subleading Regge behavior

* Conjecture for an exact high-energy cross section



Introduction

e Kepler problem and hydrogen atom are
important classical and quantum mechanics
problems that can be exactly solved

they have a hidden symmetry

* will show that N=4 super Yang-Mills is a
natural QFT analogue of these systems



Kepler problem
VZl/?“ V:1/T0'9

* orbits do not precess

e conservation of Laplace-Runge-Lenz vector
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Hydrogen atom
1 k

e Hamiltonian H = _p2 _
2m r

* hidden symmetry:
Laplace-Runge-Lenz-Pauli vector

* conserved quantity in quantum mechanics

H,L;] =0 H,A;] =0
2

[Az', Az] — —’ihéijkLk—H
m

* operator algebra allows to find spectrum

mk? 1
E’I’L: n:]_,Q,...
2h?2 n?

2
* degeneracy n



extension to a relativistic QFT

* Wick and Cutkowsky considered the following model:

massive

\: : : :/

imassless

/: ; ; :_\

* This is the ladder approximation to ep — ep
ignoring the spin of the photon

* In the non-relativistic limit, this reduces to the
hydrogen Hamiltonian



SO(4) symmetry of Wick-Cutcosky model

® This model possesses an exact O(4) symmetry,
even away from the NR limit

® Consider just one rung

d* /s
/ (by — 01)2[(ly — p1)? + m2] [(la + p2)® + m?] (b2 — £3)%

® The symmetry is non-obvious in this form, and is
a conformal symmetry in momentum space



® The symmetry becomes evident if we use Dirac’s
embedding formalism

® Rewrite each vector as a 6-vector, with L4=0:

¢+ ¢+
B L N
=L |=| 6
LT 1
and similarly for the external regions:
P —ph
Y= 1| pi+m® |, Y= | p3+m?
1 1

® The 6D vector product gives:
Li-Lj = (6 = {;)° LiYi = (b —p1)° +m
L;Ys = ({; +p2)* +m?



® The L's andY’s ‘live’ in regions of the planar graph

Y
L) L> L3
|

« 74 ” 1
/ il (L1-L2) (Lo Y1) (L2'Y3) (Lo Ls)

® The integration measure is also important, but let
me skip it for now.




« 34 ”9 1
/ il (L1-L2)(LaY1) (Lo Ys) (Lo Ly)

Since everything (incl. measure) depends only on 6-
dimensional dot products, there is a natural
SO(6) (really SO(4,2)) symmetry

The two vectors Y|,Y3 obviously break it to
SO(4).

This SO(4) contains the usual SO(3“;
as a subgroup.

What are the remaining three generators?! The
Runge-Lenz vector!



Unfortunately, the ladder approximation is not
consistent relativistically.

(It lacks multi-particle channels and so has
problems with unitarity)

For this reason this symmetry appears to have
been mostly abandoned, like a curiosity

Wick and Cutkowski’s study
nonetheless left us the  Wick rotation”



® The simplest way to imagine a consistent QFT
with this symmetry requires a planar limit:

® The Feynman rules would have to respect the
SO(6) symmetry, which acts in momentum space

® Can such a thing exist?



If such a theory exists, by unitarity surely it must contain

massless particles.
Their self-interactions will have to respect the dual

conformal symmetry.



N=4 super Yang-Mills

fast-forward from 1950’s to 2000’s

N=4 sYM has dual conformal symmetry

[Drummond, JMH, Smirnov, Sokatchey;
Alday, Maldacena; Drummond, JMH,
Korchemsky, Sokatchey; ...]

in massless sector:
o M T
X0 P; — X; — Xii1
o — X13X24 2 2 2 .2
XlaX2aX3aX4a

p4 p3

X4
invariant under SO(4,2) in dual space 2 — z#/2°



* this symmetry is at the heart of many developments
- duality Wilson loops/scattering amplitudes
- integrability of N=4 SYM theory

- and other recent developments

* we have just argued that it is a natural generalization
of the hydrogen atom’s SO(4), itself inherited from the
Kepler problem

* but where are the massive particles?



introducing massive particles

gauge theory

Higgs mechanism

O — (P) + ¢ U //5/2 _________________________________ : % M D3-branes
/
L

U(N + M) — U(N) x U(M)

* e.g. four-particle scattering
UN+4) — U(N) xU(4)

consider scattering of SU(4) fields in large N limit
- infrared finite

- preserves dual conformal symmetry



* four-particle scattering (planar)

* dual conformal symmetry (planar) [Alday,JMH, Plefka,Schuster]

B p 2 __ 2
P; = 4; — L4 P; — —(mi — mi+1)
A yA A
yi 7 yZQ yi — (mﬁamz)
;

[proof of DCS for loop integrands: Dennen, Huang;
Caron-Huot, O Connell]



Massive 4-particle amplitudes in N=4 sYM

* scatter scalars from unbroken SU(4) part
Atree — _9 2 S L g
YY—YY = T AYYMY P §

* loops: SU(4) particle interact via massive W bosons

7
7
7

A4m? 4m?
t
AYY—>YY — A;(%/G—A/Y M ( g _¢ )

* we take Nc large

* mostly studied with the mass serving as a (dual-

conformal-symmetry-preserving) regulator
[Alday, JMH, Plefka, Schuster 09][JMH, Naculich, Schnitzer, Spradlin 10]



* we started a systematic investigation of
massive four-particle amplitudes in N=4 SYM

* analytic result to 3 loops [Caron-Huot & JMH,2014]

e eg.oneloop M =1+ ¢*MD +0O(g*)
M= - 2 foogt (G0 ) s (e B uos (G0 ) -

2
[ Bi—1 . Buv — Bi Bi+1
T Z [QLIQ <5uv‘|’ﬁz) _2L12 <_ 52'_'_1 ) N O (6’&’0_'_5’&)

u 1—|—’LL, BU:\/l_I'Ua 5uv:\/1‘|‘u‘|‘?]

* compact formula containing a lot of physics



Overview of interesting limits

forward limit, total cross section ¢t = ()

conjectured
exact formula
at high energy

%718

s, t — 0 § — 00

Soft Iimit | Regge limit

effective action Wilson line description
integrability

S, t — 00

high energy limit
- 2
threshold expansion s ~ 4m exact result

relation to hydrogen-like system infrared/collihear divergences
regulated by mass



Integrals from differential equations

 canonical form of differential equations for finite integrals

ranscendnil [Caron-Huot & JMH, 2014]
2
Buv
Buv +5
|

x /
0 O

* makes symbol and weight structure manifest

o 5u_1 Buv Bu 5 —1 Bu'u_ﬁv
gG_Ldlogﬁu+1d1°gﬁuv B /dlgﬁﬁldlogﬁmwv'

2
u:ﬁ, v:ﬁ, Bu=V1+u, By =V1+w, Buw =V1+u+v.

—S —1



Function alphabets

* massive four-point alphabet at 2 loops in D=4

u,l +u,v,1 +v,u+v [Caron-Huot & JMH, 2014]

611,_1 62)_1 Buv_l Buv_ﬁu 5uv_5’u
But1 By+1 Buv+1 Buv+ Bu Buw+ Bo

e additional letters at 2 loops for arbitrary D

4—v+pB 44+v+8 (48y + B)(4B8u+ Buv + B) (4Buv + B)(4Buv — Buvv + B)
4_U_6’4+U_67(45u_5)(45u+5uv_6)’(45uv_6)(46uv_6u’vv_6)’

B =1+/16 + 16u + Sv + v2.

{1+u+w,

* additional letters at 3 loops in D=4
2_2611/0 — U 2_251“) T+ v
O ) 2By + 0 2+ 2By + 0

D=4 alphabets can be made rational by changing variables

u® — 4v,v° — 4




Obtaining the expansions

* derive them from differential equations obtained in
df(s,t,m?) =d [[l(s,t,mz)} f(s,t,m?) [Caron-Huot,]MH,2014]

* expansion in small parameter [Wasow 1965]
of'(2) = Alx)f ()
Alx) =Ag+ A1z + ...
flx)=[14Pz+..]z%f

soft limit
T hrward Tt T st 0
o b d I . t— 0 I
oun ary va u,e fO . Regge limit  forward limit
start from soft limit, 5 = 00 50
transport it along the  high energy limit Rogge limit
P g S, — 00 \ PN :

boundary of this square A > u



Soft limit  Is|, [t|l< m?
* massive W bosons can be integrated out

o effective field theory description

* |/m”4 term one-loop exact

lM 4m? 4m? 1 g°
st —s  —t

in agreement with non-renormalization threorems, see e.g.
[Buchbinder, Petrov, Tseytlin 01], and references therein

* we derive the expansion up to three loops, e.g.

st 2 4 6 ¢ 2 4
L9 9 9y, (99
60 12 3 m3 840 180
82 —|—t2 g2 g4 g6 1
_J _J 47 O — 44
TR ( 420 45+24)+ (mlo’g>
Note: Soft limit for U(1) external states was discussed in
[Bianchi, Morales,Wen |5]




High-ener’gy I|m|t m?/s — 0,m?/t — 0, with s/t fixed
® mass serves as a regulator for infrared/collinear divergences
M (4m27 4m2> =1 +g2 [—QIOg (m_2> log (ﬂj—j) +7T2] + 0(g4).

—s = —t —S

e structure of IR-divergent terms known

o finite part fixed by dual conformal Ward identity for Wilson
IOQPS [Drummond, Korchemsky, JMH, Sokatchev, 07] [Alday, J]MH, Plefka, Schuster 09]

v(g) light-like cusp [Beisert, Eden, Staudacher, 07]

* confirms a previous conjecture [Bern, Dixon, Smirnov, 05]
* note: formula is Regge exact:

log M (422’ 4Z2> :¥ [_210g (g) log (T—j) + 7T2] + Gol(g) [log (T—z) + log (”j—j)] + é(g) + O(m?).

[Drummond, Korchemsky, Sokatchev, 07] [Naculich, Schnitzer, 07]




Regge limit and cusp anomalous dimension

* expected Regge behavior

4 2 4 2 - Jjo(t)+1
lim M( m , e ) =7ro(t) (—i) + O(1/s)

§—00 — 8 —1 m

_292 Bv_l, 4
=5, 85,51 TOW)

ro(s) =1+ O(g?)

* in planar N=4 sYM, Regge trajectory is A
related to cusp anomalous dimension

* subleading powers |/s in limit poorly studied

Jo(t) +1




An implication of dual conformal symmetry

My(s,t;my, ma, m3, my) = M(u,v)

[Alday, JMH, Plefka,Schuster 09] U i —ms2’ U T it (my—ma)?
® |mp||es equwalence [JMH, Naculich, Schnitzer, Spradlln 10]
m; = m ma — 1Mg — M myp = =A>m

\\ m // \ A ) 4

‘light-by-light’
scattering

M~y tU)+D M~ o mTcuse(®) "

‘Bhabha’
scattering

7(s) +1 = —Teusp(@) where s =4m?sin’ % .




Anomalous dimension .., ()
of a Wilson loop with cusp

* known in QCD up to 3 loops . .

[Polyakov 1980] [Korchemsky, Radyushkin, 1987]
[Grozin, JMH,Korchemsky, Marquard, 201 6]

* known in planar N=4 sYM up to 4 loops

[Drukker, Forini 06] [Correa, J]MH, Maldacena, Sever 12]
[JMH, Huber 13]

® exact result [Correa, JMH, Maldacena, Sever 12]

Fanl@) B O o L

* planar case governed by integrability
[Drukker 12] [Correa, Maldacena, Sever 12]
* strong coupling computation from

1 minimal surface [Drukker, Gross,Ooguri, I999]




power suppressed terms in Regge limit

* we find only one ‘daughter’ trajectory

- M(4m2, 4m2) _ (-_j)j()“)“ (1 N Cl(t)) Lol (—2)9263“) L O(1/82)

S— 00 —S —t m™m S S m

* tested up to 3 loops

* dual conformal symmetry suggests O(4) partial
wave expansion

The first two terms in the Regge limit are pure
powers, when using O(4) variables!

o l4emr Am? dm? Go(t)+1)p (1 (O)+1)p o
Sli>Ilc’>lo = e_PM( T ) =(ro(t)e +ri(t)e + O(e

(Coshp:1+%—2;2)




O(4) partial wave expansion

e 3-loop result agrees with this form! coshp =1+ - =
*We find (G- <)
sub-leading trajectory:
hi=—-2-4¢"+¢" (16— %90 +8(p — 28 (¢ — 2@))
+g [2£4L14(e 2P) 4 (64 + %) Liz(e™%?) 4 64(¢ + €)Lia(e™%?) — 128¢€ log(1 — e %)
+ 58§go5 - 2904 (5+ %) + 136¢3 (4+7§+ ! +§4<2) — 164> (3+6g‘2 46+ 267 + C;)

11¢4 — (3 + 2¢2
§

1160 (4@ +66(2+ Co) + ) — 24y (10 + %) +32C5 — 64Co(1 + &) — 128] .

residue;
r = 2+ 8¢° (2 log iz:z - 1) + O(g*)




Subleading Regge trajectory from an
anomalous dimension

* leading Regge trajectory is cusp
anomalous dimension jo

* we conjecture that the first subleading trajectory
is computed from the anomalous dimension of a J1
Wilson loop with a scalar insertion at the cusp

* two-loop test underway  [Brueser, Caron-Huot, JMH]



Conclusion

* studied massive amplitudes on the Coulomb
branch of N=4 sYM

* many limits governed by integrability, or exact
results available, at leading order in expansion

New results:

* we found a simple structure in the Regge limit
* only one daughter trajectory at |/s

* trajectory computable from Wilson loop



Outlook

* confirm conjecture for subleading Regge trajectory?

* Wilson loop with scalar insertion from integrability?
[Gromoy, Kazakov,Leurent,Volin, | 3; Gromoyv, Levkovich-Maslyuk | 5]

* for massless amplitudes, expansion derived around
collinear limit using integrability; can the same be
done for the Regge limit!

[Alday, Gaiotto, Maldacena, Sever,Vieira 06; Basso, Sever,Vieira | 3]
e amplitudes at strong coupling: so far, computed only
for small mass; it would be interesting to extend this

to finite mass, at least in Regge limit
[Drukker, Gross, Ooguri 1999; Alday, Maldacena 07]



Extra slides



Forward limit and cross section

* optical theorem relates Ayy_,yy to

Otot = OYY W W 4gluons

1 1
Tot = lim Im(A) = — lim Im(A)

2FE cmPem t—0 S t—0
* one-loop example:
3273 g*

V1—4m?/s + O(g*)

Otot —
N_.m?

® cross section goes to a constant at high energies

, 3273 g2
Jm oror = NCWZ +0(g")

* we will make a conjecture for this limit at any
coupling!



Exact cross section at high energies

* leading Regge behavior

2 2 .
lim M <4m am ) = 1o(t)(—s — i0)1 00 L O(1/s)

S—r 0O

—S —S
* analytically continue and take imaginary part,

take forward limit
1 d
lim lim — Im M (s,t) = Wajo(t)\tzo.

t—0s—oo0 —1

* the slope is given by the ‘Bremsstrahlung function’

d B sl VAL(VA)

—]O(t)’ _ = _ 2 2 4 2 4 6
dt =0 ;2 472 I (V)

Y 2__ —_
S 37Tg —|—37Tg -+ ...

* Assuming the above limits commute, we obtain

222
7TgB

lim ovv =
M Oy y ww+X 2

* confirmed by explicit calculation up to 3 loops



Perturbative check to 3 loops

3273 ¢
e we find o = N f,r;q2 (62 X1 + g"Xa + g% X5+ O(¢)]
C
X, :1 + x |
1l —2x
. 272
X9 =16Lis(—z) + 8log(—x)log(x + 1) — 5

X3 = — 48H_370(—ZE> + 64H3,0(—ZC) + 48H_2,070<—ZIZ) — 64H2,0’0<—ZE)

— 48CoH _o(—x) + 64CHa(—x) + 32(4
14+
1—x

+64H _200(—x) +32H_210(—2) +32H2 _10(—z) — 80H2,00(—2)

— 96Hs10(—2) — 1126 H_o(—z) + 96¢aHa(—z) + 28@} |

+ [16]{_370(—33) + 96H_2’2(—Qf) — 32H272<—£U> + 128]‘]3’1(—(13)

* here .- Y =*/:-1 and —1 <z <0;H are harmonic polylogarithms
V1—4m2/s+1

* high-energy limit = — 0
272 27

X1 —1 Xo = ——— X3 — —.
1 ) 2 37 3 3

* perfectly agrees with conjectured formula!

B

. 27‘(‘292
1M O+ v —
S OyyowwX 2



Transporting the boundary value

* boundary value f;: OOE--"f(;;v;a;;dii;q;ir"r‘—Sfiimét
start from soft limit, BT
transport it along the RS o
boundary of this square " e

O"f Ololu

* choice of analytic continuation path

v5(t) = (u,v) = (6(1 —t),d6t), te]0,1]

{log(u),log(v),log(u +v)} — {log(0),log(¢),log(1 —¢)} .

é u? = 4v v = 4u |
_de__ e L i
5 (1—e)2 > —E
* extra step at e
€ € A
three loops: 3
> =t




bound state energy of pair of W bosons
* Regge theory: extract spectrum from

[eusp(Pn) = —n E, = 2msin %

n integer

* obtain bound state energy from
cusp anomalous dimension

Loup(6) = — 5 6 tan & + O(A2).

82 2
A
I‘(:usp(ﬂ- T 5) ~~ _m ,
find E, —2m = AT - O(\?)
we 1IN n — 647272 | :

as expected from m-= L2



higher orders
[systematic EFT, e.g.

* resummation required (ultrasoft effects) pjneda 2007]

—A ) \? €
| - — 1 — — log —
p(m = 0) = Ams < 77) * w39 DY 20

N [o° dr (B_Tﬁ B 1) + OO [Correa, JMH, Maldacena,
1

A e, cosh(r) - Sever, 2012]
* result for energy
—)\3m A 1 1
(En—Qm)\A3:647T4n2 [51( )+log% — 1 — %] EZ:E

e checks

- [...] bounded for any n

- n large correctly gives quark-antiquark potential
[Ericksson, Semenoff, Szabo Zarembo, 1999; Pineda 2007/]

- confirmed by standard ‘Coulomb resummation’
[Caron-Huot, JMH]

[see Beneke, Kiyo & Schuller 1312.4791]



Strong coupling check

* cusp anomalous dimension I'cys,(¢) at strong
coupling was computed from minimal surface

[Drukker, Gross,Ooguri, | 999]

e spectrum of ‘mesons’ was computed at strong

COLIPIIng in 2003 [Kruczensky, Mateos, Myers, Winters, 2003]

* the two curves agree perfectly, once one uses

the correct dictionary! . O
E, = 2msin o



Regge trajectories of Hydrogen-like states

i(s) | Ti®)
S5

4

3

_1_E
A =5,10,10,30,100 (bottom to top)

solid/blue: based on weak-coupling formulas
dashed/red: based on strong-coupling formulas

* exact spectrum should be computable
from TBA for T'cusp(9) [Correa, Maldacena, Sever; Drukker]



