Scattering in lattice field theory and the
role of Landau singularities

Maxwell T. Hansen
April 26th, 2024

/g THE UNIVERSITY
PRy QfEDINBURGH




=
E0

Recipe for strong force predictions

1. Lagrangian defining QCD

2. Formal / numerical machinery (lattice field theory)

3. A few experimental inputs (e.g. M, My, M)

TIr (s 1 a 1
Laop = Y Us(il) —my)Vy — 1GwGa
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Wide range of precision pre-/post-dictions

mg/IS ( ,u) —
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gA

(g — 2)HVP
w I /D

a® (M) = 0.1176(11)

-

F o

N Flavoul L&oeAA ing G (?l
‘ r veraging Group

a5 (M) = 0.1184(8) lattice average

PDG 20 (non-lattice)

C Overwhelming evidence for QCD Vv

Tool for new-physics searches v )
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Multi-hadron observables . LHCb (PRD92, 2015) -

160

[ Exotics, XYZs, tetra- and penta-quarks, H dibaryon _ 140
2 120
5 100

e.g. X(3872)
~ DD + D D*)?

80
60

Candidates per

40

20

AR P A l“‘u .......
740 760 780 800 820

AM = Mr'mdly) - M(J/y) [MeV]

[0 Eletroweak, CP violation, resonant enhancement

— — (— 4+ —4
CP violation in charm D — T, KK AAcp = (-15.44+2.9) x 10

. LHCb (PRL, 2019) -

f0(171()) could enhance AACP
e Soni (2017) -

Resonant B decays B — K* ff —> Kﬂ' M

X)), 1p),|K*),|fo) € QCD Fock space
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QCD Fock space

[J At low-energies QCD = hadronic degrees of freedom 7 ~ ud, K ~ su, p ~ uud

[ Overlaps of multi-hadron asymptotic states — S matrix

|77, in)

.g. |

dependson § = Egm
and angular variables

diagonal in angular momentum

L%
S(s) = <7T7T»0“t|$o
Ve

[J An enormous space of information nrnm,in)  |KK,in)

My(s) ox €2¥¢0s) — 1
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QCD resonances
[J Roughly speaking,a bump in: ‘./\/lg(s)‘z X ‘62i5€(8) — 1‘2 X Sin2 5g(8)

scattering rate

60 0.6 0.8 1
e, [O(JTO) =17 (177) T — T
—‘_‘40 nﬂ [0 Unn .‘}\/.‘,
DY c O o ® "o _
— 20 o Pw<:o, Ttz 9/pivo>!z
0 ; Protopopescu et al. (1972)

0.6 0.8 1

Extend to the
complex plane
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QCD resonances
[J Roughly speaking,a bump in: ‘./\/lg(s)‘Z X ‘6%52(8) — 1‘2 X Sin2 5g(8)

scattering rate
0.6 0.8 1

60 .
G(TPCY _ 14+ (1——
e M) =1 T — T
—‘_‘40 un p nn !} .‘,
z a @ ';3<I./00 a _ | \/ «'
o X “ pions ¥
Protopopescu et al. (1972)
0.8 1
E (GeV)
A Analytic continuation reveals a complex pole
< O
@ bound state
Ep = Mp

Er = Mg+ il'g/2

resonance @ :>¢C<:.
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Analyticity

[ Instead of |M(s)|* — analytically continue the amplitude itself 6> <:C

For two-particle energies (2m)? < s < (4m)?, what is the analytic structure! @

[0 The optical theorem tells us...
p(s)|Me(s)]* = Im M,(s)

/1 —4m?/s
B 327

where p(s) is the two-particle phase space

1
[ Unique solution is... M(s) = KE(S)_l — ip(S)

K matrix (short distance) phase-space cut (long distance)

C Key message: The scattering amplitude has a square-root branch cut )




Analyticity (all orders diagrammatic) C> <6

=@ @O @D o

propagating pion

C_\ . Bethe-Salpeter kernel
cuttmg rule I /[real analytic]

Qe Ol = 0PV + for (2m)? < 5 < (4m)?

p(s ocz\/s— (2m)?

on-shell particles = singularities:
non-analytic for (2m)? < s < (4m)?

defines the K matrix

o emer |+ [’“*]ﬂ’“*] L

p(s)
1
= K(s) + K(s)p(s)K(s) + -+ = K(s)~1 — p(s)
K matrix (short distance) phase-space cut (long distance)
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Cuts and sheets

1 1 . |
— 100(s) 1 — 5
Ke(s)= = p(s) h pcot dy(s) — ip e p(s) x Z\/S (2m)

My(s)

[J Each channel generates a square-root cut = doubles the number of sheets

A A
physical sheet g — Egm unphysical sheet

SR — (MRo—l— iFR/2)2
< o e e S aa oo S AAAAAAAAAALAL
S —9<o

v v

resonance poles only on 2nd sheet

[J Important lessons:

Details of analyticity = important for quantitative understanding

Possible to separate...
(i) long-distance kinematic singularities

(ii) short-distance/microscopic physics (depending on interaction details)
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Microscopic physics via Lattice QCD

observable — /D¢ Gis

interpolator

for observable
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Microscopic physics via Lattice QCD

observable! —

dNp e "

interpolator

for observable

To proceed we have to make three modifications

] e 1l nonzero lattice spacing

2 finite volume, L

Im E&
3

Euclidean
signature

L
|
I
L
/7 ‘
; ¥
N
!
i
1
|

Also... Mw,lattice > Mw,our universe

(but physical masses — increasingly common)

_
b
i

11



Difficulties for multi-hadron observables

] The Euclidean signature | imaginary time...

O Obscures real time evolution (that defines scattering)

O Prevents normal LSZ (want pf = — (p? + m?), but we have only pf > ()
/
L0 0 0.0 [d The finite volume...
o 0o 0 o o
o® e e® o® o O Discretizes the spectrum
le” o° o° o o)/ O Eliminates the branch cuts and extra sheets
O Hides the resonance poles
—m
Finite-volume analytic structure Infinite-volume analytic structure
TSheetl
< l O ¢FEARARAARARALA
B oo
l o 1 Sheet I
< oA AAAAAAAAAAL
v O
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Importance of the finite volume

‘X>7|:0>7|K*>7‘f0> Z QCD Fock

77, out), |Kmout), ---€  QCD Fockspace

(continuum of states)

Relation is (highly) non-trivial

. -.-.-:'.'_";':'_'.':'.'.':I"' A Eo(L)
/\/\/ I” Ei(L) c Discrete set of finite-
T volume states
__________ : /L Eo(L)

L
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The finite-volume as a tool

[J Finite-volume set-up [ cubic, spatial volume (extent L)

______________ ] periodic

,.-.'.':—.—.—1:.........' ; A EQ(L) 27_‘_

: ; v —> — — 3

PR Ei(L) p=—mn, nes

e :'," . — M, L

A :/L Eo(L) 1 Lis large enough to neglect €
L =

[ T and lattice also negligible




The finite-volume as a tool

[d Finite-volume set-up [ cubic, spatial volume (extent L)

______________ ] periodic

,.-.'.':'._._;:.------.I ; A EQ(L) 27.‘.

: ; o, — — — 3

SRR Ey(L) p=—mn, nel

v . . — M, L

T i/L Eo(L) 1 Lis large enough to neglect €
L

[ T and lattice also negligible

[J Scattering leaves an imprint on finite-volume quantities

Ey, = 2M Ny
Infinite-volume thrzshold Finite-volume ground state
4
My=o(2M;) = =327 Mra Eo(L) = 2M,, A o O(1/LY
M. L3
* Huang, Yang (1958) -
R e e
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The finite-volume as a tool

[d Finite-volume set-up [ cubic, spatial volume (extent L)

______________ ] periodic

,.-.'.':'._._;:.------.I ; A EQ(L) 27.‘.

: ; o, — — — 3

SRR Ey(L) p=—mn, nel

v . . — M, L

T :/L Eo(L) 1 Lis large enough to neglect €
L

[ T and lattice also negligible

[J Scattering leaves an imprint on finite-volume quantities

Eo = 2M;

Infinite-volume threshold

./\/lgzo (QMW) = —327

 Huang, Yang (1958) -

T et S
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Derivation (all orders diagrammatic) M(s) | MyL(P)
] Consider the finite-volume correlator: probability | “poles give f.v.
amplitude spectrum
Mp(P) =0+ QL0+ QL O LO+ ——  propagating pior
—mL
© 1/L" . Bethe-Salpeter kernel
For two-particle energies (2m)”? < s < (4m)?, what is the L dependence? >
— L.k

e Lischer (1986) e« Kim, Sachrajda, Sharpe (2005) « MTH, Sharpe (coupled channels, 2012)
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Derivation (all orders diagrammatic) M(s) | MyL(P)
] Consider the finite-volume correlator: probability | “poles give f.v.
amplitude spectrum
Mp(P) =0+ QL0+ QL O LO+ ——  propagating pion
—mL
© 1/L" . Bethe-Salpeter kernel
For two-particle energies (2m)* < s < (4m)?, what is the L dependence? >
— L.k

‘ +

F = matrix of known geometric functlons

e Lischer (1986) e« Kim, Sachrajda, Sharpe (2005) « MTH, Sharpe (coupled channels, 2012)
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Derivation (all orders diagrammatic) M(s)
] Consider the finite-volume correlator: probability
amplitude

M (P)
poles give f.v.
spectrum

ML(P) ::.:—I--I-—I—-~ —— propagating pion

© 1/L" . Bethe-Salpeter kernel

‘ +

F = matrix of known geometric functlons

Defines the K matrix

[ oo - ll++lcll++] L

F

1

— < 0-0—0-0—> det[KK~!(s) + F(P,L)] =0

K(s)='+ F(P,L)

e Lischer (1986) e« Kim, Sachrajda, Sharpe (2005) « MTH, Sharpe (coupled channels, 2012)

3
2
e
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General relation

F ( P7 L) Matrix of known

geometric functions

A Ey(L) finite volume ~ ) unitarity . o
B e Sy® > O
IS ) L L

Holds only for two-particle energies s < (4m)? Neglects o—mL

Generalized to non-degenerate masses, multiple channels, spinning particles

Encodes angular momentum mixing

e Liischer (1989) < many others -

e T



Using the result

[] Single-channel case (pions in a p-wave)

K(sn) ' = pcotd(sy) = —F(E,, P, L)

020y —mm™— _______________ 180 -
0.18 | 254 Oz A
oo Hﬂi
_ i HOHCEH
0.16 ] ] n 150 #:,é_{
0.4 b %
1I6 2Io 2I4 120
Sa'a P =10,0,0]
90 L o Ljas, =16 P =10,0,1]
HaHEH 0 L/as =20 P=10,1,1]
60 - HH s Ljag =24 P=11,1]
P =10,0,2]
A
30 0
oy T — T
0 |—n—||_'_$p_|
0.14 0.15 0.16 0.17 0.18 019 o, F..,

* Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505 -
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Using the result

[] Single-channel case (pions in a p-wave)

K(sn) ' = pcotd(sy) = —F(E,, P, L)

020y —mm™— _______________ 180 -
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Using the result

[] Single-channel case (pions in a p-wave)

K(sn) ' = pcotd(sy) = —F(E,, P, L)

020y —mm™— _______________ 180 -
0.18 | 2 -2 ’_‘NE‘:‘ 5
0.16 | 150
o, 0) o) (ﬁ
O %
1I6 2Io 2I4 120
Sa'a P =10,0,0]
90 - o Ljas=16 P =10,0,1]
HaHEH 0 L/as =20 P=10,1,1]
60 - HH s Ljag =24 P=11,1]
P =10,0,2]
A
30 0
oy T —> 7T
HpR—
0 II_(S_| I I | I I
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* Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505 -
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Using the result

0.20 +

0.18 +

0.16 |

0.14

0.20

0.18

0.16

0.14

[] Single-channel case (pions in a p-wave)

K(sn) ' = pcotd(sy) = —F(E,, P, L)

P = [000)| 77
__________________________________________________________________________ 180
@ o O *‘ﬂ@ 5
Ex'e P =10,0,0]
i o Ljas =16 P =10,0,1]
HaHEH 0 L/as =20 P=10,1,1]
- = s Ljag=24 | P=I[L11
. . . P =10,0,2]
16 20 24
30+
e T — T
0 =01 ilji
0.14 0.15 0.16 0.17 0.18 0.19 a;Eem

* Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505 -




P — T
19(JPC)y =17(1"7)

" Guo et al. (2016)

150+ N=2, mr=226 MeV

61[°]

am,=0.1390(5) -

am,=0.4603(10) |
8pmn=599(11) |
x?/dof=33.5/9=3.7 -

am,,=0.4613(10) -
8prn=5.69(12)
y?/dof=8.04/6=134 |

I 1 L 1 I

Ecm/ My

4.0

4.5

-
180
135 A
Leskovec et al. (2017)
g 90 - N=2+I, mr=316 MeV
45+ am,, = 0.4609(16)(14)
Jporm — 569(13)(16)
0.42 048 0.4  0.60

170}
2130}

90|

Andersen et al., (2019)
N=2+1, mp=220 MeV

4.0




180 ————————— - mm e

61/°
150 -
120 -
90 -
60 -
30+

fo - | o |
700 = % % 900 = 1100
\\9039 \\gd)y \%} \\0'39\} Ecm / MeV
/%L\ %L /%L\ %L\

 Wilson et al. Phys.Rev.Lett. 123 (2019) 4, 042002 -
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kK, K* - K
IJ7) = 1/2(1)

m =Rey/so/MeV 391 Mev K~

880 900 920 . 940 060
I 327 MeV ‘o | Vio=934(2)MeV
> 10 V50 = (914(2) — £6(1)) MeV
g 284 MeV &5 |
E -20 V50 = (909(4) — 513(2)) MeV
@ o 239 MeV &' o0 (902(2) - 123(2)) MeV K*(892)
N
[
—
| -50 |-
140 MeV ; ot + UFD [50]
) ' VS0 = 893(1) — £56(2)

 Wilson et al. Phys.Rev.Lett. 123 (2019) 4, 042002 -
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Landscape of amplitudes

{Two-to-two scattering: 2 — 2

[J Decays with an external current: | ; 2

] Transitions with an external current; 2 — 2

[J Three-to-three scattering: 3 — 3

21



Slightly modified version (i€) M(s) M (P)
[d Consider the finite-volume correlator: probability | poles give f.v.
amplltude spectrum
_/\/lL(P) ::.:—I——I——I—--- —— propagating pion
Sl
’ L/L" . Bethe-Salpeter kernel

22



Slightly modified version (i€) M(s)

probability
amplitude

[J Consider the finite-volume correlator:

M (P)
poles give f.v.
spectrum

ML(P) ::.:—I-—I——I—--- —— propagating pion

c 1/L" . Bethe-Salpeter kernel

Cut projects loop to on=-shell energies

€=

matrix of known geometric functions

22



Slightly modified version (i€) M(s) M (P)
[d Consider the finite-volume correlator: probability | poles give f.v.
amplltude spectrum
_/\/lL(P) ::.:—I——I——I—--- —— propagating pion
Sl
’ /L ‘ Bethe-Salpeter kernel

Cut projects loop to on=-shell energies
F'“= matrix of known geometric functions

Defines the scattering amplitude

o+ @icor | - ll+3‘@(+lcll+’@(+] L

22



1+ 7 > 2
CL(P) = (m|JT|m)L

Instead of this...

—[670=0+ 6000 + |

CrL(P) = C(s) — Air(s) Agut(5)

M(s) + Fie(P, L)1

The “endcaps” define the matrix element... A;‘;ﬁt(s) = <7T7T, OUt‘j‘77>

MTH, Sharpe (2012) « Bricefio, MTH, Walker-Loud (2015) < Bricefio, MTH (2016) -«

B
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1+ 7 > 2
CL(P) = (m|JT|m)L 1

Instead of this...

=670 0+ Q00 |

CrL(P) = C(s) — Air(s) Agut(5)

M(s) + Fie(P, L)~

The “endcaps” define the matrix element... Aizt(s) — <7T7T, OUt‘j‘W>
Useful, since... lim [E — En(L)]CL(P) X ‘(n,L]j|7T,L>|2
E—E, (L)

Crucial information = residue at the pole

E - FE,(L) 1 Ty

RIP,L) = = E—PL%}(L) M(s) + Fie(P, L)~ /(E)

MTH, Sharpe (2012) « Bricefio, MTH, Walker-Loud (2015) < Bricefio, MTH (2016) -
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1+ 7 > 2
CL(P) = (m|JT|m)L

Instead of this...

=670 0+ Q00 |

Cr(P) = C(s) — Ais(s) Agut(5)

M(s) + Fie(P,L)~1 °

The “endcaps” define the matrix element... Aizt(s) — <7T7T, OUt‘j‘W>
Useful, since... lim [E — En(L)]CL(P) X |<n,L|j|7T,L>|2
E—E, (L)

Crucial information = residue at the pole

RUBL) == G+ Fe(BL) 1~ w(E)

MTH, Sharpe (2012) « Bricefio, MTH, Walker-Loud (2015) < Bricefio, MTH (2016) -




Transition amplitudes

[0 An effective relation on states

(n,L|J|m, L) &< Y va (o, out|J )

- E-E)L) _ 1
RIP,L) = = El%f@) M(s) + Fie(P L)~ /(E)

\%

Ty

24



Transition amplitudes

[0 An effective relation on states

(n,L|J|m, L) &< Y va (o, out|J )

E — E,(L) LT

RIPL) == lim M(s) + Fie(P, L)~ ~ 1/ (E)

(mr, out| T |

- 100
200} m, ~ 400MeV | ) m. &~ 320MeV
=150 9 | — 30
= o [ (7, out| T, |m)| @
_F 100 - S
4 | 60F
© 50t ~
=
20 2.1 2.2 23 s 40
e T
\E 400 E 20
ﬂ‘l 200} !
\)bl: 0 1 i
0 . . , 700 800 900 1000
20 2.1 22 23 B Jm, /5 [MeV]

Bricefio et. al., Phys. Rev. D93, 114508 (2016) Alexandrou et. al., Phys. Rev. D98, 074502 (2018)

24



Landscape of amplitudes

{Two-to-two scattering: 2 — 2

{Decays with an external current; | ; 2

] Transitions with an external current; 2 — 2

[J Three-to-three scattering: 3 — 3

25



Physically observable subprocesses

26



24+ F > 2

[0 Formalism for multi-hadron form factors

. P
(mm,out|J,|mm, in) = é>/’
p v e

[ Continuation to the pole = resonance form factors

Bricenio, MTH (2017) < Baroni, Briceno, MTH, Ortega-Gama (2018) <« Bricefio, MTH, Jackura (2020)




24+ F > 2

[0 Formalism for multi-hadron form factors

% e
(w7, out| T, |, in) = C>/, m
T o \‘b

[ Continuation to the pole = resonance form factors

[J Must carefully treat triangle singularities

(Ef =2.01m )

3 2.0 :\_[E; = (2.0+10°)m

<

> i\(E; — (2.0 — 10~%)m |
IS |\ N (B = 1.999m)

S 0.0 I ——————

Ut ~J
() Ot
AU R I
1l
=5 S
o O
=S

m?ImZ 4 x 102
DO
Ot

=
o

2.0 2.1 2.9 2.3 9.4 25 2.6

—_
Ne)

Bricenio, MTH (2017) < Baroni, Briceno, MTH, Ortega-Gama (2018) <« Bricefio, MTH, Jackura (2020)

i
&



In a nutshell

[J By analysing an all orders skeleton expansion...

AL RoXotc Xo ot

Bricenio, MTH (2017) < Baroni, Briceno, MTH, Ortega-Gama (2018) <« Bricefio, MTH, Jackura (2020)
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In a nutshell

[J By analysing an all orders skeleton expansion...

AL RoXotc Xo ot

[ ... we derived a framework to calculate the 2 + _# — 2 amplitude

finite-volume

finite-volume
two-to-two
matrix elements

spectrum .'

------------

Liischer }

formalism

—

finite-volume
one-body
matrix elements

corrections

{up to (’)(e_m”L)}

partial wave
amplitudes

<L

1+7 —1
amplitudes and
form factors o

2+ J — 2
amplitudes

L

Bricenio, MTH (2017) < Baroni, Briceno, MTH, Ortega-Gama (2018) <« Bricefio, MTH, Jackura (2020)

I
!

o
b

.
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New finite-volume function

.. -
-~ -
- -memem-

—0.15 1 !
2.25 1 /
| _—
2.20 005 .
2.15 1 —0.15 1
2.10 4
——
—0.05 1
2.051-
—0.15 1
200 - T 1
2.00 2.05 2.10 2.15 2.20 2.25 2.0 2.1 2.2

Bricenio, MTH (2017) < Baroni, Briceno, MTH, Ortega-Gama (2018) <« Bricefio, MTH, Jackura (2020)
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Landscape of amplitudes

{Two-to-two scattering: 2 — 2

{Decays with an external current; | ; 2

{Transitions with an external current: 2 ; 2

[J Three-to-three scattering: 3 — 3

30



... Skipbping many details (in the backup slides)...




L S S S

Ny =2+1 as/ag = 3.444(6)
m,. ~ 400MeV a, ~ 0.12fm

O Workflow outline

S

A B, (L) finite volume
El(L) < > .
L) [
Determine
finite-volume Fit to constrain

two- and three-
body K matrices

energy spectrum

Ls/as = 20,24

unitarity

<

>

Solve integral
equations to
extract 3 — 3
scattering

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001

2
b2
e
A
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... jump to the final step, just to give an idea
of the integral equations predicting the
amplitude...




Integral equation

M3"(E3,p, k) = D" (L3, p, k) +E (LS, p)T (E3)E™ (L], k)
A

| k | Vanishes for K~ = 0
@ @-@ df,3 —
5 —|_ x —I_ o
. (M) (M)

D(N,e) =—M -G(e) M —-M-G(e) - P-D(N,e)

D" (E3,p,k) =lim lim D, (N,e)

e—0 N—o0

[J See also...

Solving relativistic three-body integral equations in the presence of bound states

Andrew W. Jackura,’?* Ratl A. Bricefio," /! Sebastian M.

Dawid,®%/f Md Habib E Islam,?[s and Connor McCarty® ¥ ~ @Xiv: 2010.09820
e ———




Integral equation

Total angular momentum =0
- Re|pkM3"] :
Two-particle sub-system

0 5 angular momentum = 0
—500 1
. . . . . Plot at fixed EJ and p
1.8 1.9 2.0 2.1 2.2 2.3
Egk/mﬂ
10001 Tm [pk M 5" Both two- and three-body
uncertainties estimated
500 -
0 K —
N Still need to symmetrize
1.8 1.9 2.0 2.1 2.2 2.3
Egk/mﬂ

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001
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40 45 50 55 60 65 7.0

m%z/ mi

7.5
5% 108
7 x 108 7.01
051 4 % 108
5 x 10% 6.0
5.51 3 x 108
3 x 108
5.0
2 x 108
4.5
1 x 108
4.0
-5 40 45 50 55 60 65 70 75
2 2
mi,/m2
MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001
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(i S S L L
o o o o
3.444(6 .
Ny=2+1  as/a; =3.444(6) Ly/as = 20,24 }: : : :
| |

m,. ~ 400MeV a, ~ 0.12fm

O Workflow outline

) E>(L) finite volume L) L] unitarity : H :.

s >

L L L L
Determine :
: : . Solve integral
finite-volume Fit to constrain :
equations to
energy spectrum two- and three-

extract 3 — 3
scattering

v v

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001

body K matrices

v

2
b2
e
A



Conclusions

[ LQCD is in the era of ‘rigorous resonance spectroscopy’

[ The finite-volume = a useful tool

] Relations between finite-volume data and amplitudes necessarily restore
anomalous thresholds

] Next steps...

complete 3-particle formalism — extend to N-particle formalism

extend studies involving an external current

precision
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—— () b S
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| g
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Back-up slides




Two strategies...

d Finite-volume as a tool

O LQCD — Energies and matrix elements

(0;(1)0](0)) = Y (0]0;(7)|Ex){En|O](0)|0) = Y e~ 177, ;27

n n

O Our task is relate ,,(L) and (£ |J (0)|Ep,) to experimental observables

O Applicable only in limited energy range for two- and three-hadron states

[J Spectral function method

O Formally applies for any number of particles / any energy range
O An answer to the question... “Can’t you just analytically continue?”

O Still important challenges and limitations to consider
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B
.

Two strategies...

8 Finite-volume as a tool

O LQCD — Energies and matrix elements

(0;(1)0}(0)) = Y (010;(7)| Ex){En|O](0)[0) = Y e BT Z, 575

n n

O Our task is relate E,,(L) and (£, |J (0)|Ey,) to experimental observables

O Applicable only in limited energy range for two- and three-hadron states

[J Spectral function method

O Formally applies for any number of particles / any energy range
O An answer to the question... “Can’t you just analytically continue?”

O Still important challenges and limitations to consider

_
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Correlation functions — observables

C

| Lattice QCD gives finite-volume Euclidean correlators

(0] O1(0) e~ 7 05(0) |0 1

| Complete physical information is contained in...

(0] 01(0) f(H) O2(0) |0) e

have

want
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Correlation functions — observables

[J Lattice QCD gives finite-volume Euclidean correlators
—Hr
<O‘ 01 (O) € 02 (O) ‘O>L have
[0 Complete physical information is contained in...

(0] O1(0) f(H) O3(0)|0)e  want

[J Detailed choice of f(E) and operators determines the observable

R-ratio D-meson total lifetime

(017,(0)6(H —w) j,(0)|0)os (D|Hw(0)8(Mp — H) Hw (0) | D)o

Meyer -« Baiali,x I;Ir?csllriéﬁlgglliggga (2020) MTH, Meyer, Robaina (2017)
mm — 1M amplitude j = mm amplitude
1 1
7| (0 - m(0) | | (0 - 7,(0) 10
(rlm(0) o—— 7O Imec (7 7(0) - Ju(0) [0}

Bulava, MTH (2019)

I e



Linear reconstruction

(O0)e=H70(0)) = / dw =" (O(0)8(w — HO(0))

have want

G(r) = [dwe" plw)

have want

[ Linear, model-independent reconstruction (e.g. Backus-Gilbert-like, Chebyshev)

S K@ G =Y K@) / do =" p(w)
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Linear reconstruction

(O0)e=H70(0)) = / dw =" (O(0)8(w — HO(0))

have want

G(r) = [dwe" plw)

have want

[J Linear, model-independent reconstruction (e.g. Backus-Gilbert-like, Chebyshev)

S K@ G =Y K@) / do =" p(w) = / A [ K@, 7) 7] p(w)

— /dw ZS\A ((D, w) p(w) — - O is exactly known

L] Non-linear (not discussed here...) See multiple ECT* and CERN workshops, work by

O Maximum Entropy Method (MEM) Aarts, Allton, Amato, Brandt, Burnier, Del Debbio, Francis,
O Direct fits Giudice, Hands, Harris, Hashimoto, Jiger, Karpie, Liu,
Meyer, Monahan, Orginos, Robaina, Rothkopf, Ryan, ...

O Neural networks




Role of the finite volume

oL (W) = /Ooodw oa(@,w) pr(w) Gr(T) = /dw e “" pr(w)

[ Any reconstructed spectral function that # forest of deltas...
contains implicit smearing (or else L — o)

We require. ..
1/L <AL Mphysical
smearing function / smearing does not overly
covers many delta peaks distort observable

MTH, Meyer, Robaina (2017)
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1+1 O(3) Model

[J Integrable theory with some nice similarities to QCD

O Asymptotically free

O Dynamically generated mass gap

O Iso-spin like symmetry

O Conserved iso-vector vector current

0.5-
: - -~ exact (2-particle)
' — cxact (2,4,6-particle)
0.4 o~ e pert. theory (2-loop)
__0.3-
u
0.1-
oo+
0) 10 20 30 40

Slo] = % / P2 8,0(x) - 0,0(x)

*C 1 aoc _a
Ju(®) = 3¢ "o (2)9u0" (x)

conserved current

p(E) = 2 (Q)37(0) 8*(P — p) 57 (0)|2)

spectral function

p?(E)
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Smeared spectral function vs analytic result

[J Construct different smearings of p(w)

1
00 0% (x) = exp
|
PAE) = [ dwb(EBw) p(w) e
0 @) = - r e

Bulava, MTH, Hansen, Patella, Tantalo (2021)

£L'2

5.

1 €
5c0
(z) = T 12 + €2
8 €°
c2 _
o (@) = 3m (22 4 €2)3
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Smeared spectral function vs analytic result

[J Construct different smearings of p(w)

1 2

00 0% (z) = exp . : 590 (2) = 1 e
V2re [ 262] e () Tx2 4 €2’
P (E) = / dw 62 (B, w) p(w) o, s 8 +€5
0 @ = ey @) = 5y

0.5]

+<H - HH H@H

g E=2.0m, | | }

Pe(E)

Bulava, MTH, Hansen, Patella, Tantalo (2021)

B




Extrapolation
[J Targeting p(E) for E = 14m here

O(e?)
o(&3)
O(e%)

0 B R T, = T = R ¥

[ Use known relations between different smearing kernels

Bulava, MTH, Hansen, Patella, Tantalo (2021)

=



Result

0.5

j —-—~= exact (2-particle)
= cxact (2,4,6-particle)
0.4 ]l e pert. theory (2-loop)
‘ $ lattice calculation

O
| - OO
O
- ) A
-
—— 1 Y
L A v
v h e '
| . -~ LOOOQOOQOOQPLYLLO A
| "., Y Y Y Y
......... i "
4 0 0 TTtttteeeenniLLlL \\\ ) ¥ X Y
......................... ﬁ-‘-‘_-------.-....-...-..................-...-...-....--..-..-.----- Y
l . R e T v o o .
________
0.1
O O v T T T T T T T 1 N ' ' v ! ) ) ) ' '
0 10 20 30 40

E/m,

Bulava, MTH, Hansen, Patella, Tantalo (2021)

Many QCD applications already published... see work by A. Barone, S. Hashimoto, A. Jiittner, T.
Kaneko, R. Kellermann, R. Frezzotti, G. Gagliardi, V. Lubicz, F. Sanfilippo, S. Simula ...




Three-particle scattering




Complication: degrees of freedom
6 |2 momentum

6\/ components
‘/7 N\

p1+p2 — P34+ pg ——> Mandelstam S, 1
L -10 Poincare generators

2 degrees of freedom
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Complication: degrees of freedom

6\/6 |2 momentum

>3 components
L) L -10 Poincaré generators

2 degrees of freedom

/6 |8 momentum
components
—3 N
-10 Poincaré generators
L) L g

8 degrees of freedom

p1+p2 — P34+ pg ——> Mandelstam S, 1

‘ |5 momentum

L
><;6 components

-10 Poincaré generators

5 degrees of freedom
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Complication: on-shell states

[0 Classical pairwise scattering

formi=m2=m3upto3
binary collisions are possible

R

55



Complication: on-shell states

[ Classical pairwise scattering

= = i i i -Parti i litudes. I*
for mi = m2 = ms up to 3 Dispersion Relations for Three-Particle Scattering Amplitudes
MorTON RUBIN

binary collisions are possible Physics Depariment, University of Wisconsin, Madison, Wisconsin

AND
ROBERT SUGAR
( Physics Department, Columbia University, New York, New YVork
/ AND

GEORGE TIKTOPOULOS
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey
(Received 31 January 1966)

/ —
; (ma+ms)(ma+t-ms)
mimsa
TR———- —tt
It follows that if
b (b—1)>1, (IV.18)
then 2741 successive binary collisions are kinematically
impossible.
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Complication: on-shell states

[ Classical pairwise scattering

= = i i i -Parti i litudes. I*
for mi = m2 = ms up to 3 Dispersion Relations for Three-Particle Scattering Amplitudes
MorTON RUBIN

binary collisions are possible Physics Depariment, University of Wisconsin, Madison, Wisconsin

AND
ROBERT SUGAR
( Physics Department, Columbia University, New York, New YVork
/ AND

GEORGE TIKTOPOULOS
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey
(Received 31 January 1966)

/ —
; (m1+ms)(ma+ms)
_— mims
TR———- —tt
It follows that if
b (b—1)>1, (IV.18)
then 2741 successive binary collisions are kinematically
impossible.

m| = m2 =ms3 - &:
4 collisions possible

T K

b<2
5 collisions possible

TK K
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Complication: on-shell states

[ Classical pairwise scattering

— — i i i -Particl ing Amplitudes. I*
for mi = m2 = ms up to 3 Dispersion Relations for Three-Particle Scattering Amp es

MorTON RUBIN

binary collisions are possible Physics Depariment, University of Wisconsin, Madison, Wisconsin
AND m| =m2=m3 - &:
ROBERT SUGAR il 1
;(./ Physics Department, Columbia University, New York, New York 4 COIIISIonS POSSI ble
e o T K

GEORGE TIKTOPOULOS
Palmer Physical Laboratory, Princeton Universily, Princeton, New Jersey
(Received 31 January 1966)
T —— ——
- b<?2

T . (m1+ms) (ma+ms)
— -

5 collisions possible

mim
U 2 ———tma 7TK K
It follows that if
b2 (b—1)>1, (IV.18)
then 2741 successive binary collisions are kinematically
impossible.

[ Correspond to Landau singularities

iMa a2 = fully connected —
3—3 correlator

difficult to disentangle kinematic
singularities from resonance poles

complicate analyticity & unitarity
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Two key observations

[J Intermediate Ky ; removes singularities

— fully connected diagrams & & .
K dt,3 =/ py pole prescription " "

same degrees of freedom as M3 smooth real function relation to M3 = known
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Two key observations

[J Intermediate Ky ; removes singularities

__ fully connected diagrams 3 E .
K dt,3 =/ py pole prescription \,_/\/\‘: " "

same degrees of freedom as M3 smooth real function relation to M3 = known

1 K5 has a systematic low-energy expansion

2
1s0,0 1so,1 S — (Sm)
de,3(p37p27p1; k37 k27 kl) — de,S T de,S A T A= (3m)2
smooth real function
analogous to effective range expansion gives handle on many degrees of freedom

(DOFs enter order by order)

1 1
pcotd = — + 57“]92 + O(p*)

R 56



Status...

[J General relation between energies and two-and-three scalar scattering
.:@i LJ
finite volume L L unitarity

B g > s < >
Eo(L) ‘%}‘

o o,

« MTH, Sharpe (2014, 2015) -

No 2-to-3, no sub-channel resonance

Ey(L)
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Status...

[J General relation between energies and two-and-three scalar scattering
‘:@i LJ .:@i‘
finite volume o L unitarity L L

ZOEP > ° < > o
s s
o o o, L
« MTH, Sharpe (2014, 2015) -

No 2-to-3, no sub-channel resonance

Ey(L)

2-to-3, no sub-channel resonance

e Bricefio, MTH, Sharpe (2017) -

Including sub-channel resonances + different isospins + non-degenerate

TAT — PT — W — PT — TAT
* Bricefio, MTH, Sharpe (2018) ¢ MTH, Romero-Lopez, Sharpe (2020) ¢ Blanton, Sharpe (2020)
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General relation
det[K s (s) + F3(P, LIK2)] =0

F3 (P, L|/C2) = Matrix of functions depending on kinematics + two-particle dynamics

1 1
F3=-F+FK I
"3 “1- (F+G)Ks
Holds only for three-particle energies Neglects 6_mL
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General relation
det K35 (s) + F5(P, LIK2)] =0

F3 (P, L|/C2) = Matrix of functions depending on kinematics + two-particle dynamics

Holds only for three-particle energies Neglects e~ ML

« MTH, Sharpe (2014-2016) < See also Doring, Mai, Hammer, Pang, Rusetsky

Review: Lattice QCD and Three-

particle Decays of Resonances
MTH and Sharpe, 1901.00483
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Two-particle interactions

S@® - —l6rvsa 5@:‘ s A

—1/a — ip Es(L)
” ) Ei(L
* L
.- =g
L) L
5.0
4.5
S
Py
~ 4.0
&)
3.0 o
3.0
4.0 4.5 5.0 5.0 6.0 0.5 7.0 7.0 8.0

mL
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Two-particle interactions

S@® - —l6rvsa 5@:‘ s A

—1/a — ip Es(L)
” ) Ei(L
* L
.- =g
L) L
5.0
4.5
S
Py
~ 4.0
&)
3.0 o
3.0
4.0 4.5 5.0 5.0 6.0 0.5 7.0 7.0 8.0

mL
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Many toy results

Spectrum with no 3-particle interaction Finite-volume effects on a 3-particle bound state
T e A
5.0 a=—10 — 3.00] ==mmmmmmmmm e
- L5 509 = infinite-volume energy
4.0 =

finite-volume energy

= large-L prediction

Z»<L)
J /

1

Ep(L

8 20 25 30 35 A0
mL mL

Model of a 3-particle resonance

- — c = ().0
360 — (), (1
\ ——— () O
3.99 1 — ] 4
\ . — 3 ()
3-50 7 : = = j . .
- N
3.40 - - - - -
4.5 5.0 5.9 0.0 0.5 7.0
mL

e Briceno, MTH, Sharpe (2018) -




Lattice QCD calculation




7ttt — ot at T in lattice QCD

lattice details ¢ & & o
e o o o
— s/ay = 3.444(6 -
Ny=2+1  as/a ) e —92024  @® %
m, ~ 400MeV as ~ 0.12fm | Qg |

O Workflow outline

‘:@i L C:@: L
A E5(L) finite volume L L) unitarity L L)
s > e < > e e
A T e 0o
L L L) L

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001




7ttt — ot at T in lattice QCD

lattice details ® ® ® ®
Ja; = 3.444(6) . e e .
Ne =2 1 g/ At — O. - Y Y 9
f=2t ’ Ls/as = 20,24 e ¢ e o
m,. ~ 400MeV as ~ 0.12fm | a. |
0 Workflow outline
0. )
. //i b/
Es(L) finite volume @ @ unitarity
Ei(L) = = < =
Eo(L)
Determine

finite-volume
energy spectrum

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001




1.4

1.3

1.2

1.1

1.0

14

1.3

1.2

1.1

1.0

14

1.3

1.2

1.1

1.0

[=3(rtntxt), P=1[000], A=A], L/as = 24

£ T T T 1.4 T T T 1.4 T T T T 1.4 T T T T T
- n=0 n=1 n =2 - n=3
. @B, =0.2137£0.00141 131 a B, = 0.2858 4 0.00091 13| a, E, = 0.3377 4 0.0009 1 '3 - ayE,, = 0.3483 £ 0.0011
;  x®/dof = 13/12 | 12f 2 /dof = 5.7/11 | 12f x*/dof = 13/15 1 12 - X*/dof = 7.5/11 ]
\\ 1.1 % |
1.0
‘ 5 1I0 1I5 Qb 0 1IO 1l5 2I0 I5 IIO 1I5 2I0 é lb 1I5 Zb
T T T T 1.4 T T T 1.4 T T T T 1.4 T T T T
n=4 n=2>5 n==~06 n="17
a:E, = 0.3758 £ 0.0008 | "°[ aFE, =0.377240.0011 7 "*| a:F,, = 0.3891 +0.0008 1 * a:F,, = 0.3983 + 0.0008 |
x?/dof = 16/16 { 12t x?/dof = 7.3/11 4 12t x?/dof = 11/15 {12 x?/dof = 14/15 -

)t/at

5 10 15 20 0 10 15 20 5 10 15 20 5 10 15 20
. , 14 -
} n—==8 n=9
. @B, =0.4091 £0.0014 ] [ a B, = 0.4244 £ 0.0009 | ePalt=t) ) (1 40)
L x%/dof =16/14 1 12f x*/dof =12/14 1 0 |

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001
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T T energies

(L)L M

*
n

W7

.

i

he
b

000

| I

001]

Qi

S

| /s

Jo11

| I |

N\

L

/

ot

1002

—

W7

20 24

20 24

20 24

20 24

20 24

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001
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nt T energies

1l i
b Jo11] [111]
i =
5 K \0“
= S
KN

e

20 24 20 24 20 24 20 24
L/ag

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001
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7TI7T{7TI%7T+7T+7T—|—
lattice details O o ® o
- — 3 444(6) - : : : :
Np=2+1  asfar=3 Ly/as = 20,24 e o o o
| |

m,. ~ 400MeV a, ~ 0.12fm

0 Workflow outline

S

4 Es(L) finite volume unitarity
T < > ™) < >
L] L
Determine
finite-volume Fit to constrain
energy spectrum two- and three-

body K matrices

v

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001




K matrix fits

0 20° [000] e 24% [000]
0.5 = 20° [001]  » 24° [001]
o 20% [011] w243 [011]
v 20° [111] v 243 [111]
A 20° [002] A 24% [002]

\ A
\ \\q x. % x n

2.0 2.5 3.0 3.5
E3/m;

LO
3,10
o1
-
G
i IR
|

3.0 3.5 4.0 4.5

Finite-volume formalism
relates energies to K matrices

One-to-one for K 5
depending only on E__ = E*

Fit both two and three-body
K to various polynomials

Cut on the CM
energy in the fits

K¢ 3 is scheme

dependent (removed
upon converting to )
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| | |
Tt rt > ptatat
lattice details ® ® o o
Jay = 3.444(6) . e e .
Neg=2+1 As/Qr = O. - e o o e
/ Ls/as — 207 24 A @ o ® O
m, ~ 400MeV  as ~ 0.12fm | a1
[ Workflow outline
0 @
R J/h:: o/
Es(L) finite volume L 9, unitarity
Ei(L) < > !}\ ng < >
Eo(L) ®— —> @,
7/ N
) )
Determine :
: , , Solve integral
finite-volume Fit to constrain :
equations to
energy spectrum two- and three-

extract 3 — 3

body K matrices :
scattering

v

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001

v




Integral equation

M3"(E3,p, k) = D" (L3, p, k) +E (LS, p)T (E3)E™ (L], k)
A

| k | Vanishes for K~ = 0
@ @-@ df,3 —
5 —|_ x —I_ o
. (M) (M)

D(N,e) =—M -G(e) M —-M-G(e) - P-D(N,e)

D" (E3,p,k) =lim lim D, (N,e)

e—0 N—o0

[J See also...

Solving relativistic three-body integral equations in the presence of bound states

Andrew W. Jackura,’?* Ratl A. Bricefio," /! Sebastian M.

Dawid,®%/f Md Habib E Islam,?[s and Connor McCarty® ¥ ~ @Xiv: 2010.09820
e ———
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Integral equation

Total angular momentum =0
- Re|pkM3"] :
Two-particle sub-system

0 5 angular momentum = 0
—500 1
. . . . . Plot at fixed EJ and p
1.8 1.9 2.0 2.1 2.2 2.3
Egk/mﬂ
10001 Tm [pk M 5" Both two- and three-body
uncertainties estimated
500 -
0 K —
N Still need to symmetrize
1.8 1.9 2.0 2.1 2.2 2.3
Egk/mﬂ

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001
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40 45 50 55 60 65 7.0

m%z/ mi

7.5
5% 108
7 x 108 7.01
051 4 % 108
5 x 10% 6.0
5.51 3 x 108
3 x 108
5.0
2 x 108
4.5
1 x 108
4.0
-5 40 45 50 55 60 65 70 75
2 2
mi,/m2
MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001
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Details on the derivation




3-particle derivation

(] Study 3-body correlator in an all-orders skeleton expansion

Cr = 0-'0"0-0

@ - X+>@( +§ e kernels have suppressed L dependence
= e 5+3@e+_” lines = fully dressed hadrons

« MTH, Sharpe (2014) -
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Two types of cuts
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Two types of cuts

ASFKy;FA; + AJFKFPA; + AFKFPA; +-- = ASF KosF Aj

ALFK:GKyFA; +---

have not yet considered entire diagram contributions

missing contributions from off-shellness missing smooth terms (short-distance parts)




Short-distance parts & summation

CrL—Cox =AiF33 A3+ A;F355Kar 3 Fa3 Az + - -

1 1 1
As F.. = —_-F+FK F
Fay + Kars B TR FrOK,

— Al

no term left behind




