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Scattering amplitudes are essential tools to understand a variety of
physical phenomena from gauge theory to classical and quantum
gravity

A convenient approach is to use modern unitarity methods for
expanding the amplitude on a basis of integral functions

AL—loop _ Z coeff; Integral; 4 Rational
i€B(L)

What are the intrinsic properties of amplitudes of QFT in flat space?
How much can we understand about the amplitudes without having to
compute them?

» Generic constraints on the integral coefficients? (o tourkines tai
» What are the elements of the basis of integral functions?
These questions are central to many talks at this meeting
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-It’s bigger on the inside!

[

-Yes, the TARDIS is
dimensionally transcendental

In this talk we will present some approach to Feynman integral that
makes a essential use of the algebraic geometric setup defined by the

graphs
This approach is an alternative to the IBP method described in [1c<)’s
and [Tancredi] s talk
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Feynman Integrals: parametric representation

Any Feynman integrals with L loops and n propagators

/ J l_.[;_:1 dDei
[ d

has the parametric representation

Irzr(V)J L0 son="1]]75
2 " Jxzo (WY, mex; — V)V —L2 i—1 X'

» 1l and V are the Symanzik polynomials

» 1l is of degree L and V of degree L + 1 in the x;
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What are the Symanzik polynomials?
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What are the Symanzik polynomials?

I o ro d(1 — xp) 17 " dx;
0 (X, mPx;—V/ ULz uz
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Feynman integral and periods

/rr(V—LzD)J' Qr; Qr =

D .
wy—(L+1)3 n—1 adx;
‘\/,'71

Or (X)L H X;

i=1 7
The integrand is an algebraic differential form QO on the complement
of the graph hypersurface

Qr e /(P \Xp)  Xr:={®r(x) =0,xe P}

The domain of integration is the simplex A, with boundary
0An C Hp:={Xy - Xn =0}

But 0A, N X # () therefore A, ¢ H,_1(P" "\ Xr)

This is resolved by looking at the relative cohomology

H® (P~ "\ Xr; I1,\ 11, N Xp)
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Feynman integral and periods

I, and X are separated by performing a series of iterated blowups of
the complement of the graph hypersurface (gioch, esnaut, kreimer

The Feynman integral are periods of the relative cohomology after
performing the appropriate blow-ups [sioch, Esnaut, kreimer] AN [Brown's talk]

H=1 (P \ X T\ N Xr)
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Feynman integral and periods

» One can apply the construction and the discussion of the
e = (D — D;)/2 expansion of the Feynman integral seiale, Brosnan; Bogrer,

Weinzierl]

Ir: Z C,'€i

i=—n

» The periods are master integrals. The minimal number of master
integral for this topology determined by the middle cohomology of
the motive

H® (P \Xr; I\l N Xr)
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Differential equation

M(sj, my) = H*(PP=1\ X T\ I, 0 Xr)

Since ()1 varies when one changes the kinematic variables s; one
needs to study a variation of (mixed) Hodge structure

Consequently the Feynman integral will satisfy a differential equation

LrIr = Sr

The Picard-Fuchs operator will arise from the study of the variation of
the differential in the cohomology when kinematic variables change

The inhomogeneous terms arises from the extension
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The sunset graph
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The sunset integral

We consider the sunset integral in two Euclidean dimensions

jé:JA Qe Ag:={x:y:z]eP?x >0,y >0,z >0}
3
» The sunset integral is the integration of the 2-form

zdx N\ dy + xdy N\ dz + ydz /\ dx
Qo= St IS - € H(P2\Xo)
(Mix + msy + mgz)(Xxz + Xy + yz) — p°xyz

» The sunset family of open elliptic curve (modular only for all equal
masses)

Xo = {(m2x + mey + m2z)(xz + xy + yz) — p°xyz = 0}
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The differential operator: from the period

Consider the integral which is the same integral as the sunset one with
a different cycle of integration

7T0(P2) 1=J Qg
[x|=lyl=1

» This is the cut integral of Tancredi’ talk. Changing the domain of
integration realises the cut

» The other period is 711 (s) = log(s) 7p(s) + @1 (s) with @+ (s)
analytic. They are the two periods of the elliptic curve

» By definition they are annihilated by the Picard-Fuchs operator
Lprmo = Lprmti =0
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The differential operator: from the period

» The integral is the analytic period of the elliptic curve around
p? ~ o0

1 N2 o
2y . 2n;
o) == ) (p2)+ ( 2 <n1!n2!n3!> Hm,. )
n=0 nq+np+ng=n i=1
1213
From the series expansion we can deduce the Picard-Fuch differential
operator

Lomo(p?) =0

» With this method one easily derives the PF at all loop order for the
all equal mass banana and show the order(PF)=loop order

» Gives for the 3-loop banana 2 unequal masses PF of order 4, and
order 6 for 3 different masses (vanhove, to appear]

» The PF has maximal unipotent monodromy we can reconstruct all
the periods using Frobenius method
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The differential equation

By general consideration we know that since the integrand is a top
form we have

LFIF:J dBrZJ Br=38r#0
Anp 0Ap

Writing the differential equation as 65 = s% s=1/p?
1 3
(65 + q1(8)ds + qo(s)) (s lo(s)> =Yo+ ) _log(m?)c;(s)
i=1

» The right-hand side are the tadpole graphs [Tancredi’s Talk)
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The differential equation

The WorkS from [del Angel,Miiller-Stach] and [Doran, Kerr] on the rank Of the D‘mOdule
system of differential equations imply that Yo is the Yukawa coupling

for the residue form wg = Resx, (Qg) = \/(LXT() € Q'(Xo)
Yo(s) ::J w@/\siwe: 282 [ —4sy ,m?>+6
e [T (ks — 1)

The Yukawa coupling is the Wronskian of the Picard-Fuchs operator
and only depends on the form of the Picard-Fuchs operator

B o (S) 4 (S)
do = det <sjsno(s) s (s))

So far all we got can be deduced from the graph polynomial, and the
associated Picard-Fuchs operator. Applies to all banana graphs
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The differential equation

The logarithmic terms arise more specific to the open elliptic curve
geometry

The mass dependent log-terms come from derivative of partial elliptic
integrals on globally well-defined algebraic 0-cycles arising from the
punctures on the elliptic curve (siocn, kerr,vanhove)

d (9+1
s) = 5| wei  ails)+ cals) + cals) =0
ai

They are rational function by construction.
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Solving the differential equation

The integral divided by a period of the elliptic curve is a (regulator)
funC’[iOI‘l deﬂned on punCtUI’ed tOI‘US [Bloch, Kerr,Vanhove]

iy XY ZY X Z :
jozn(LZ{Z’Z}+L2{X'X}+L2{Y'Y}) mod period

» m, is the real period on 0 < p? < (my + my + m3)?
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Solving the differential equation

Representing the ratio of the coordinates on the sunset cubic curve as
functions on £, ~ C* /g7

{(x) _ 01(x/x(Q1))01(x/x(Ps)) X(x) _
91(X/X(P1))91(X/X(Q3)) Z 91(X/X(P2))91(X/X(Q3))

V4

0+(x) is the Jacobi theta function

Cx1/2 _ x—1/2

01(x) =gt ———— [ [(1—a"(1 —a"x)(1 = q"/x).
n>1

Py =01,0,0;, Q@ =1[0—m3ml;, x(P)x(Q)=—1

P, =10,1,0;, Q@ =[-m50m;,  x(P)x(Q)=—1

P;=100,0,1; Q@ =[-m5,m?0;  x(P)x(Q)=—1

Pierre Vanhove (IPhT) Feynman integrals, Periods and Motives 12/07/2017 19/26



Solving the differential equation

Since Xy . ¥
w{zz) =, es(zw) aver

and

ng(e1 (x) dlogx =Y J(Li1 (9"x) + Li1 ("/x) + cste) d log(x)

n>1

=) (Li2(g"x) — Li2(q"/x)) + cste log(x)

n>1
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Solving the differential equation

_ i@ (p (x(P1) e (X(P2) £ (X(Ps) .
Jo(s) = o <E2 <X(P2)> + E <X(P3)) + E> <X(P1)>> mod period

E>(x) =) (Li, (9"x) —Li, (—q"x)) — > (Li, (q"/x) — Li, (—q"/x)) .

n>0 n>1

» For the all equal mass case x(Px) = €2™/8 are sixth root of unity

» An equivalent expression using elliptic multiple-polylogarithms has
been given by [Adams, Bogner, Weinzeirl] (See as We” [Brown, Levin; Adams’ talk])

» The three-loop banana all equal mass is elliptic 3-logarithms
because the geometry is the symmetric square of the sunset
curve [Bloch, Kerr, Vanhove]

Pierre Vanhove (IPhT) Feynman integrals, Periods and Motives 12/07/2017 21/26



The sunset integral as an Eichler

For the all equal mass case we have family of elliptic curve with 4
singular fiber which by zeauwie classification is a modular family

» We can pullback the residue 1-form from the elliptic curve to H
giVing [Bloch,Vanhove]

) = —1)"—1 sin Z2 4 gjp 220
72 (1) per/ods+®,J dx(t — x) ( ¢)§ (r3n+nr)33
T (m,n)#(0,0)
: 12 =1 sin%?Jrsin%
= periods — ®;————=
pert " (27i)2 néx n2 1—q"

Similar result at 3 loops the elliptic 3-log is the Eichler integral of a

weight 4 Eisenstein series (sioch, kerr, vanhove]

Pierre Vanhove (IPhT) Feynman integrals, Periods and Motives 12/07/2017 22/26



Mirror Symmetry
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The sunset Gromov-Witten invariants

Around 1/s = p? = oo the sunset Feynman integral has the expansion

3
Jo(8) = —my | 3RS + > 01— Ro)Ne, e, [ [ i @

€y +Llp+lg=t>0 i=1
(€4,0,03)€N3\(0,0,0)

Ny, 1,0, are local genus zero Gromov-Witten numbers

1
N€1,€2,€3: Z @I’N 6 g -

449
dlty,L,03
the Kaehler parameter is the logarithmic Mahler measure

. dlog xdlog y
0g Q= i | el )/ () T
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The sunset Gromov-Witten invariants

Around 1/s = p? = oo the sunset Feynman integral has the expansion

3
Jo(s) = —my | 3RS + > 01— Ro)Ne,tpe, [ [ i @

¢y +Lp+l3=0>0 i=1
(€4.85,83)€N3\(0,0,0)

Ny, ¢,.0, are local genus zero Gromov-Witten numbers

1
Netats = D sy -
dltq,l2,3

For the all equal masses case m; = m. = ms = 1, the mirror map is

Q=—q[J(1-gM™"™;  5(n)=(-1)"" <3>

n
n>1
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The sunset mirror symmetry

» The sunset elliptic curve is embedded into a singular
compactification X, of the local Hori-Vafa 3-fold

Y = {1—s(mex+miy+m2)(1+x""+y ") +uv =0} c (C*)?xC?,

» We have an isomorphism of A- and B-model Z-variation of Hodge
structure
H*(Xz,) = HY®"(Xg )

and taking (the invariant part of) limiting mixed Hodge structure on
both sides yields

» the number of independent periods given by the surviving periods

» One can map the computation to the one of uang, kiemm, Poretschiin; WhO
studied elliptically fibered CY 3-fold with a based given by a toric
del Pezzo surface and get the expansion at infinity
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» We have described a systematic way of deriving the differential
operators for the general multiloop sunset graphs

» The inhomogeneous terms arise from total derivative going back
and forth because parametric and Feynman representation we
hope this can help with the integration by part method

» They are many interesting useful connection to mathematics

i) The connection to the work on mirror symmetry gives a natural way

of understanding the basis of master integral

ii) [Broadnurst] shows that banana graph at p° — 1 gives
L-functions values in the critical band. They are realisation of
[Deligne]’s conjectures on periods (sioch, Kerr, Vanhovel

ili) The graph polynomials and the differential equation are sometime
known to mathematician cf. [v. straten et al.] classification
of Fano varieties

iv) Interesting connection to Gamma class conjecture of [Golyshev,

Zagier]
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