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Q: For which z is the surface 7, X* + 2,Y* + z3Z* + 7,XYZ + z5 = 0 singular?
A: Discriminant: z € V = {4z,2,23 + 7525 = 0}

Discriminants are everywhere, and they can be computed more often than you think
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Theorem (GKZ). Assuming that the parameters u, v are non-resonant, the local
solutions of the A-hypergeometric system are ¥ -(z), for all twisted cycles I".
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For which values of z is y(V, ,) different from its generic value?
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For which values of z is y(V, ,) different from its generic value?

Theorem (Amendola, Bliss, Burke, Gibbons, Helmer, Hosten, Nash, Rodriguez, Smolkin)
| x(Vy )| <vol(conv(Ad)) <= E,(2)=

Theorem (Cauchy-Kowalevskii-Kashiwara, GKZ). On a simply connected
U c C\{E, = 0}, the A-hypergeometric system has vol(conv(A)) holomorphic solutions.

Landau analysis: singularities of Feynman integrals. These are specialized GKZ integrals
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Let 7 : 7" — # be a surjective map of irreducible quasi-projective C-varieties
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Let 7 : 7 — Z be a surjective map of irreducible quasi-projective C-varieties

Let y* be the signed Euler characteristic of a generic fiber V. = 7~ 1(z%)

The Euler discriminant of i is
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Sunrise solution: PLD.jl

edges = [[1,2],[1,2]1,[1,2]1]1; nodes = [1,1,2,2]; @var m[1:3] M[1:4];
P1 X P4 ,
2 getPLD(edges, nodes; internal_masses = m, external_masses = M, method = :num)

X3 P3 New discriminants after codim 3, face 1/9. The list i

New discriminants after codim 3, face 3/9. The list is: mi, m:

3
7 ={(1- Zmixi)(x1x2+x1x3+x2x3)+sx1x2x3 U\, discriminants after codim 3, face 4/9. The list is: 1, mi, m2
i=1
P New discriminants after codim 3, face 5/9. The list is: 1, mi, mz2, ms
F =C*
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New discriminants after codim 1, face 1/8. The list is: 1, mi, mi1™4 - 4xmi1”3kmz — 4km1"3%mz — 4*km1°3%S + 6km172%km2"2 + 4*kmi1”2%kmz*
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A zoo of examples
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Do p3

(a) One-loop n-gon diagram,
G = An (Sec. 2.5)

P4 P3
(671
« Qs
1 s |3
Q2
p1 P2

(d) Acnode diagram,
G = acn (Ex. 10, Rk. 9, Thm. 2)

P4
(¢3]
pP1_
Qs

P27 a3
Qy

p3

(g) Twice doubled-edge triangle
diagram, G = tdetri (Thm. 2)

Pa
Qy
D1 Qs
Qg Qg
P2 a;
Q2
p3

(j) Planar triangle-box diagram,
G = pltrb (Sec. 3.3.1, Thm. 2)

P 6 Pa
P2 v P3

ap

(b) Banana diagram with E edges,

G =Bg (Sec. 2.6, 4.4)

P4 p3
Qy
&
aq Qs
Q5
a2
y 41 P2

(e) Envelope diagram,
G = env (Ex. 12, Sec. 3.4)

Pa o p3
>
[e 5] Qs
a2
y 41 P2

(h) Doubled-edge box diagram,
G = debox (Thm. 2)

y41 P4
Qg Qs
(e3] a7 Qy
Q9 a3
P2 p3

(k) Double-box diagram,
G = dbox (Thm. 2)

y2t
p1 Qi
P2 o (

pP3

(c) Parachute diagram,
G =par (Ex. 15, Thm. 2)

P4
Qy
41 Qs
Qg
P2 a1°:
(&3]
pP3

(f) Non-planar triangle-box
diagram, G = npltrb (Thm. 2)

P4 s p3
>
<>

Qg
Y41 P2

(i) Twice doubled-edge box
diagram, G = tdebox (Thm. 2)

J41 Ps
(%4 Qg
(&3]
P2 asg (07
a2
[e %} Qy
p3 P4

(1) Penta-box diagram,
G = pentb (Ex. 13)

Landau Discriminants

Sebastian Mizera,! Simon Telen?

Y41 Da
Qg a
a1 an Oy
(6%)] Qa3 %.

D2 b3

(a) Double-box with
an inner massive loop,
G = inner-dbox

n Da
Qe Qs
o (&%4 (o7}
(6D) Qa3
b2 P3

(d) Double-box for Bhabha
scattering, G = Bhabha-dbox

y4! Pa
D2 b3
a7 oo

(g) Kite diagram with generic
masses, G = kite

(j) Massless planar
double-pentagon, G = dpent

b1 P4
%y, %% 5
(05] (674 (87}
D f& Qg ' Q3 Qee.p
2 3

(b) Double-box with
an outer massive loop,
G = outer-dbox

(c) Non-planar double-box for
Higgs + jet production,
G = Hj-npl-dbox

P1 P4 4! P4
(o7 (67 Qg (6%}
oy ay Qy a Q4
(') a3 a2 a3
P2 p3 b2 p3

(f) Non-planar double-box for
Bhabha scattering,
G = Bhabha-npl-dbox

(e) Second double-box for Bhabha
scattering, G = Bhabha2-dbox

D1 %, ,Ds
o P4 o } ,,,,,,
p1 o
4
po D2
Qg o) b
p3 L %
p3 # y2

(h) Parachute diagram with generic
masses, G = par

(i) Non-planar penta-box fir Higgs +
jet production, G = Hj-npl-pentb

y4!
g

P2

(1) Second massless non-planar
double-pentagon, G = npl-dpent2

(k) Massless non-planar
double-pentagon, G = npl-dpent

Principal Landau Determinants

Claudia Fevola,! Sebastian Mizera,? Simon Telen?
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Feynman integrals

Erik Panzer

Kinematic singularities of Feynman integrals and

orincipal A-determinants Feynman integrals as A-hypergeometric functions

) Leonardo de la Cruz
René Pascal Klausen

Symbol Alphabets from the Landau Singular Locus

Christoph Dlapa,® Martin Helmer,® Georgios Papathanasiou ® and Felix Tellander @

Landau Singularities from Whitney Stratifications

Martin Helmer'",'>* Georgios Papathanasiou'',%> 31 and Felix Tellander'=3:*
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Maximum likelihood estimation

A statistical model for a discrete random variable with s states is a
subset of the probability simplex of dimension s — 1

Joint probability distribution of two binary random variables
Independence:

ProtR T Pup = 1. Preq t Punite = 1

Poo = PLOTR * Pred

Poo Po1 [ Pred

= | ] - [PLOoTR PHP]
Pwhite

X0Yo XoY1 X1Yo X1V1
Po=——> Po1=—> Pro=—1> Pn=—7 J=XYo+ Xy +Xo+ X

f / f /

This model is the intersection of the Segre quadric in P3 with the probability simplex [P’io
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Maximum likelihood estimation

A statistical model for a discrete random variable with s states is a
subset of the probability simplex of dimension s — 1

independence model of two binary random variables

X0Yo XoY1 X1 Yo X1V
Poo=—"> Po1=—> Po=—1> Pn1=—> J=X)o+ XY+ XY+ X1

/ / / /

suppose that, in an experiment, we observe state i1j a total amount of Uj; times

X Y
MLE: infer x = — and y = — by maximizing L, = log p 0 poip!iopl
X1 Y1
oL, oL, 0 Homotopy ‘= Uno T U y = Upgo T Uy
ax ()y Contlnuatlonjl uOO + ”01 + I/tl() + ull ’ ”00 + l/l()l + l/tl() + ull

The maximum likelihood degree

The number of complex solutions for generic data 14 IS | rabrizio catanese, serkan Hosten, Amit Khetan, Bernd sturmfels
called the maximum likelihood degree of the model

American Journal of Mathematics, Volume 128, Number 3, June 2006,
pp. 671-697 (Article) 1 5
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Discrete exponential families

A = my My e i = Z(n+1)><s

m m m
le 1 sz 2 ZSX §

fr T Ja

)

x|—>(

9 o o 0

Ja;2) = XM+ x4 e+ 7 X

Theorem (Huh) The maximum likelihood degree of the discrete exponential family
corresponding to A is the signed Euler characteristic of V, , = {x € (C*)" : f(x;z) = 0}

Theorem (Amendola, Bliss, Burke, Gibbons, Helmer, Hosten, Nash, Rodriguez, Smolkin)
| x(Vy )| <vol(conv(d)) << E,(z)=0

O 1 0 1 /
A=10 0 1 1), fax52) =20 +2px+ 3% + 24 X% (

b Ay = 2123 — L ‘

16



x

Tossing a biased coin

A biased coin shows HEADS with probability x, TAILS with probability y

We toss five times and count the number of HEADS

y> 5xy* 10x%y? 10x°y? 5x%y x°

/7R /SR /S R R

).

£106y; 7%) = 32 + 5xy* + 10x%y? + 10x%y? + Sx%y + x°
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A biased coin shows HEADS with probability x, TAILS with probability y
We toss five times and count the number of HEADS
55 41023103254 5
y’ ﬂf, xy, xy7,xy;x% i, y; 2%) = y° + 5xy* + 10x%y? + 10x%y? + 5xty + x°
fa Ja Ja Ja fa  Ja |
SCi SciPost Phys. Lect. Notes 75 (2023)

x

using HomotopyContinuation

@V a r x S n u Saiei-Jaeyeong Matsubara-Heo'*, Sebastian Mizera®’ and Simon Telen3*
f =1+ 5xx + 10%xx™2 + 10%xx*3 + 5%x™4 + x5
L = nuxlog(x) - sxlog(f)

Four lectures on Euler integrals

F = System([differentiate(L,x)], parameters = [s;nul)
monres = monodromy_solve(F)
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Euler stratification

Let 7 : 77 — £ be a surjective map of irreducible quasi-projective C-varieties

The Euler discriminant is V%(ﬂ) ={ze Z : |y(V)| # x*}
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Euler stratification

Let 7 : 77 — £ be a surjective map of irreducible quasi-projective C-varieties

The Euler discriminant is V)((Jz) ={ze Z : |y(V)| # x*}

An Euler stratification of x is a partially ordered finite set & of quasi-
projective subvarieties (strata) of £ such that forany S,S5' € &

e SNS"=@whenS #S§,and Ugeo S =F

o S is a union of strata

P D
« (V) = y(r~(2))is constant forz € £
. S is smooth and irreducible

Favorite examples:
7 = {(x,z2) € (C*)"x P51 : falxsz) = 0}, £ = ps—1

7 =1{(x,2) € SZ"AXIPS_l C falxsz) =0}, £ = ps—1
18



Points on

Euler stratification of 7 : {(x,z) € C* x P’

_ (0 1 2 3
A‘<1111

the line

D7)+ X + 73x7 + 7400 = 0} — P

)
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Points on the line

Euler stratification of 7 : {(x,z) € C* X P? : z; + 2px + 3x° + 74x° = 0} — P’

_ (01 23
A‘<1111>

_ 2.2 3 3 2.2
E\(z) = 2124(2325 — 42425 — 42321 + 1821202324 — 272, 2()

. dense stratum: y = 3
* principal A-determinant: y = 2
. singular locus: y = 1

e torus invariant points: y = 0
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Points on the line

Euler stratification of 7 : {(x,z) € C* X P? : z; + 2px + 3x° + 74x° = 0} — P’

_ (01 23
A‘<1111>

_ 2.2 3 3 2.2
E\(z) = 2124(2325 — 42425 — 42321 + 1821202324 — 272, 2()

. dense stratum: y = 3
* principal A-determinant: y = 2
. singular locus: y = 1

e torus invariant points: y = 0

7 {(6,2) EPI X P 1 7y + X + %7 + 7407 + z5x* + zx° = 0} — P?

strata are indexed by partitions of 5 = Young diagrams using 5 boxes

- _

yd 3112 \Z 411! \
211N\ 1_ 4 i

2211 3121

N\~

19



Five points in C*

tossing a biased coin 5 times

:.. \\
NS
NN

dm=y 35 4 3 2 1 0



Euler stratifications for
plane curves

ongoing with Maximilian Wiesmann

2200 201 22
M@ =201 221 2
20 22 2%y,

det M(z) =0 rank M(z) = 1

o

rank M(2) 3 2 1
X 2 3 2
dim 5 4 2




Euler stratifications for
plane curves

4 v 52, 2.2 s 20 Qo L2, o - ~ 2.2
<4 — 8 1334 <5 + 16 2345 + 24 9341546 48 <135%¢ 8 oYovG 16 023357 + 24 <134%587 + 16 Xy

—48 2p<5%7 + 24 193337418 3 <134 %3 16 <143%3548 48 2y 2638 + 144 20<526<8 16 {18928 + 24 20<4%7%38 + 16 <148

2
yA

—48 202325 — 48 207379 + 24 21232429 + 144 21252679 — 216 20242620 — 48 272729 + 144 2023272
Aronhold invariant
A, 1

D, X /

35 gens, deg 8

dim 9 8 7 6 5 4 2

22
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Thank you!

W jj




Euler integrals

1

dx
Euler’s Beta integral J (1 — x)* x¥ — converges for Re(v) > 0, Re(u) > — 1
0 X



Euler integrals

1

dx
Euler’s Beta integral J (1 — x)* x¥ — converges for Re(v) > 0, Re(u) > — 1
0 X

Its meromorphic extension to C? is the Beta function

dx
Bv,l +u) = [ (1 —x)¥ x"—
r X



Euler integrals

1

dx
Euler’s Beta integral J (1 — x)* x¥ — converges for Re(v) > 0, Re(u) > — 1
0 X

Its meromorphic extension to C? is the Beta function

dx
Bv,l +u) = [ (1 —x)¥ x"—
r X

Here [ is a twisted cycle on C*\ {1}



Euler integrals

1

dx
Euler’s Beta integral [ (1 — x)* x¥ — converges for Re(v) > 0, Re(u) > — 1
0 X

Its meromorphic extension to C? is the Beta function

dx
Bv,l +u) = [ (1 —x)¥ x"—
r X

Here [ is a twisted cycle on C*\ {1}

A similar integral appears in Euler’s integral formula for ,F:

dx
Bl + ) oF (— iy vty + 1 405 2) = J (1 = X" (1= zx)s x¥ —
r X
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Sunrise problem

Z2 a1a3 + Z3 a2a3 + Z8 ala?% + Z9 062063% = O

Z2a3+Z8a32 =0

== Qynp = D~ %% =0 (Aang)iz =0

—m3, —mg3, s —Mp — My — m3)

zoz+zea; =0
Loy +zno+2gaay+2z9ma; = 0 (21,...,210) = (1,1,1,

ajaony—1 =0 -

—Myp, —Mq1, —Mg, —Mg,

all parameters in & lie inside the principal A-determinant

|

the generic Euler characteristic on & is strictly smaller than vol(A)

G K £(M;,0) £0,m.) £(0,0) G E
A (15, 15) (11,11) (11, 15) (3,3) inner-dbox (43,834)
By (15, 35) (1,1) (15,35) (1,1) outer-dbox (64, 1302)
par (19, 35) (4, 8) (13, 35) (1,3) Hj-npl-dbox (99,1016)
acn | (55,136) | (20,54) | (36,136) (3,9) Bhabha-dbox (64, 774)
env | (273,1496) | (56,262) | (181,1496) | (10,80) Bhabha2-dbox | (79,910)
npltrb | (116,512) | (28,252) | (77,512) | (5,61) Bhabha-npl-dbox | (111,936)
tdetri | (51,201) (4,18) (33,201) (1,5) Kite (30,136)
debox (43,96) (11, 33) (31, 96) (3,10) par (19, 35)
tdebox | (123,705) | (11,113) | (87,705) | (3,41) Hj-npl-pentb | (330,3144)
pltrb | (81,417) | (16,201) | (61,417) | (4,80) dpent (281,5511)
dbox | (227,1422) | (75,903) | (159,1422) | (12,238) npl-dpent (631,5784)
pentb | (543,4279) | (228,3148) | (430,4279) | (62,1186) npl-dpent?2 (458, 5467)
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Loy +zno+2gaay+2z9ma; = 0 (21,...,210) = (1,1,1,
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—Myp, —Mq1, —Mg, —Mg,

all parameters in & lie inside the principal A-determinant

|

the generic Euler characteristic on & is strictly smaller than vol(A)

G K £M;,0) gO,me) £(0,0) G E . .
» .05 | (L) | (L) B3 o (43.830) The Euler discriminant can usually
By (15, 35) (1,1) (15,35) (1,1) outer-dbox | (64,1302) not be obtained by restricting the
par (19, 35) (4,8) (13, 35) (1,3) Hj-npl-dbox (99,1016) incinal A-det . t
acn | (55,136) | (20,54) | (36,136) (3,9) Bhabha-dbox (64,774) principa eterminan
env | (273,1496) | (56,262) | (181,1496) | (10,80) Bhabha2-dbox (79,910)
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Z2 a1a3 + Z3 a2a3 + Z8 ala?% + Z9 0(20{3% = O

ZQ(I3+Z861?% =0

== Qynp = D~ %% =0 (Aang)iz =0

—m3, —mg3, s —Mp — My — m3)

zoz+zea; =0
Loy +zno+2gaay+2z9ma; = 0 (21,...,210) = (1,1,1,

ajaony—1 =0 -

—Myp, —Mq1, —Mg, —Mg,

all parameters in & lie inside the principal A-determinant

|

the generic Euler characteristic on & is strictly smaller than vol(A)

G K £(M;,0) £0,m.) £(0,0) G E . ..
» .05 | (L) | (L) 53) T (43.830) The Euler discriminant can usually
By (15, 35) (1,1) (15,35) (1,1) outer-dbox (64,1302) not be obtained by restricting the
par (19, 35) (4,8) (13,35) (1,3) Hj-npl-dbox (99, 1016) fincinal A-determinant
acn | (55,136) | (20,54) | (36,136) (3,9) Bhabha-dbox (64,774) principa etermina
env | (273,1496) | (56,262) | (181,1496) | (10,80) Bhabha2-dbox (79,910)
npltrb | (116,512) | (28,252) | (77,512) (5,61) Bhabha-npl-dbox | (111,936) .. .
tdetri | (51,201) (4,18) (33,201) (1,5) Kite (30,136) The principal Landau determinant
debox (43, 96) (11, 33) (31, 96) (3,10) par (19, 35) IS a Computab|e subset of the
tdebox | (123, 705) (11,113) (87,705) (3,41) Hj-npl-pentb (330,3144) Eul di . h definiti
pltrb | (81,417) | (16,201) | (61,417) | (4,80) dpent (281, 5511) uler discriminant, whose definition
dbox | (227,1422) | (75,903) | (159,1422) | (12,238) npl-dpent (631,5784) is inspired by GKZ
pentb | (543,4279) | (228,3148) | (430,4279) | (62,1186) npl-dpent2 (458, 5467)



