


TOPS AND BOTTOMS WITH A BIT OF CHARM

ì Realm of perturbative QCD, yet very different species
ì Different position of the mass scale in the 

hierarchy of scales for a given process or
observable -> potentially large logarithms 
involving masses 

ì Different lifetimes -> hadronize or not
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ì Resummation of soft gluon emission  important in all cases
ì better description of physics: additional corrections to cross sections… 

especially applicable when  higher fixed-order calculations out of reach 
ì restoration of predictive power of perturbation theory
ì reduction of the theory error due to scale variation
ì cross-talk with parton shower techniques and tools 



FACTORIZATION

ì Factoriza)on of so. and collinear emission is the underlying principle allowing 
resumma)on

ì Intui)ve: short distance incoherent with long distance dynamics, long-wavelength so. 
gluons “insensi)ve” to short wavelength physics 

ì Details of factoriza)on / resul)ng expressions for cross sec)on depend on the specific 
process and observable in ques)on
ì 𝛼!" log𝑚 … origina)ng from so./collinear emissions

ì threshold logs : 𝛼!" log𝑚 (1 − ⁄#!
!) (absolute threshold, M= sum of final state 

par)cle masses), 𝛼!"
$%& ! (() *"!

#)

() *"!
# ,

(invariant mass threshold), …

ì recoil logs 𝛼!" log𝑚 ( +pT
2

Q2)

ì mass logs 𝛼!" log𝑚 ( +mb
2

Q2)
ì ...

ì Various formalisms (direct QCD, SCET), shown to be equivalent
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SOFT GLUON RESUMMATION
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STRUCTURE OF THE RESUMMED CROSS

SECTION
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ì Resumma'on ⟷ all-order factoriza'on of so4 and collinear emissions

ì Exponen'a'on ⟷ solu'ons of RGEs

ì For a generic process with n jets in the final state:

ì If heavy par'cles in the final state (e.g. tops) no final state jets

ì Processes with four or more legs carrying colour: hard and so4 func'ons are  matrices in colour space 

Soft function: soft wide-angle
<latexit sha1_base64="NfCXBm8yF3pSw5hamxy7msDtqyE="></latexit>
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MULTI-SCALE PROBLEM

ì MulN-scale problems: appearance of the logarithms of raNos of various scales

ì Hierarchy of scales determines the importance of these terms, e.g. mb , mc << Q2
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4FS (tough)

5FS (easier)

DGLAP                resum logs of mb/Q  fragmentation

[Maltoni, Ridolfi, Ubiali’12] [Lim,Maltoni, Ridolfi, 
Ubiali’13]  …

[Cacciari, Greco, Nason’98] [Mele, Nason’91] 
[Ridolfi, Ubiali,Zaro’19] …

see the talks yesterday! 



+SOFT

ì Combina)on of the massive fixed-order results with resumma)on of mass logarithms In the 
fragmenta)on approach[Cacciari, Greco, Nason’98] [Cacciari, Frixione, Nason’98][Neubert’07][Forte, 
Laenen, Nason, Rojo’10],Forte, Napoletano, Ubiali’16, Bonvini, Papnastasiou, Tackmann’15, Pietrulewich et 
al.’17, Ridolfi, Ubiali, Zaro’19

ì Desirable to improve the predic)ons by resumming jointly with so. gluons, but different 
structure of so. logs in the two mass schemes (double log  vs single log  in the fully massive 
calcula)ons) due to non-commu)ng massless and so. limits [Cacciari, Corcella, 
Mitov’02][Corcella,Mitov’04][AglieW et al.’07] [Gaggero, Ghira, Marzani, Ridolfi’22] [AglieW, Ferrera’22]

ì New approach relies on modifying jet func)on through its calcula)on in the quasi-colinear limit 
[Ghira, Marzani, Ridolfi’23] , recovers the resumma)on result for fragmenta)on [Cacciari, Catani’01] 
for mass scales smaller than so. scale and the usual so. gluon resumma)on for the reversed 
order
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+SOFT

ì Combination of the massive fixed-order results with resummation of mass logarithms In the 
fragmentation approach[Cacciari, Greco, Nason’98] [Cacciari, Frixione, Nason’98][Neubert’07][Forte, 
Laenen, Nason, Rojo’10],Forte, Napoletano, Ubiali’16, Bonvini, Papnastasiou, Tackmann’15, Pietrulewich et 
al.’17, Ridolfi, Ubiali, Zaro’19

ì Desirable to improve the predictions by resumming jointly with soft gluons, but different 
structure of soft logs in the two mass schemes (double log  vs single log  in the fully massive 
calculations) due to non-commuting massless and soft limits [Cacciari, Corcella, 
Mitov’02][Corcella,Mitov’04][Aglietti et al.’07] [Gaggero, Ghira, Marzani, Ridolfi’22] [Aglietti, Ferrera’22]

ì New approach relies on modifying jet function through its calculation in the quasi-colinear limit 
[Ghira, Marzani, Ridolfi’23] , recovers the resummation result for fragmentation [Cacciari, Catani’01] 
for mass scales smaller than soft scale and the usual soft gluon resummation for the reversed 
order

Edinburgh, 30.11.23A. Kulesza, Soft gluon resummation with heavy quarks

In this context, tops are much easier to handle



25+YEARS OF RESUMMATION FOR HEAVY

FLAVOURS
ì Top-pair producNon

ì Pioneering analy)cal work of [Kidonakis, Sterman’96 ’97] and [Bonciani, Catani, Mangano, 
Nason,’98] ->  NLL resumma)on

ì Extension to NNLL and numerical results in [Czakon, Mitov, Sterman’09] [Cacciari et al.’11] 
(direct QCD) and [Beneke et al. ’09-’12] [Ahrens et al.’10-’11] (SCET)
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ŝ

◆



DIFFERENTIAL DISTRIBUTIONSTT
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ì Pair invariant-mass (PIM) kinemaNcs ì 1-parNcle inclusive (1PI) kinemaNcs

[Ahrens et al.’10-’11] (SCET)
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BOOSTEDTOPS

ì Boosted soft limit
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PT OF THETOPS
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ì Transverse momentum of the top pair

[Catani,Grazzini, Torre’14] 
[Catani,Grazzini, Sargsyan’18]

ì Also available: 0-jettiness resummation [Alioli, Broggio, Lim’21] 

ì Projected transverse momentum 

[Ju, Schönherr’23] 
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associated 
production
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ASSOCIATED HIGGS PRODUCTIONWITH TOP

QUARKS
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pp ! tt̄H

[Buaazzo et al.’13]

4π 2 dλ
d lnµ 2

≅ −3yt
4 + 6λyt

2 +12λ 2 +...

ì Direct probe of the strength 
of the top-Yukawa coupling

ì Crucial for understanding 
the Higgs sector and in 
searches for devia)ons from 
the SM

ì Far-reaching consequences  
→ stability of our Universe

CMS, Run1 + Run2: 5.2σ (4.9σ exp.)

ATLAS, Run1 + Run2: 6.3σ (5.1σ exp.)

PLB 784 (2018) 173
PRL 120 (2018) 231801



ì Probes of  top-quark couplings

ì Sensi)ve to BSM contribu)ons

ì Dominant backgrounds to searches and SM precision measurements (!H included)

ì Measurements of differen)al distribu)ons of the Z boson produced in associa)on with _bar

TTBAR+W,Z
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ATLAS, PRD 99 (2019) 072009 CMS, 2208.06485



TTBARH ANDTTBARW AT NNLO

ì soft Higgs approximation for the 2-
loop amplitudes [Catani et al. ’22] 

ì so\ approximaNon to W emission as 
well as massificaNon procedure to 
W+4 parton amplitudes [Buonocore et 
al.’23]
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RESUMMATION FORTTBAR+B
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ì Threshold limit in the invariant mass kinematics:

ì Large logarithmic contributions of the form    𝛼!"
$%& ! (()./)

()./ ,
;  !𝜌 = 𝑄$/𝑠̂

ì Direct QCD → N space: 

ì In Mellin space, logarithms of 1 − -𝜌 become logarithms of Mellin moments N 

ì Resummation

partonic energy
p
ŝ approaching the production threshold M = 2mt+mH , ŝ ! M

2, where
mt is the top quark mass and mH is the Higgs boson mass. In [23], we have achieved an
all-order improvement of the theoretical predictions by taking into account a well-defined
subclass of higher order corrections. However, due to the suppression of the available 3-
particle phase-space in the absolute production threshold limit, it is to be expected that the
numerical impact of formally large logarithmic corrections resummed in these kinematics
will be somewhat diminished and that contributions prevailing numerically might come
from regions further away from the absolute threshold scale M .

Subsequently we have performed [24] resummation of NLL corrections arising in the
limit of

p
ŝ approaching the invariant mass threshold Q with Q

2
= (pt + pt̄ + pH)

2. We
have considered cross sections differential in the invariant mass Q, as well as the total cross
sections obtained after integration over Q. For a 2 ! 2 process, this type of resummation
is often referred to as threshold resummation in the pair-invariant mass (PIM) kinemat-
ics. Threshold resummation can be also performed in the framework of the soft-collinear
effective theory (SCET). The first application of this technique to a 2 ! 3 process, more
specifically to the process pp ! tt̄W

±, was presented in [25]. The SCET framework was
also used to obtain an approximation of the next-to-next-to-leading order (NNLO) tt̄H

cross section and distributions [26], following from the expansion of the NNLL resum-
mation formula. Recently, NNLL results for tt̄W [27], tt̄H [28] and tt̄Z [29] associated
production processes appeared, based on expressing the SCET formulas in Mellin space.

In this paper, we continue the work presented in [24] and perform threshold resumma-
tion in the invariant mass limit at the NNLL accuracy using the direct QCD [30] Mellin-
space approach. Compared to NLL calculations, the anomalous dimensions governing
resummation need to be implemented with accuracy higher by one order. In contrast to
the absolute threshold limit considered in [23], the soft anomalous dimension is a matrix
in the colour space containing non-zero off-diagonal elements, thus requiring an implemen-
tation of the diagonalization procedure. We then match our NNLL cross section with the
fixed-order cross section at NLO. The invariant mass kinematics also offers an opportunity
to perform resummation for the differential distributions in Q.

The paper is structured as follows. In Section 2 we review threshold resummation in
Mellin space, stressing the difference between the resummation in the invariant mass and
the absolute threshold limits. The numerical results and their discussion is presented in
Section 3, where we also compare our results to those in [28]. We summarize our most
important findings in Section 4.

2 NNLL resummation in the triple invariant mass kinematics
for 2 ! 3 processes with two massive coloured particles in
the final state

The resummation of soft gluon corrections to the differential cross section d�pp!tt̄H/dQ
2

is performed in Mellin space, where the Mellin moments are taken w.r.t. the variable
⇢ = Q

2
/S. At the partonic level, the Mellin moments for the process ij ! klB, where i, j

denote massless coloured partons, k, l two massive quarks and B a massive colour-singlet
particle, are given by

d˜̂�ij!klB

dQ2
(N,Q

2
, {m

2
}, µ

2

F, µ
2

R) =

Z
1

0

d⇢̂ ⇢̂
N�1

d�̂ij!klB

dQ2
(⇢̂, Q

2
, {m

2
}, µ

2
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2

R), (1)

3

𝑠̂ → 𝑄0 = (𝑝1 + 𝑝1̅ + 𝑝3)2

⇥̂(N) � C(�s) exp [Lg1(�sL) + g2(�sL) + �sg3(�sL) + . . . ]

LL:  αs
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Edinburgh, 30.11.23A. Kulesza, SoB gluon resummaCon with heavy quarks

ì Resumma)on ⟷ all-order factoriza)on of so. and collinear emissions

ì Exponen)a)on ⟷ solu)ons of RGEs
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perturbative expansion of the partonic cross section to all orders in ↵s. In Mellin space
these logarithms turn into logarithms of the variable N , and the threshold limit z ! 1
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where the trace is taken over colour space. The appearance of colour dependence in Eq. (2)
is inherently related to the fact that soft radiation is coherently sensitive to the colour
structure of the hard process from which it is emitted. The matrix Hij!klB indicates
the hard-scattering contributions, absorbing the off-shell effects, projected onto the chosen
colour basis. The colour matrix Sij!klB represents the soft wide-angle emission. The
functions �

i and �
j sum the logarithmic contributions due to (soft-)collinear radiation

from the incoming partons. The radiative factors are thus universal for a specific initial
state parton, i.e. they depend neither on the underlying colour structure nor the process.

At LO the tt̄H production receives contributions from the qq̄ and gg channels. We
analyze the colour structure of the underlying processes in the s-channel colour bases, {cq
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The hard function Hij!klB carries no dependence on N and is given by the perturbative
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(0)

ij!klB
, whereas

NNLL accuracy requires the knowledge of the H
(1)

ij!klB
coefficient.

The soft function, on the other hand, resums logarithms of N at the rate of one power
of the logarithm per power of the strong coupling. These single logarithms due to the
soft emission can be confronted with double logarithms due to soft and collinear emissions
resummed by the jet factors �

i and �
j . As a dimensionless function, Sij!klB depends

only on the ratio of the scales. At the same time, the dependence on N enters only via
Q/N [33], making Sij!klB dependent on the ratio Q/(NµR). The soft function is given
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In fact, the soft function Sij!klB as well as the radiative factors �i
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are dimensionless functions

of the ratios of the scales and the coupling constant at the renormalization scale. The current notation

indicating dependence on the scales is introduced for brevity.
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Hard off-shell Soft wide-angle Collinear 

Process-dependent Universal, known ✓

Processes with four or more legs carrying colour: hard and so. func)ons are  matrices in colour space 

Deltai∆(N)
i

∆(N)
ī

HIJ

SJI

[Kodaira, Trentadue’82-’83][Catani, d’Emilio, 
Trentadue’88][Sterman’87][Moch, Vermaseren, Vogt’04]
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ì Soft function from the solution of the RG equation

ì Soft anomalous dimensions 𝚪 known at two loops for any number of legs [Mert-Aybat, Dixon, 
Sterman’06] [Becher, Neubert’09] [Mitov, Sterman, Sung’09-’10] [Ferroglia, Neubert, Pecjak, Yang’09] 
[Beneke, Falgari, Schwinn’09], [Czakon, Mitov, Sterman’09] [Kidonakis’10] ✓

ì To calculate, eliminate path-ordered exponentials:

ì use basis that diagonalize 𝚪(𝟏) → enough for NLL accuracy
ì For NNLL,  treat matrices U perturbatively [Buras‘80][Buchalla, Buras, Lautenbacher’96] ] 

[Ahrens, Ferroglia, Neubert, Pecjak, Yang’10]

Edinburgh, 30.11.23A. Kulesza, SoB gluon resummaCon with heavy quarks
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where the trace is taken over colour space. The appearance of colour dependence in Eq. (2)
is inherently related to the fact that soft radiation is coherently sensitive to the colour
structure of the hard process from which it is emitted. The matrix Hij!klB indicates
the hard-scattering contributions, absorbing the off-shell effects, projected onto the chosen
colour basis. The colour matrix Sij!klB represents the soft wide-angle emission. The
functions �

i and �
j sum the logarithmic contributions due to (soft-)collinear radiation

from the incoming partons. The radiative factors are thus universal for a specific initial
state parton, i.e. they depend neither on the underlying colour structure nor the process.

At LO the tt̄H production receives contributions from the qq̄ and gg channels. We
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The soft function, on the other hand, resums logarithms of N at the rate of one power
of the logarithm per power of the strong coupling. These single logarithms due to the
soft emission can be confronted with double logarithms due to soft and collinear emissions
resummed by the jet factors �
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j . As a dimensionless function, Sij!klB depends

only on the ratio of the scales. At the same time, the dependence on N enters only via
Q/N [33], making Sij!klB dependent on the ratio Q/(NµR). The soft function is given
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ì So. func)on from the solu)on of the RG equa)on

ì So. anomalous dimensions 𝚪 known at two loops for any number of legs [Mert-Aybat, Dixon, 
Sterman’06] [Becher, Neubert’09] [Mitov, Sterman, Sung’09-’10] [Ferroglia, Neubert, Pecjak, Yang’09] 
[Beneke, Falgari, Schwinn’09], [Czakon, Mitov, Sterman’09] [Kidonakis’10] ✓

ì To calculate, eliminate path-ordered exponen)als:

ì use basis that diagonalize 𝚪(𝟏) → enough for NLL accuracy
ì For NNLL,  treat matrices U perturba)vely [Buras‘80][Buchalla, Buras, Lautenbacher’96] ] 

[Ahrens, Ferroglia, Neubert, Pecjak, Yang’10]

ì Hard func)on

ì H(1) extracted from aMC@NLO [Frederix, Frixione, Hirschi, Maltoni, Piaau, Torrielli’11] (aH, aW, aZ) 
and PowHel (HELAC-NLO [Bevilacqua et al.’11] +POWHEG-Box) package [Garzelli, Kardos, 
Papadopoulos,Trocksanyi’11] (aH)

Edinburgh, 30.11.23A. Kulesza, Soft gluon resummation with heavy quarks
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where the trace is taken over colour space. The appearance of colour dependence in Eq. (2)
is inherently related to the fact that soft radiation is coherently sensitive to the colour
structure of the hard process from which it is emitted. The matrix Hij!klB indicates
the hard-scattering contributions, absorbing the off-shell effects, projected onto the chosen
colour basis. The colour matrix Sij!klB represents the soft wide-angle emission. The
functions �

i and �
j sum the logarithmic contributions due to (soft-)collinear radiation

from the incoming partons. The radiative factors are thus universal for a specific initial
state parton, i.e. they depend neither on the underlying colour structure nor the process.
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analyze the colour structure of the underlying processes in the s-channel colour bases, {cq

I
}

and {c
g

I
}, with

c
q

1 = �
↵i↵j�

↵k↵l , c
q

8 = T
a

↵i↵j
T
a

↵k↵l
,

c
g

1 = �
aiaj �

↵k↵l , c
g

8S = T
b

↵l↵k
d
baiaj , c

g

8A = iT
b

↵l↵k
f
baiaj .
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The soft function, on the other hand, resums logarithms of N at the rate of one power
of the logarithm per power of the strong coupling. These single logarithms due to the
soft emission can be confronted with double logarithms due to soft and collinear emissions
resummed by the jet factors �

i and �
j . As a dimensionless function, Sij!klB depends

only on the ratio of the scales. At the same time, the dependence on N enters only via
Q/N [33], making Sij!klB dependent on the ratio Q/(NµR). The soft function is given
by a solution of the renormalization group equation [31, 34] and has the form
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RESUMMATION-IMPROVED NNLL+N(N)LO 
TOTAL CROSS SECTION

ì NNLL resummed expression has to be matched with the full N(N)LO QCD(+EW) result

ì Inverse Mellin transform evaluated using a contour in the complex N space according to 
'Minimal Prescrip)on’ [Catani, Mangano, Nason Trentadue’96]

Edinburgh, 30.11.23
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NLO+NNLL FORTTBARH

Edinburgh, 30.11.23A. Kulesza, SoB gluon resummaCon with heavy quarks

KNNLL= 𝜎NLO+NNLL / 𝜎NLO

ì Compared to NLO, remarkable stability of NLO+NNLL

ì Stability improves with increasing accuracy of 
resumma)on

ì Reduc)on of the theory scale error

ì “Best” (envelope) NNLL+NLO predic)on in agreement 
with NLO QCD+EW at μ0 = M/2

(± scale ) (± pdf )

[AK, Motyka, Stebel, Theeuwes’17] [AK, Motyka, Schwartläder, Stebel, Theeuwes’20] 



TTBAR+W,Z AT NLO+NNLL

Edinburgh, 30.11.23A. Kulesza, Soft gluon resummation with heavy quarks

Envelope over results for different central scales

NLO(QCD+EW) +NNLL (± scale ) (± pdf )

[AK, Motyka, Schwartländer, Stebel, Theeuwes’18 ‘20]

ì Significant reduc'on (up to by half) in the scale 
dependence of the !Z total cross sec'on

ì Depending on the central scale, correc'on up to ~30% for 
the !Z cross sec'on 

ì Smaller impact on the OW predic'ons: only 𝑞#𝑞 ini'al 
channel at LO



TTBAR+W,Z AT NLO+NNLL

Edinburgh, 30.11.23A. Kulesza, Soft gluon resummation with heavy quarks

Envelope over results for different central scales

NLO(QCD+EW) +NNLL (± scale ) (± pdf )

[AK, Motyka, Schwartländer, Stebel, Theeuwes’18 ‘20]

ì NLO+NNLL results for _bar+W,Z,H also 
obtained in the SCET formalism [Broggio, 
Ferroglia, Pecjak, Signer, Yang’15] [Broggio, 
Ferroglia, Ossola, Pecjak’16] [Broggio, Ferroglia, 
Pecjak, Yang’16][Broggio, Ferroglia, Ossola, Pecjak, 
Samoshima’17] [Broggio et al. 19] 



TTBAR+W,Z AT NLO+NNLL

Edinburgh, 30.11.23A. Kulesza, SoB gluon resummaCon with heavy quarks

Envelope over results for different central scales

NLO(QCD+EW) +NNLL (± scale ) (± pdf )

(b = 0.859-...01-...$02...342...$0 pb

[AK, Motyka, Schwartländer, Stebel, Theeuwes’18 ‘20]
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INVARIANT MASS DISTRIBUTION FOR

TTBARH

ì NNLL+NLO distribu)ons for the two considered scale choices very close, NLO results differ 
visibly → KNNLL = 𝜎NLO+NNLL / 𝜎NLO  factors also different

ì NNLL+NLO error band slightly narrower than NLO (7-point method)

Edinburgh, 30.11.23A. Kulesza, SoB gluon resummaCon with heavy quarks

[AK, Motyka, Stebel, Theeuwes’17 ’20] 

M=(2mt +mH )/2



INVARIANT MASS DISTRIBUTION FOR

TTBARH

ì NNLL+NLO distributions for the two considered scale choices very close, NLO results differ 
visibly → KNNLL = 𝜎NLO+NNLL / 𝜎NLO  factors also different

ì NNLL+NLO error band slightly narrower than NLO (7-point method)
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TTBARZ: Z‘S TRANSVERSE MOMENTUM

DISTRIBUTION AT NLO(QCD+EW)+NNLL

Edinburgh, 30.11.23A. Kulesza, SoB gluon resummaCon with heavy quarks

[AK, Motyka, Schwartländer, Stebel, Theeuwes’19 ’20]

CMS, JHEP 03 (2020) 056



NNLO+NNLL

ì Matching to the new NNLO results for tTH [Catani et al.’22], undertaken within 
framework of the LHCHWG

ì Ongoing comparison with results based on the approach of  [Broggio et al.’19]

Edinburgh, 30.11.23A. Kulesza, SoB gluon resummaCon with heavy quarks



ASSOCIATED SINGLE TOP AND HIGGS

PRODUCTION

ì Measured together with ObarH [ATLAS Collabora-on, PRL125.061802 (2015)] [CMS Collabora-on 
PRD.99.092005 (2019)]

ì Sensi've to the top Yukawa coupling and HWW coupling

ì At LO nega've interference between the diagrams involving the two couplings in the dominant   t-
channel → sensi'vity to BSM

ì NLO QCD for t- and s-channel [Demar-n et al.‘15]  and  NLO(QCD+EW) for combined [Pagani, Tsinikos, 
Vryonidou’20]

ì Approxima'on of NNLO based on the expansion of the resummed formula [Forslund, Kidonakis‘20] 
Edinburgh, 30.11.23A. Kulesza, Soft gluon resummation with heavy quarks



THJET RESUMMATION

ì Exploratory study for s-channel (t-channel suffers from flavour scheme dependence)

ì Resumma)on of logarithms that are large in the invariant mass threshold limit s ➝ Q2 

triple invariant mass kinema)cs

ì NLL accuracy augmented with NLO contribu)ons ( NLLwC, also called NLL‘ )
ì calculaMons of 1-loop soN anomalous dimension (NLL),  NLO non-logarithmic contribuMons to S, H and 

J funcMons

ì New aspect: final state jet
ì can consider jets that at threshold are either massive ( non-zero pj

2 ) or massless ( pj
2 =0 )

Edinburgh, 30.11.23A. Kulesza, SoB gluon resummaCon with heavy quarks
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2



THJET AT THE LHC

Massive jets at the threshold:

Edinburgh, 30.11.23A. Kulesza, Soft gluon resummation with heavy quarks

ì Invariant mass distribution

[Moreno Valero, AK, Theeuwes‘21] 
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THJET ATTHE LHC

Massive jets at the threshold:

Edinburgh, 30.11.23A. Kulesza, SoB gluon resummaCon with heavy quarks

ì Invariant mass distribution ì Total cross section

[Moreno Valero, AK, Theeuwes‘21] 
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ì Promising, but more studies needed: rela)on to massless 
jets, t-channel contribu)ons..
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4-TOP

Edinburgh, 30.11.23A. Kulesza, Soft gluon resummation with heavy quarks

ì Sensitive to the Yukawa coupling 

[CMS CollaboraYon , JHEP 11 (2021) 118] 



4-TOP

Edinburgh, 30.11.23A. Kulesza, SoB gluon resummaCon with heavy quarks

ì Sensi4ve to the Yukawa coupling 

ì Can receive significant contribu4ons in BSM scenarios: 
SUSY, 2HDM, simplified DM models… 

ì Used to constrain four-fermion operators in SMEFT

ì Known in the SM at NLO (QCD+EW), matched to parton 
showers [Bevilacqua, Worek’12], [Maltoni, Pagani, 
Tsinikos’16][Frederix, Pagani, Zaro’17], [Jezo, Kraus’21]



4-TOPATTHE LHC

Edinburgh, 30.11.23A. Kulesza, Soft gluon resummation with heavy quarks

20% scale error



COLOUR STRUCTURE

ì Processes with four or more legs carrying colour: hard and so. func)ons are  matrices in colour 
space ↔ so. radia)on sensi)ve to the overall colour structure of the Born process

ì Construc)on of the colour basis as in [Keppeler, Sjodahl’12], with modifica)on for the gg channel

LHC Top WG MeeCng, 05.06.23 A. Kulesza, 4-top producCon: threshold resummaCon

channel:

channel:
6-dimensional colour space

14-dimensional colour space
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RESUMMATION FOR 4 -TOPS

Edinburgh, 30.11.23A. Kulesza, SoB gluon resummaCon with heavy quarks

ì Resumma)on performed at the produc)on threshold limit s ➝ 4mt
2 = M2

ì Logarithms of N arise from Mellin transform of logarithms of 1- 4mt
2/s

ì The so. func)on can be wri_en as an exponen)al if            diagonal

ì Construc)on of the colour basis as in [Keppeler, Sjodahl’12], with modifica)on for the gg channel

ì The calculated            become in the threshold limit

nega)ve values of the quadra)c Casimir operators  for the corresponding          
SU(3)  irreducible representa)ons
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SCALEVARIATIONAT NLO

LHC Top WG Meeting, 05.06.23 A. Kulesza, 4-top production: threshold resummation

Fixed-order results obtained with 
aMC@NLO [Alwall et. al.’14][Frederix’18]

[van Beekveld, Moreno Valero, AK’22]

𝜇 = 𝜇!= 𝜇"

QCD only



SCALE VARIATION AT NLO+NLL’

LHC Top WG Meeting, 05.06.23 A. Kulesza, 4-top production: threshold resummation

Fixed-order results obtained with 
aMC@NLO [Alwall et. al.’14][Frederix’18]

[van Beekveld, Moreno Valero, AK’22]

𝜇 = 𝜇!= 𝜇"



4-TOP AT 13TEV

LHC Top WG MeeCng, 05.06.23 A. Kulesza, 4-top producCon: threshold resummaCon

[van Beekveld, AK, Moreno Valero’22]

ì 7-point scale variation 
error 

ì Additional pdf error : 
+/- 6.7 %

QCD only



4-TOP AT 13TEV

LHC Top WG Meeting, 05.06.23 A. Kulesza, 4-top producCon: threshold resummaCon

[van Beekveld, AK, Moreno Valero’22]

QCD only

ì 15 % correction to the 
NLO (QCD+EW) 
prediction due to NLL’ 
resummation



4-TOPAT 13TEV

LHC Top WG Meeting, 05.06.23 A. Kulesza, 4-top producCon: threshold resummaCon

[van Beekveld, AK, Moreno Valero’22]

QCD only

ì Reduc)on of the  scale 
error by more than a 
factor of 2



COMPARISON WITH MEASUREMENTS

LHC Top WG Meeting, 05.06.23 A. Kulesza, 4-top production: threshold resummation

[van Beekveld, Moreno Valero, AK’22]
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COMPARISON WITH MEASUREMENTS

LHC Top WG Meeting, 05.06.23 A. Kulesza, 4-top production: threshold resummation

[van Beekveld, Moreno Valero, AK’22]

LHCtopWG
ATLAS+CMS Preliminary  = 13 TeV, June 2023s

 (scale) fb2.5-
2.2+ = 12.0 tttts

JHEP 02 (2018) 031
NLO(QCD+EW)

 (scale+PDF) fb1.8-
1.0+ = 13.4 tttts

arXiv:2212.03259
NLO(QCD+EW)+NLL'

tot.   stat.

)syst. ± stat. ± (tot. ± tttts Obs. Sig.
-1ATLAS, 1L/2LOS, 139 fb

JHEP 11 (2021) 118 ) fb13-
15+8 ± (15-

17+26 s1.9 

-1ATLAS, comb., 139 fb
JHEP 11 (2021) 118 ) fb4-

5+4 ± (6-
7+24 s4.7 

-1CMS, 1L/2LOS/all-had, 138 fb
arXiv:2303.03864 ) fb 8-

10+7 ± (11-
12+36 s3.9 

-1CMS, comb., 138 fb
arXiv:2303.03864 3) fb±4 ±5 (±17 s4.0 

-1ATLAS, 2LSS/3L, 140 fb
arXiv:2303.15061 ) fb

3.4-4.3 -

4.6+4.7 + (5.5-
6.6+22.5 s6.1 

-1CMS, 2LSS/3L, 138 fb
arXiv:2305.13439 ) fb

1.9-3.5 -

2.3+3.7 + (4.0-
4.4+17.7 s5.6 

0 20 40 60 80 100 120
 [fb]tttts



SUMMARY

Edinburgh, 30.11.23A. Kulesza, SoB gluon resummaCon with heavy quarks

ì 25+ years of so4 gluon resumma'on for heavy flavours

ì So4 gluon resumma'on for processes involving b quarks brings new challenges due to the gap 
between boOom mass and the typical scale of the process  but progress is made

ì In the context of so4 gluons, ground zero are the studies for top quarks

ì For tops, new developments for top-pair produc'on and first applica'on of threshold resumma'on 
to a class of 2 → 3 and 2 → 4 processes reaching  N(N)LL+N (N )LO (QCD+EW) accuracy
ì Remarkable stability of the total and differen'al and cross sec'ons w.r.t. scale varia'on
ì Reduc'on of the theory error due to scale varia'on with the increasing logarithmic order of 

the calcula'ons 


