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—— What we are interested In:
— understanding the physical processes that govern the energy cascade in MHD

— finding the length scales these processes are associated with

—» How we realize them:

— using a theoretical approach to construct physically interpretable observables

— disentangling the large-scale dynamics from the small-scales one

—— How we achieve that:

—» next slides

Let us talk about hydrodynamics first
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{r Oru; + 0 (ujuy) = —;83']?57;]’ +vu; i+ fi ﬁg&gﬁ?g:glieessSIble
L Oiu; =0 equations

The fluid velocity in the z direction
on an xy plane in the HIT simulation
with Rey = 400 :

(a) unfiltered

(b) filtered using a Gaussian filter

3 /2

(P. Johnson, JFM (2021) )
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T T

Separate large- and small-scale dynamics —»  Filtering operation
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3D incompressible Navier-Stokes equations

1
[ Oyui + 05 (ujuy) = —;ﬁjP(Sz‘j + VUit i

L 81’114 =0

Separate large- and small-scale dynamics —*  Filtering operation

L | ! |
U (@) = /er G*(r)u;(x + 7). G (r) = (2m02)3/2 P ( 207 )
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F{afh(k) = F {ui}(k) - F{G"}(k) = F {u;i}(k) e~ >
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Filtered momentum equations:

Oty + 0; (W'u;") = —0;p"0;j +vu; ; + f

¢ttt Sub-Grid Scale

¢ ) stress tensor

L]

J

Z]

M. Germano, JFM 238 (1992)
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| Filtered Filtered field
Filtered e Mmomentum — energy
velocity equations equation

ﬂf' 875 + 0; (uz uje) = ue 8.71765%3 + Vuz it f 0.

4
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O, <§ﬂfﬂf> + 0;(...) = ﬂfff + S@-jgffj - 2vS¢j€S7;j£

\ \‘ \
¢ \ \ \
boundary input energy energy flux viscous
term from forcing across the scales dissipation

vanishes in mean
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P. Johnson, PRL 124, 104501 (2020)
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0
single-scale multi-scale

P. Johnson, PRL 124, 104501 (2020)
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I1° = — tr ((Va')'va' (Va')')

& =0 JVE6 — /770
- r<(vfu,f)t/ 49 vuVe(vuve) —vaY?  (vavi) )
0

5 = (vl + (vab)) /2
a = (va' — (va))) /2

IT) 455 = —L7tr ((?e)tﬁg(ge)t) single-scale strain self-amplification

I Hﬁsss*‘ﬂ SSS"_H SQQ+H SQQ+HmSSQ

M g0 = —Ltr ((gg)tﬁg(ﬁg)t) single-scale vortex stretching

0? ¢ ¢ ¢ _ -
Hm S8 = —/0 df tr ((Ee)@ﬁ(?@)t — (ge)t?/g (§\/§)t ) multi-scale strain self-amplification

¢

e ¢ ¢
T g0 = — / df tr ((?e)tﬁﬁ(ﬁ\/g)t — (?e)tﬁﬁ (ﬁ\/g)t ) multi-scale vortex stretching
0

subfilter correlation of strain rate &

e L, T ¢ T ¢\ couples resolved-scale strain rate w/
L, gs0 = [ do e )5 @7 - 3ra’ @)
’ 0 vorticity

P. Johnson, PRL 124, 104501 (2020) G. L. Eyink, JFM 549, 159-190 (2006)
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structure of expression generic for advective nonlinearity

— can generalise to coupled advection diffusion equations - MHD
— can decompose kinetic, magnetic, cross-helicity fluxes

Generalized expression
I = - 2 (VA)'VB' (VC')')

)t ~ VB (VC

Vo

£2
~tr <(VA£)t/ i vB'' (ve )t
0

Vo

\/529>
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structure of expression generic for advective nonlinearity

— can generalise to coupled advection diffusion equations - MHD
— can decompose kinetic, magnetic, cross-helicity fluxes

Generalized expression
I’ = - 2 (VA)'VB'(VC')')
02—0
)t — VB (VC’

62
—tr | (VA / i vB” (v’
0

J. Fluid Mech. (2023), vol. 963, R1, do1:10.1017/jfm.2023.236

applied to
HD helicity flux

JM RAPIDS

New exact Betchov-like relation for the helicity /
flux in homogeneous turbulence

Damiano Capocci!*f, Perry L. Johnson?, Sean Oughton®, Luca Biferale' and
Moritz Linkmann*



= 0 TOR VERGATA

UNIVERSITA DEGLI STUDI DI ROMA

MHD equations

ou=-VP*—(u-V)u+(b-V)b+vViu+f P*=P+—
Ob=—(u-V)b+(b-V)u+nV?b

Generalized expression
' = - o ((VA')'VB (VC))

2 V2= VIZ—0 V2=
— tr ((VZE)t/ do VE\/@(Vf\/@)t — VE\@ (vﬁ\@)t )
0
MHD energy fluxes He — HLE — HMaE + HA7€ — HD>€

! ! ! !

u-vu b-Vb u-Vb b-Vu
\——, N

momentum equation induction equation
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MHD equations

ou=—-VP*—(u-V)u+ (b-V)b+vViu+f P*=P+—
Ob=—(u-V)b+(b-V)u+nV?b

Generalized expression
' = - o ((VA')'VB (VC))

2 V2= VIZ—0 V2=
— tr ((VZE)t/ do Vﬁﬁ(vf\/g)t — VE\@ (vﬁ\@)t )
0
MHD energy fluxes He — HLE — HMaE + HAaE — HD>€

A ! ! !

u-vu b-Vb u-Vb b-Vu
\——, N

momentum equation induction equation
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DNS datasets

— nonlinear saturated dynamo Pm=1

— statistically stationary

By =0

—— Dbackground magnetic field {Bo — 10

— Large-scale random forcing scheme k¢ € [3,5] w/ minimal cross-helicity injection
—— periodic BC on domain [0, 27r]3 - pseudo-spectral method

— viscous/hyperviscous

— 10243 - 20482 collocation points Fmaxty = 1.38
P kmaxnb =1.37
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(IT°) /e

(IT

1.0

0.81

0.61

0.2

0.01

—0.21

m,SSS

0.41

Decomposed inertial flux « - Vu

1,0
M = Tses + 10, g5 + My s00 + g0 + Iy sas

Navier-Stokes

Re = 26000

(IT°)

<H£,SSS>

)~

<an,ssm>

MHD with By =0

1.0{Re = 9900
0.8

0.61
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MHD equations

ou=—-VP*—(u-V)u+ (b-V)b+vViu+f P*=P+—
db=—(u-V)b+(b-V)u+nV?b

Generalized expression
' = - o ((VA')'VB'(VC))

I N N N
~tr <(VA£)‘5 / a0 vB" (v’ v (v’ >
0
MHD energy fluxes HE — HLE _HM,K -4 HAaE — HD7€

ooy ot

u-vu b-Vb u-Vb b-Vu
\——, \——

momentum equation induction equation
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Decomposed Maxwell flux b - Vb

M.¢
Y =TI gy + [} R ses T IT,"; SJJ + Hm sy I SJZ +11,, % SJY

1.0] 5 = (VB + (Vb)) /2
0.8 (T4 T = (v# - (vEe)t) /2
ﬁo‘@ / (g J> : Energy transfer almost exclusively
< ; from:
EE . / Mt
Y / I srs =
0.21 / 2 " &
—/ a9 tr(S <szf SN ))
0.0 0
-0.2 — =l
10'—2 10'—1 100 Hi\f‘s’«ejx — —62‘61‘(5 (J E — Eeje))
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Decomposed Maxwell flux b - Vb

Mt _ 7ML
I = 1 g5 + I Rp: ,SE8 T IT,"; SJJ + Hm s77 T IT,"; SJE + Hm SIS
extensionall restoring magneti(;;#d bending magnetic fleld twisting
effect of magnetic field
Lo S (v + (98 2
0.8 (T4 T = (v# - (VE’Z)t) /2
ﬁo‘@ / (TG s) fErcr)lre:]r_gy transfer almost exclusively
= 04 / '
= : , e
| / (IL5 s%) m,SIY T
. / ¢ VY A A
: (I, ¢ _/ do tr(S (J PO Sh ))
0.01 —e—ns—tas—s— ¢ 0
~0.2] _ i
102 10! 107 Mgy = —EQU‘(S (TS - EKJE))
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MHD equations

ou=—-VP*—(u-V)u+ (b-V)b+vViu+f P*=P+—
Ob=—(u-V)b+ (b-V)u+nV<b

Generalized expression
' = - o ((VA')'VB'(VC))

e ViZ—0 VIZ=0 VIZ—0
~tr ((VAe)t / a0 vB" (v v (v’ )
0
MHD energy fluxes ¢ = 1104 — IIM-¢ 4 1144 — T1P+¢

ooy ot

u-vu b-Vb u-Vb b-Vu
\——, \——

momentum equation induction equation
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MHD equations with B) #0 =—  Anisotropy

Ou=—-VP*—(u-V)u+ (b-V)b+ (Bg-V)b+vViu+f P*=P+4 —
Ob=—(u-V)b+ (b-V)u+ (Bo-V)u+nV?b

BO — (07 07 BO)

We apply the same decomposition
of the SGS tensor setting:

bz—I—BO—>bz

. magnitude
J—v X b of current
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1.00 1.00
By =0 By =10

0.75 0.75
w 0.50 w 0.5
~ ~
< S
~ 025 ~. 0.25
= = oo

0.00»»aspisiis 0.0+ :

—0.25 —0.25
107 10~ 10°
kn=mnn/tl

—— 2-dimensionalization: I1¢, sas the only inertial component surviving in 2D

—* Enhanced inverse transfer of kinetic energy

02 ¢ ¢
B —/ d tr(S (SIQ\F 0/’ 5 ))
0
Larger errorbars

— The system is still accumulating energy in the large scales — for kn < 102
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1.00

0.75

w (0.90

0.25

(%) /e

(I4)/

0.00 | s»aseft e

—0.25

1072 107 10°

1.00

0.75

0.50

—— 2-dimensionalization: I1¢, sas the only inertiaytomponent surviving in 2D

—* Enhanced inverse transfer of kinetic energy

0? @
T o = — / do tr <S (S*fﬁf A AL
0

)

—* The system is still accumulating energy in the large scales

Larger errorbars
for kn < 1072
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Decomposed inertial flux w - Vu

¢ _
I’ Hs sss Tt Hm Sss T Hs soa t Hm soo T Hm SQS

Navier-Stokes B - MHD with Bg =0
1.01
0.81
0.61
0.4
0.2
0.01
091 | | <H£?,SQS> —0.21 <an,sgs> | |
1072 107! 10V 1072 107! 10V
kn=nmn/t kn=nm/t
1.0 1.0 _ —l—l—f —l—l—"
(I 555 = 3(I1’s0q) because of the Betchov relation: —(tr(S" S S")) = 3(tr(S Q Q"))
strain self vortex

amplification stretching
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—»tr(SS55) = 3A1A2A3 in the reference frame where S;; is diagonal

—— Fluid sphere deformation: contractile/extensional directions along the eigenvectors

—» Incompressibility i.e. V-u =0 provides A1 +X2+A3=0

2 A1 >0, 23<0 but M\ § 0 : 2 possible configurations Sii = ! (aui +

J 5 8xj

Ay > 0 . disk-shaped| || cigar-shaped 1 Ay < 0
deformation deformation

( adapted from P. Johnson, JFM (2021) )

8uj
8581'

)
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1€

0.01;
0.001 |
0.0001 -

1x105 |

pdf

1x10° |

1x107 |

1x108 |

1x107°

~ > In MHD P(A\Y"P) is more symmetric than P(A\3'")
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1 E T T T T T T
0.1 i Ay > 0 f disk-shaped cigar-shaped Ay <0 ]
R deformation deformation 3
0.01
0.001 i
0.0001 ¢ E
Y— i
e
o i _
1x107 | ) !
1x10°6 | 2 -
1x107 L
g HD :
TRLESr i
i | [l
naos b o ool i | | |
-80 5

-100 60 -40

100
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Summary
> exact decomposition of flux terms in coupled advection-diffusion equations
— Kkinetic, cross & magnetic helicity fluxes can be also decomposed
~—» application to the energy fluxes in MHD turbulence

— depletion of vortex stretching compared to Navier-Stokes
—» The Lorentz force provides the leading contribution to the MHD kinetic energy flux

— 2-dimensionalisation in MHD leads to increased inverse transfer of kinetic energy

—— HD and MHD have different small-scale flow structures

—» the strain-rate tensor eigenvalues distributions are more symmetric in MHD than in HD
— in HD there is a clear prevalence for disk-shaped deformation of flow structures

—in MHD there is less difference in likelihood of disk-shaped and cigar-shaped deformation

~—» guidance for SGS modelling
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Thank you for your attention
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Decomposed advection % - Vb and dynamo b - Vu fluxes

— They are electric field energy subfluxes

—» common physical origin
Al _ Al
H_ o Hs ZES + Hm 33S HS,JZS

Pt = HA“FQH JZS+2Hm Jxs

Al
o Hfm,JZS —1I

2H ZJQ

1.0

0.8

0.6

0.4

(44 fe

0.2

0.0

—().2

W
~
<
Q
=
|

AL Al AL
sogrs — 1 s H 1L w50 + Hm IR0

o (vE’Z + (v#)t) /2

7 :(Vb —(Vb))/

2Hm JX0

1.0

0.8

0.6

0.4

0.2

0.0

—().2
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0.100000 |

0.010000 |
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0.001000 |
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I = I} — 115, + 11 — 115,

Lo S ¥ atneund . W

[ 14 y4 i 14
u-Vu b-Vb u-Vb b-Vu B Ao Ha=1lp
' : . : ' . : i 5 i)
momentum equatlon induction equat|on : |
‘ SGS energy |

1
ratQU_ieu_ie - aj() — _H§ T H?W_ Hﬁom) T efn _ 2VS’ij£Sij£
P / ‘T bt
Lat§bi bz =+ aj() — _HA T 1_ID —I_Hconv T 277 Eij Eij

; B o\ 7 resolved scale
ion, = (ajui )bi b; conversion term

Offermans, G. P., Biferale, L., Buzzicotti, M., & Linkmann, M. POP (2018) H. Aluie NJP (2017)
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Computational costs per configuration

10243 collocation points

— Direct numerical simulation:
— Resources: 32 nodes
— Runtime: 145h

~— > Data analysis:

— Resources: 32 nodes

—— Runtime: 60h
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Why hyperviscosity?

hyperviscous

VISCOUS
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Computational costs

20483 collocation points

— Direct numerical simulation:
— Resources: 64 nodes
— Runtime: 360h

~— > Data analysis:

— Resources: 64 nodes
—— Runtime: 230h
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