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Main message
There is a strange, unfamiliar to most people construction that encodes a metric on a space into a 

collection of differential forms on the same space

In 3D this coincides with the more familiar to people vielbein formalism

People have searched for generalisation to higher dimensions, but I am not aware of any convincing story

What I am presenting can be thought of as such a generalisation

In 4D this is known under different names, but to physics audience is probably most known as the formalism behind 
Ashtekar’s “New Hamiltonian formulation of GR”

The aim of the talk is to explain this construction, and also explain why a physicist may care



Main message continued
The construction that encodes a metric into differential forms has spinor origin

One of the aims of this talk is to explain this construction on several examples

Works (with appropriate modifications) in any D, in any signature

Schematically

(Metric, unit spinor) (Collection of differential forms)
<latexit sha1_base64="m36Ivp4Di7mKqp3iY74Rco2a7y8=">AAAB+HicbVA9SwNBEN2LXzF+5NTSZjEIVuFORC2DNhYWEcwHJEfY2+wlS/Z2j905JR75JTYWitj6U+z8N26SKzTxwcDjvRlm5oWJ4AY879sprKyurW8UN0tb2zu7ZXdvv2lUqilrUCWUbofEMMElawAHwdqJZiQOBWuFo+up33pg2nAl72GcsCAmA8kjTglYqeeWu7csAs0HQyBaq8eeW/Gq3gx4mfg5qaAc9Z771e0rmsZMAhXEmI7vJRBkRAOngk1K3dSwhNARGbCOpZLEzATZ7PAJPrZKH0dK25KAZ+rviYzExozj0HbGBIZm0ZuK/3mdFKLLIOMySYFJOl8UpQKDwtMUcJ9rRkGMLSFUc3srpkOiCQWbVcmG4C++vEyap1X/vOrfnVVqV3kcRXSIjtAJ8tEFqqEbVEcNRFGKntErenOenBfn3fmYtxacfOYA/YHz+QM6LpN3</latexit>,

“Geometric Map”



Why interesting?
In all known examples, gives an extremely powerful language to describe metric geometry

How do we describe gravity + spinor matter in higher D?

Ideas of dimensional reduction, taken to their extreme form, show that all known bosonic and 
fermionic fields can be encoded into a metric + spinor in sufficiently high number of dimensions

Dynamics of such a system (PDE’s satisfied) seems to be best approached by the scheme I am describing

Gives a very interesting perspective on 4D GR, including how to generalise spin 2 to higher spins,  
and on how to formulate gravity theories in higher D



Outline

Prologue - Uniqueness of (metric) GR

Outlook - Geometry behind the laws of Nature?

Geometric map and resulting descriptions of gravity in 3 and 4D

Spinors and gravity in 8D

Motivations: Dimensional reduction - (generalised) Kaluza-Klein, spinors



Motivations: Kaluza-Klein

Dynamical geometry in higher D

Dynamics of gravity 
in 4D

The general idea of KK-type scenarios is that gravity + YM + scalar fields all have same origin

YM fields Scalar fields

Einstein-Hilbert gravity in 5DExample:

Gravity in 4D U(1) gauge 
field

Single scalar 
field

Conventional KK: Higher D geometry is Riemannian geometry of metrics, with dynamics dictated by the EH action



Spinors and Dimensional Reduction
Spinors behave very nicely under dimensional reduction
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Spin(n)⇥ Spin(k) ⇢ Spin(n+ k)
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Sn+k = Sn ⌦ SkBasically

More concretely, in even dimensions
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Spin(2n)⇥ Spin(2k) ⇢ Spin(2(n+ k))
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S+
n+k = S+

2n ⌦ S+
2k � S�

2n ⌦ S�
2k
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S± are Weyl spinors (irreducible 
representations in even dimensions)

Spinors remain spinors under dimensional reduction



SM fermions and dimensional reduction
Recall that all 15 fermions (plus RH neutrino) of one generation of the SM can be put together into a single complex 

16-dimensional Weyl representation of Spin(10) - this is the kinematics of SO(10) GUT

These 16 particles are also Lorentz Spin(1,3) 2-component spinors

It follows that all field components of a single fermion SM generation can be put together into a single Weyl spinor 
representation of a suitable Spin group in 14 dimensions

14 = 10 + 4

KK - all boson fields are unified by a metric in a space of sufficiently high dimension

Also the spinor fields get unified in a spinor in a space of sufficiently high dimension

This suggests we should consider metric + (Weyl) spinor in sufficiently high number of dimensions

The basic question addressed by this talk is: What is the most natural dynamics for the system metric + (Weyl) spinor?

There is always the option Einstein-Hilbert + Dirac, but only in very specific dimensions works with Weyl

We will see that there are other natural possibilities



Prologue - Einstein’s GR in hindsight
Einstein’s “happiest thought” 1907:    free fall = inertial motion

By 1912 it is clear to him that this means that gravity 
can be encoded into non-trivial metric geometry

Misled by an erroneous argument he abandons the 
covariant approach, only to return to it in 1915

He (eventually) writes what we now know as Einstein’s equations
<latexit sha1_base64="cjcOuON/EXZM7FBGbWYcjtemoRs=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VwY0mKqBuh6MZlLX1BE8JkOmmHTiZhZiKUkP9w46+4caGIK8GFf+O0DT5aD1w4c869zL3HjxmVyrI+jcLS8srqWnG9tLG5tb1j7u61ZZQITFo4YpHo+kgSRjlpKaoY6caCoNBnpOOPrid+544ISSPeVOOYuCEacBpQjJSWPLPa8FInTByeZPAEOoFAOLWztJrBBhz8WJew+f3wzLJVsaaAi8TOSRnkqHvmu9OPcBISrjBDUvZsK1ZuioSimJGs5CSSxAiP0ID0NOUoJNJNp7dl8EgrfRhEQhdXcKr+nkhRKOU49HVniNRQznsT8T+vl6jgwk0pjxNFOJ59FCQMqghOgoJ9KghWbKwJwoLqXSEeIp2P0nGWdAj2/MmLpF2t2GcV+/a0XLvK4yiCA3AIjoENzkEN3IA6aAEM7sEjeAYvxoPxZLwab7PWgpHP7IM/MD6+AEXHoPU=</latexit>

Rµ⌫ � 1

2
Rgµ⌫ = Tµ⌫

What we understand now (and what Einstein did not know) is that Einstein equations are the only second-order 
PDE’s that can be written for a metric tensor



Uniqueness of GR
Many proofs, but particularly instructive is the elementary field theory proof. Let
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gµ⌫ = ⌘µ⌫ + hµ⌫

What is the most general free theory Lagrangian that can be written for               ? 
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hµ⌫

<latexit sha1_base64="mDUVsv099KEXoScsodCJLXRgNLE="></latexit>

L =
1

2
(@µh⇢�)

2 +
↵

2
(@ah)

2 � �h@µ@⌫hµ⌫ � �(@µhµ⌫)
2

If we now assume general covariant (diffeomorphism invariance)
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�hµ⌫ = @(µ⇠⌫)

We are led to <latexit sha1_base64="jth/SuC3nh2FQAiWRwwo/dtQdm0="></latexit>

L =
1

2
(@µh⇢�)

2 � 1

2
(@ah)

2 � h@µ@⌫hµ⌫ � (@µhµ⌫)
2

Unique diffeomorphism invariant second order in derivatives Lagrangian for the metric perturbation

Modulo an overall constant that can be absorbed into the field.

This linearised uniqueness argument works in any dimension!



Uniqueness continued
Harder to prove, but in 4D there is also the unique non-linear extension. Einstein-Hilbert action
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S[g] =

Z
p
gR

This uniqueness statement is very powerful, because we now know that the only input needed to 
discover 4D GR is the idea that gravity can be encoded into metric geometry

Dynamics is unique and fixed by mathematics, at least in 4D, once kinematics is identified

In higher D, Lovelock’s higher order in curvature terms are also possible, but GR is 
still the unique quasi-linear theory (field equations are linear in second derivatives)

We will follow a similar strategy, but for the system metric + (Weyl) spinor



Geometric map
One of the main points of this talk is that there exists an encoding

Given a metric and a (Weyl) spinor
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from the spinor

This collection depends on the “type of spinor”

Both the metric and the spinor 
(up to sign) are recovered

An action principle can be written in terms of these differential forms.  
In general, gives dynamics to both the metric and the spinor

I will now illustrate these ideas by considering 3D, 4D and then 8D

Linearised uniqueness can be analysed similar to GR



Spinors and gravity in 3D
Spinors are “defining” representations of the Clifford algebra
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�µ�⌫ + �⌫�µ = 2gµ⌫I

In        (half of) the Clifford algebra is generated by Pauli matrices
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R3
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�i�j + �j�i = 2�ijI
Spinors are 2-component columns on which      act
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�i

<latexit sha1_base64="zxpaasLhqrrzeUGFGa3D6Dx28Bk="></latexit>

S 3  =

✓
↵
�

◆
, ↵,� 2 C

Invariant inner product on spinors
<latexit sha1_base64="P2MQrY5xIL2qQkUZkbxqSjyz8Ds="></latexit>

h 1, 2i =  T
1 ✏ 2, ✏ =

✓
0 �1
1 0

◆
.

<latexit sha1_base64="lAk+Rb9phBveWfMrPrbaW1OxLN0="></latexit>

hg 1, g 2i = h 1, 2i, 8g 2 SL(2,C)

Invariant conjugation on spinors
<latexit sha1_base64="vUZeNjDPKHv7V1gC5HqxR2+9xeY=">AAACC3icbVDLSgMxFL3js9bXqEs3oUUQF2VGREUQim5cVrAP6NSSSdM2NJMMSUYoQ/du/BU3LhRx6w+482/MtF1o64HA4Zx7uLknjDnTxvO+nYXFpeWV1dxafn1jc2vb3dmtaZkoQqtEcqkaIdaUM0GrhhlOG7GiOAo5rYeD68yvP1ClmRR3ZhjTVoR7gnUZwcZKbbcQSGtn6TSINRtdoEsUUMu4FChT7o/abtEreWOgeeJPSRGmqLTdr6AjSRJRYQjHWjd9LzatFCvDCKejfJBoGmMywD3atFTgiOpWOr5lhA6s0kFdqewTBo3V34kUR1oPo9BORtj09ayXif95zcR0z1spE3FiqCCTRd2EIyNRVgzqMEWJ4UNLMFHM/hWRPlaYGFtf3pbgz548T2rHJf+05N+eFMtX0zpysA8FOAQfzqAMN1CBKhB4hGd4hTfnyXlx3p2PyeiCM83swR84nz+cPZrC</latexit>

 := ✏ ⇤ Combination of the two gives Hermitian inner product on spinors
<latexit sha1_base64="O7S4sRSjednMLl7KY1RJR5ya9Dc=">AAACIHicbVBNSwMxEM3Wr1q/qh69BIvgQcquiPUiFL14rGA/oLuWbHa6Dc1mlyQrlKU/xYt/xYsHRfSmv8Zs24O2DiS8eW9mknl+wpnStv1lFZaWV1bXiuuljc2t7Z3y7l5Lxamk0KQxj2XHJwo4E9DUTHPoJBJI5HNo+8PrXG8/gFQsFnd6lIAXkVCwPqNEG6pXrrmciJADdmNTlk/J3ESx8Ul+u3KqXeI8u3cDEoYgJ0mvXLGr9iTwInBmoIJm0eiVP90gpmkEQlNOlOo6dqK9jEjNKIdxyU0VJIQOSQhdAwWJQHnZZMExPjJMgPuxNEdoPGF/d2QkUmoU+aYyInqg5rWc/E/rprp/4WVMJKkGQacP9VOOdYxzt3DAJFDNRwYQKpn5K6YDIgnVxtOSMcGZX3kRtE6rznnVuT2r1K9mdhTRATpEx8hBNVRHN6iBmoiiR/SMXtGb9WS9WO/Wx7S0YM169tGfsL5/AKaRo+A=</latexit>

h , i =  † <latexit sha1_base64="51LFqOg+Ja/lUD06o55KsTRhdok="></latexit>

g := g , 8g 2 Spin(3) = SU(2)



Can construct a vector
<latexit sha1_base64="88fBySyhdeCDYPuGUogacT/vBcs=">AAACI3icbVDNS8MwHE3n15xfVY9egkPwIKMVURkIQy8eJ7gPWLuSZukWlqYlSYVR9r948V/x4kEZXjz4v5h2Pejmg8DjvfdL8nt+zKhUlvVllFZW19Y3ypuVre2d3T1z/6Ato0Rg0sIRi0TXR5IwyklLUcVINxYEhT4jHX98l/mdJyIkjfijmsTEDdGQ04BipLTkmfV2n3pOLCms30CHIT5kBDqRHsluTDNnegYdSYch6lOYJx2RxzyzatWsHHCZ2AWpggJNz5w5gwgnIeEKMyRlz7Zi5aZIKIoZmVacRJIY4TEakp6mHIVEumm+4xSeaGUAg0jowxXM1d8TKQqlnIS+ToZIjeSil4n/eb1EBdduSnmcKMLx/KEgYVBFMCsMDqggWLGJJggLqv8K8QgJhJWutaJLsBdXXibt85p9WbMfLqqN26KOMjgCx+AU2OAKNMA9aIIWwOAZvIJ38GG8GG/GzPicR0tGMXMI/sD4/gG9caRc</latexit>

V i
 := h ,�i i

Simple computation gives

Its square

<latexit sha1_base64="IDNbGEGF18TK8xolG+udYNjl1QU="></latexit>

~V = (2Re(↵⇤�), 2Im(↵⇤�), |↵|2 � |�|2) 2 R3

<latexit sha1_base64="W/pHOfkC3CtDW+dtpOROhNkpawg="></latexit>

(~V , ~V ) = (|↵|2 + |�|2)2 = h , i2

Consider the space of unit spinors
<latexit sha1_base64="H0cs/oKh5w2gmgRUu1FLREsQAhg=">AAACHHicbVBNS8MwGE7n15xfVY9egkPwIKN1oiIMhl48TnQfsNaRZtkWlqYlSYVR+kO8+Fe8eFDEiwfBf2Pa9aCbLyQ8PM/7vMn7eCGjUlnWt1FYWFxaXimultbWNza3zO2dlgwigUkTBywQHQ9JwignTUUVI51QEOR7jLS98VWqtx+IkDTgd2oSEtdHQ04HFCOlqZ5Zvb2v1pwYOqGkF9BhiA8ZcQJtSSfGKZ0cpbcjMqlmO0nPLFsVKys4D+wclEFejZ756fQDHPmEK8yQlF3bCpUbI6EoZiQpOZEkIcJjNCRdDTnyiXTjbLkEHmimDweB0IcrmLG/HTHypZz4nu70kRrJWS0l/9O6kRqcuzHlYaQIx9OHBhGDKoBpUrBPBcGKTTRAWFD9V4hHSCCsdJ4lHYI9u/I8aB1X7NOKfXNSrl/mcRTBHtgHh8AGZ6AOrkEDNAEGj+AZvII348l4Md6Nj2lrwcg9u+BPGV8/46Ch6A==</latexit>

S3 = { : h , i = 1}

Then 
<latexit sha1_base64="5lWhTCNO4qIxpi1+T7ASG6lTjwg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDbbSbt0kyy7m0IJ/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvlIJr47pfTmltfWNzq7xd2dnd2z+oHh61dZophi2WilR1Q6pR8ARbhhuBXamQxqHATji+m/udCSrN0+TRTCUGMR0mPOKMGiv5/gRZ3p71fal5v1pz6+4C5C/xClKDAs1+9dMfpCyLMTFMUK17nitNkFNlOBM4q/iZRknZmA6xZ2lCY9RBvrh5Rs6sMiBRqmwlhizUnxM5jbWexqHtjKkZ6VVvLv7n9TIT3QQ5T2RmMGHLRVEmiEnJPAAy4AqZEVNLKFPc3krYiCrKjI2pYkPwVl/+S9oXde+q7j1c1hq3RRxlOIFTOAcPrqEB99CEFjCQ8AQv8OpkzrPz5rwvW0tOMXMMv+B8fANeOJHn</latexit>

~V gives a map 
<latexit sha1_base64="Ta8AryamRTUKWVY2vT9UdgnIzHI=">AAACFnicbVDJSgNBEO2JW4zbqEcvjUHwYphJRMVT0IvHuGSBzGTo6VSSJj0L3T2BMOQrvPgrXjwo4lW8+Td2loMmPmj68V4VVfX8mDOpLOvbyCwtr6yuZddzG5tb2zvm7l5NRomgUKURj0TDJxI4C6GqmOLQiAWQwOdQ9/vXY78+ACFZFD6oYQxuQLoh6zBKlJY888QZAE1rI8+JJbvE962SoyL9FR2Z+BIUTp2AqJ7v47tRq+SZeatgTYAXiT0jeTRDxTO/nHZEkwBCRTmRsmlbsXJTIhSjHEY5J5EQE9onXWhqGpIApJtOzhrhI620cScS+oUKT9TfHSkJpBwGvq4c7yjnvbH4n9dMVOfCTVkYJwpCOh3USTjWl48zwm0mgCo+1IRQwfSumPaIIFTpJHM6BHv+5EVSKxbss4J9e5ovX83iyKIDdIiOkY3OURndoAqqIooe0TN6RW/Gk/FivBsf09KMMevZR39gfP4AJG2euQ==</latexit>

~V : S3 ! S2 ⇢ R3

This map is the projection map of the Hopf fibration
<latexit sha1_base64="eiJez2ag05UvxXk7QBqyN9krppM=">AAAB+3icbVDLTgIxFL2DL8TXiEs3jcTEFZlBoy6JblxikEcCA+mUDjR0OpO2YySEX3HjQmPc+iPu/Bs7MAsFT9L05Jx7c+89fsyZ0o7zbeXW1jc2t/LbhZ3dvf0D+7DYVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vk391iOVikXiQU9i6oV4KFjACNZG6tvFes/t6giheu88/eu9St8uOWVnDrRK3IyUIEOtb391BxFJQio04VipjuvE2ptiqRnhdFboJorGmIzxkHYMFTikypvOd5+hU6MMUBBJ84RGc/V3xxSHSk1C31SGWI/UspeK/3mdRAfX3pSJONFUkMWgIOHIHJkGgQZMUqL5xBBMJDO7IjLCEhNt4iqYENzlk1dJs1J2L8vu/UWpepPFkYdjOIEzcOEKqnAHNWgAgSd4hld4s2bWi/VufSxKc1bWcwR/YH3+AK+mkuw=</latexit>

S1 ! S3 ! S2

Moreover, can construct a complex vector
<latexit sha1_base64="xjFKC8TSoNkuZ0kCL3yD1ZFUbYk=">AAACGHicbVDLSgMxFM3UV62vUZdugkVwIXVGREUQim5cVrAP6ExLJk3b0CQzJBmhDP0MN/6KGxeKuO3OvzEznYW2Hgice8693NwTRIwq7TjfVmFpeWV1rbhe2tjc2t6xd/caKowlJnUcslC2AqQIo4LUNdWMtCJJEA8YaQaju9RvPhGpaCge9TgiPkcDQfsUI22krn3KO7TrRYrC6xvoMSQGjMC0PoGeogOOOjQroSczr2uXnYqTAS4SNydlkKPWtadeL8QxJ0JjhpRqu06k/QRJTTEjk5IXKxIhPEID0jZUIE6Un2SHTeCRUXqwH0rzhIaZ+nsiQVypMQ9MJ0d6qOa9VPzPa8e6f+UnVESxJgLPFvVjBnUI05Rgj0qCNRsbgrCk5q8QD5FEWJssSyYEd/7kRdI4q7gXFffhvFy9zeMoggNwCI6BCy5BFdyDGqgDDJ7BK3gHH9aL9WZ9Wl+z1oKVz+yDP7CmP0DOn00=</latexit>

mi
 := h ,�i i

Simple computation gives
<latexit sha1_base64="i6vuE44a2kmHRxwMtRyV7gpCV6o=">AAACL3icbZDLSgMxFIYzXmu9VV26CRahxbbMFFE3QlEQlxXsBTrjkElP29DMhSRTKEPfyI2v0o2IIm59C9PLQlsPhPx8/zkk5/cizqQyzTdjZXVtfWMztZXe3tnd288cHNZlGAsKNRryUDQ9IoGzAGqKKQ7NSADxPQ4Nr3878RsDEJKFwaMaRuD4pBuwDqNEaeRm7uwB0MQfuXYkGb7GuaJNeNQjT+Uz2wOl7wIustwizBdwecamIO9msmbJnBZeFtZcZNG8qm5mbLdDGvsQKMqJlC3LjJSTEKEY5TBK27GEiNA+6UJLy4D4IJ1kuu8In2rSxp1Q6BMoPKW/JxLiSzn0Pd3pE9WTi94E/ue1YtW5chIWRLGCgM4e6sQcqxBPwsNtJoAqPtSCUMH0XzHtEUGo0hGndQjW4srLol4uWRcl6+E8W7mZx5FCx+gE5ZCFLlEF3aMqqiGKntEYvaMP48V4NT6Nr1nrijGfOUJ/yvj+AUpIpsM=</latexit>

~m = (�↵2 + �2,�i(↵2 + �2), 2↵�)

This vector satisfies
<latexit sha1_base64="GrRKc+77Zp/GfCzktk47FoOVTmI="></latexit>

(~m , ~m ) = 0, (~m , ~V ) = 0, (~m , ~m
⇤
 ) = 2h , i2

This shows that for a unit spinor we get an orthonormal frame
<latexit sha1_base64="6wtTNV2lS8fOsA3IHPZMVOOmDj4="></latexit>

(~e 1
 ,~e

2
 ,~e

3
 ) := (Re(~m ), Im(~m ), ~V )

Recall that a metric can be encoded into a 
choice of a frame on TM, whose vectors 

are declared to be orthonormal
Frame = Metric + Unit spinor (mod       ) 

<latexit sha1_base64="qTD+H+OU72oHKZjquKUAAorDvn0=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUUZdFNy4r2Ae2Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfj28xvT6jSTIoHM42pH+GhYCEj2FjJT3sRNqMgQI+zfq1frrhVdw60SrycVCBHo1/+6g0kSSIqDOFY667nxsZPsTKMcDor9RJNY0zGeEi7lgocUe2n89AzdGaVAQqlsk8YNFd/b6Q40noaBXYyy6iXvUz8z+smJrz2UybixFBBFofChCMjUdYAGjBFieFTSzBRzGZFZIQVJsb2VLIleMtfXiWtWtW7rHr3F5X6TV5HEU7gFM7Bgyuowx00oAkEnuAZXuHNmTgvzrvzsRgtOPnOMfyB8/kDU7iRzw==</latexit>Z2
Geometric 

map example



Metric + spinor encoding by differential forms

The idea of the geometric map is to produce a collection of differential forms from the metric and a spinor

The metric can be recovered from these differential forms

In this example this was the fact that the obtained triple of 1-forms was orthonormal

One can then forget about the origin of the differential forms, and continue to use the explicit formula for the metric

In this case we just take an arbitrary triple of 1-forms, and declare them orthonormal, thus encoding the metric



It is well-known that in 3D, the most efficient description of a metric is provided by the frame formalism 

Concretely, consider the co-frame, which is a triple of 1-forms
<latexit sha1_base64="o8Pr0EEpGtl2h1DZzUZI2XbOQiM=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyxC3ZQZEXVZdONCoYJ9QGdaMmnahmYyQ5IRhlJ/xY0LRdz6Ie78G9N2Ftp6IHA45x7uzQlizpR2nG8rt7K6tr6R3yxsbe/s7tn7Bw0VJZLQOol4JFsBVpQzQeuaaU5bsaQ4DDhtBqPrqd98pFKxSDzoNKZ+iAeC9RnB2khdu0g7zGMCebcm08Mdt3x30rVLTsWZAS0TNyMlyFDr2l9eLyJJSIUmHCvVdp1Y+2MsNSOcTgpeomiMyQgPaNtQgUOq/PHs+Ak6NkoP9SNpntBopv5OjHGoVBoGZjLEeqgWvan4n9dOdP/SHzMRJ5oKMl/UTzjSEZo2gXpMUqJ5aggmkplbERliiYk2fRVMCe7il5dJ47Tinlfc+7NS9SqrIw+HcARlcOECqnADNagDgRSe4RXerCfrxXq3PuajOSvLFOEPrM8fCJOTuA==</latexit>

ei 2 ⇤1(M)

We then have Cartan’s structure equations
<latexit sha1_base64="zOjNQCJCWEex92WNq9H4Q6oXh1k=">AAACFnicbVDLSgMxFM34rPU16tJNsAiCWGZE1I1QdOOygn1Apy2ZzG2NzSRDklHK0K9w46+4caGIW3Hn35g+Fmo9EDiccy4394QJZ9p43pczMzs3v7CYW8ovr6yurbsbm1UtU0WhQiWXqh4SDZwJqBhmONQTBSQOOdTC3sXQr92B0kyKa9NPoBmTrmAdRomxUts9iDC0GN7HASSacSlaGbvtDXAgY+iS1i0O7iHqgg318JnXdgte0RsBTxN/QgpognLb/QwiSdMYhKGcaN3wvcQ0M6IMoxwG+SDVkBDaI11oWCpIDLqZjc4a4F2rRLgjlX3C4JH6cyIjsdb9OLTJmJgb/dcbiv95jdR0TpsZE0lqQNDxok7KsZF42BGOmAJqeN8SQhWzf8X0hihCjW0yb0vw/548TaqHRf+46F8dFUrnkzpyaBvtoD3koxNUQpeojCqIogf0hF7Qq/PoPDtvzvs4OuNMZrbQLzgf3zlbnig=</latexit>

dei + ✏ijk!j ^ ek = 0
<latexit sha1_base64="O3wBJvb5rucrQWkpY62RZqhldA4="></latexit>

d!i + (1/2)✏ijk!j ^ !k = �✏ijkej ^ ek

The first equation defines the components of the spin connection 
<latexit sha1_base64="Gcqngk1Xk/6Y1NwCJT/TVPd0FlI=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMegF48RzEOSNcxOepMh81hmZoWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUamm0KCKK92OiAHOJDQssxzaiQYiIg6taHQz9VtPoA1T8t6OEwgFGUgWM0qskx66SsCAPDLcK1f8qj8DXiZBTiooR71X/ur2FU0FSEs5MaYT+IkNM6ItoxwmpW5qICF0RAbQcVQSASbMZgdP8IlT+jhW2pW0eKb+nsiIMGYsItcpiB2aRW8q/ud1UhtfhRmTSWpB0vmiOOXYKjz9HveZBmr52BFCNXO3YjokmlDrMiq5EILFl5dJ86waXFSDu/NK7TqPo4iO0DE6RQG6RDV0i+qogSgS6Bm9ojdPey/eu/cxby14+cwh+gPv8wdnh5Am</latexit>

!i

The second equation is then the statement that the curvature is constant 

Considering spinors, and natural geometric objects that arise as spinor bi-linears, we were led to the 
notion of the frame, as a triple of differential 1-forms, as the best object to encode the metric. The 
second-order PDE’s that one wants to impose on the metric (Einstein condition) become simple 

equations written in the language of the differential forms 

Cosmological constant (scalar curvature)

Witten: 2+1 
gravity as an 

exactly soluble 
system

There is a simple action principle giving these as Euler-Lagrange equations
<latexit sha1_base64="qwbCpD1HnwRpIhj3a3CERCdiAGE="></latexit>

S[e,!] =

Z
ei ^ (d!i +

1

2
✏ijk!j ^ !k)� �

3
✏ijkei ^ ej ^ ek

Field equations



Remarks on uniqueness

Uniqueness can be analysed similarly to the GR case, by considering the most general linearised Lagrangian, and then 
imposing gauge-invariance

The fields are perturbation of a metric + perturbation of a unit spinor = perturbation of a frame

Unique Lagrangian once diffeomoprhism invariance together with SU(2) invariance are imposed

In particular, the spinor is non-propagating in the SU(2) invariant theory



Spinors and gravity in 4D
-matrices are now 4x4

<latexit sha1_base64="1HbveT5JU6V0eK6wHlVYfExiar0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhN7JbDJmZnaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bJsk0ZXWaiES3IjRMcMXqllvBWqlmKCPBmtHwduo3n5g2PFEPdpSyUGJf8ZhTtE5qdPooJXZLZb/iz0CWSZCTMuSodUtfnV5CM8mUpQKNaQd+asMxasupYJNiJzMsRTrEPms7qlAyE45n107IqVN6JE60K2XJTP09MUZpzEhGrlOiHZhFbyr+57UzG1+HY67SzDJF54viTBCbkOnrpMc1o1aMHEGqubuV0AFqpNYFVHQhBIsvL5PGeSW4rAT3F+XqTR5HAY7hBM4ggCuowh3UoA4UHuEZXuHNS7wX7937mLeuePnMEfyB9/kDiOOPGw==</latexit>�

everything is signature dependent

we use Euclidean to simplify life

<latexit sha1_base64="+K2S+/qi444I7w92paVwSoS7NDE="></latexit>

�4 =

✓
0 I
I 0

◆
, �i

✓
0 i�i

�i�i 0

◆

<latexit sha1_base64="X9VAVIyGZcoS08d782poPmjr0Ok=">AAACGXicbZDLSsNAFIYn9VbrrerSzWARBLUkRdSNUOzGZaX2Ak0Mk8mkHTqTpDMToYS+hhtfxY0LRVzqyrdx2mah1R8GPv5zDnPO78WMSmWaX0ZuYXFpeSW/Wlhb39jcKm7vtGSUCEyaOGKR6HhIEkZD0lRUMdKJBUHcY6TtDWqTevueCEmj8FaNYuJw1AtpQDFS2nKLZuOy4R7ZUcwSCRvuyTG0h8ME+ZrtmENbUg5TmyPV9zxYG99V3GLJLJtTwb9gZVACmepu8cP2I5xwEirMkJRdy4yVkyKhKGZkXLATSWKEB6hHuhpDxIl00ullY3igHR8GkdAvVHDq/pxIEZdyxD3dOdlRztcm5n+1bqKCCyelYZwoEuLZR0HCoIrgJCboU0GwYiMNCAuqd4W4jwTCSodZ0CFY8yf/hValbJ2VrZvTUvUqiyMP9sA+OAQWOAdVcA3qoAkweABP4AW8Go/Gs/FmvM9ac0Y2swt+yfj8BtGAnvU=</latexit>

S = S+ � S�, S± ⇠ C2
Dirac spinors are 4-component

Weyl spinors are 2-component

Invariant inner product on
<latexit sha1_base64="OLhLkbZOrQKDGb0OnI0wCuqU2xE=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4rurbQLiWbZtvQJBuSrFCW/gYvHhTx6g/y5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88mjTThIYk5alux9hQziQNLbOctpWmWMSctuLRzdRvPVFtWCof7FjRSOCBZAkj2DopvO91lehVa37dnwEtk6AgNSjQ7FW/uv2UZIJKSzg2phP4ykY51pYRTieVbmaowmSEB7TjqMSCmiifHTtBJ07poyTVrqRFM/X3RI6FMWMRu06B7dAselPxP6+T2eQqyplUmaWSzBclGUc2RdPPUZ9pSiwfO4KJZu5WRIZYY2JdPhUXQrD48jJ5PKsHF/Xg7rzWuC7iKMMRHMMpBHAJDbiFJoRAgMEzvMKbJ70X7937mLeWvGLmEP7A+/wBsdeOnQ==</latexit>

S±

<latexit sha1_base64="SfRvA1OB7IzTKszmyGg1bwcXlqk=">AAACIHicbZDLSgMxFIYz9VbrbdSlm2ARXEiZKWLdCEU3Liv0Bp1aMulpG5rJDElGKKWP4sZXceNCEd3p05jOzEJbD4T8fP85JOf3I86UdpwvK7eyura+kd8sbG3v7O7Z+wdNFcaSQoOGPJRtnyjgTEBDM82hHUkggc+h5Y9v5n7rAaRioajrSQTdgAwFGzBKtEE9u+JxIoYcsBcp1nPPkqvsyRReZfi+jj0wiociJeWeXXRKTlJ4WbiZKKKsaj370+uHNA5AaMqJUh3XiXR3SqRmlMOs4MUKIkLHZAgdIwUJQHWnyYIzfGJIHw9CaY7QOKG/J6YkUGoS+KYzIHqkFr05/M/rxHpw2Z0yEcUaBE0fGsQc6xDP08J9JoFqPjGCUMnMXzEdEUmoNpkWTAju4srLolkuuRcl9+68WL3O4sijI3SMTpGLKqiKblENNRBFj+gZvaI368l6sd6tj7Q1Z2Uzh+hPWd8/SfSibg==</latexit>

h 1, 2i =  T
1 ✏ 2

<latexit sha1_base64="VLduUPdRrKcLcg5tSQTxlHwlt4o="></latexit>

S± 3  =

✓
↵
�

◆
.

where 
<latexit sha1_base64="QuqtgKMTlASSzRZL5qBzs2EHbLg=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4kJIUUY9FLx4r2A9sQ9lsN+3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqAccJ9yM6UCIUjKKVHruJEb3MO69OeqWyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn80unpBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9H3SF5ozlGNLKNPC3krYkGrK0IZUtCF4iy8vk2a14l1WvPuLcu0mj6MAx3ACZ+DBFdTgDurQAAYKnuEV3hzjvDjvzse8dcXJZ47gD5zPH/NqkHI=</latexit>

 1,2 are both either in           or in 
<latexit sha1_base64="qxAjEDmZFZMlvM4QCySS4MTyILI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQklE1GPRi8dK7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJaPZpygH9GB5CFn1FipXu+d90plt+LOQJaJl5My5Kj1Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14Y2fcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmleVLyrivdwWa7e5nEU4BhO4Aw8uIYq3EMNGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w/MI417</latexit>

S+
<latexit sha1_base64="LSCtjdWmY5IKHG3ASVa18iVtS9c=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6rHoxWOl9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobuq3nlBpHstHM07Qj+hA8pAzaqxUr/fOe6WyW3FnIMvEy0kZctR6pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MbPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTQvKt5VxXu4LFdv8zgKcAwncAYeXEMV7qEGDWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wfPK419</latexit>

S�

-matrices are off-diagonal<latexit sha1_base64="1HbveT5JU6V0eK6wHlVYfExiar0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhN7JbDJmZnaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bJsk0ZXWaiES3IjRMcMXqllvBWqlmKCPBmtHwduo3n5g2PFEPdpSyUGJf8ZhTtE5qdPooJXZLZb/iz0CWSZCTMuSodUtfnV5CM8mUpQKNaQd+asMxasupYJNiJzMsRTrEPms7qlAyE45n107IqVN6JE60K2XJTP09MUZpzEhGrlOiHZhFbyr+57UzG1+HY67SzDJF54viTBCbkOnrpMc1o1aMHEGqubuV0AFqpNYFVHQhBIsvL5PGeSW4rAT3F+XqTR5HAY7hBM4ggCuowh3UoA4UHuEZXuHNS7wX7937mLeuePnMEfyB9/kDiOOPGw==</latexit>�
<latexit sha1_base64="ZLeyXzzSLLHaFTdWFReBS9sARig=">AAAB+nicbVDLSsNAFJ3UV62vVJduBosgiCURUXFVdOOyUvuAJoTJdNIOnZmEmYlSYj/FjQtF3Pol7vwbp20W2nrgwuGce7n3njBhVGnH+bYKS8srq2vF9dLG5tb2jl3ebak4lZg0ccxi2QmRIowK0tRUM9JJJEE8ZKQdDm8mfvuBSEVjca9HCfE56gsaUYy0kQK77PUR5+iqERx7OoaN4CSwK07VmQIuEjcnFZCjHthfXi/GKSdCY4aU6rpOov0MSU0xI+OSlyqSIDxEfdI1VCBOlJ9NTx/DQ6P0YBRLU0LDqfp7IkNcqREPTSdHeqDmvYn4n9dNdXTpZ1QkqSYCzxZFKYPmyUkOsEclwZqNDEFYUnMrxAMkEdYmrZIJwZ1/eZG0TqvuedW9O6vUrvM4imAfHIAj4IILUAO3oA6aAINH8AxewZv1ZL1Y79bHrLVg5TN74A+szx/PsZMP</latexit>

� : S+ ! S�

and vice versa

Invariant conjugation on
<latexit sha1_base64="rw+09xKqlwRA9SKw1HB8p0mVjYE=">AAACCnicbVDLSgMxFM3UV62vUZduokUQF2VGRN0IRTcuK9gHdGrJpLdtaCYZkoxQhq7d+CtuXCji1i9w59+YabvQ1gOBwzn3cHNPGHOmjed9O7mFxaXllfxqYW19Y3PL3d6paZkoClUquVSNkGjgTEDVMMOhESsgUcihHg6uM7/+AEozKe7MMIZWRHqCdRklxkptdz+Q1s7SaRBrNsKXOABLuBQ4E+6P227RK3lj4HniT0kRTVFpu19BR9IkAmEoJ1o3fS82rZQowyiHUSFINMSEDkgPmpYKEoFupeNTRvjQKh3clco+YfBY/Z1ISaT1MArtZERMX896mfif10xM96KVMhEnBgSdLOomHBuJs15whymghg8tIVQx+1dM+0QRamx7BVuCP3vyPKmdlPyzkn97WixfTevIoz10gI6Qj85RGd2gCqoiih7RM3pFb86T8+K8Ox+T0ZwzzeyiP3A+fwAUnpp+</latexit>

 = ✏ ⇤

<latexit sha1_base64="OLhLkbZOrQKDGb0OnI0wCuqU2xE=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4rurbQLiWbZtvQJBuSrFCW/gYvHhTx6g/y5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmlldW19o7xZ2dre2d2r7h88mjTThIYk5alux9hQziQNLbOctpWmWMSctuLRzdRvPVFtWCof7FjRSOCBZAkj2DopvO91lehVa37dnwEtk6AgNSjQ7FW/uv2UZIJKSzg2phP4ykY51pYRTieVbmaowmSEB7TjqMSCmiifHTtBJ07poyTVrqRFM/X3RI6FMWMRu06B7dAselPxP6+T2eQqyplUmaWSzBclGUc2RdPPUZ9pSiwfO4KJZu5WRIZYY2JdPhUXQrD48jJ5PKsHF/Xg7rzWuC7iKMMRHMMpBHAJDbiFJoRAgMEzvMKbJ70X7937mLeWvGLmEP7A+/wBsdeOnQ==</latexit>

S±

What are the geometric objects that can be constructed from a Weyl spinor?

Spin(4) stabiliser of a spinor in           is SU(2)  
<latexit sha1_base64="qxAjEDmZFZMlvM4QCySS4MTyILI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQklE1GPRi8dK7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJaPZpygH9GB5CFn1FipXu+d90plt+LOQJaJl5My5Kj1Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14Y2fcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmleVLyrivdwWa7e5nEU4BhO4Aw8uIYq3EMNGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w/MI417</latexit>

S+



We must insert an even number of       -matrices between two copies of the spinor   
<latexit sha1_base64="1HbveT5JU6V0eK6wHlVYfExiar0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhN7JbDJmZnaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bJsk0ZXWaiES3IjRMcMXqllvBWqlmKCPBmtHwduo3n5g2PFEPdpSyUGJf8ZhTtE5qdPooJXZLZb/iz0CWSZCTMuSodUtfnV5CM8mUpQKNaQd+asMxasupYJNiJzMsRTrEPms7qlAyE45n107IqVN6JE60K2XJTP09MUZpzEhGrlOiHZhFbyr+57UzG1+HY67SzDJF54viTBCbkOnrpMc1o1aMHEGqubuV0AFqpNYFVHQhBIsvL5PGeSW4rAT3F+XqTR5HAY7hBM4ggCuowh3UoA4UHuEZXuHNS7wX7937mLeuePnMEfyB9/kDiOOPGw==</latexit>�

Can define
<latexit sha1_base64="6yOdCew0NmGmFPtwKPHuWgnTbHI="></latexit>

! :=
i

2
h , �[µ�⌫] idxµ ^ dx⌫

<latexit sha1_base64="lFoXN0LEbjW98WpI85un69/jKl0="></latexit>

⌦ :=
i

2
h , �[µ�⌫] idxµ ^ dx⌫

A simple computation gives
<latexit sha1_base64="siU24R6WFpEyFz0lF3AQ3eoevqY=">AAACJnicbVDLSgMxFM34rPVVdekmWAQXUmZE1E2h6MadFe0DOtPhTpq2ocnMNMkIpfRr3PgrblxURNz5KabtLLT1QOBwzrnc3BPEnClt21/W0vLK6tp6ZiO7ubW9s5vb26+qKJGEVkjEI1kPQFHOQlrRTHNajyUFEXBaC3o3E7/2RKViUfioBzH1BHRC1mYEtJH8XNGNBO0ALuJqk/lurBh2H1hHQJOdYrffT6CF3bs0IuYjfi5vF+wp8CJxUpJHKcp+buy2IpIIGmrCQamGY8faG4LUjHA6yrqJojGQHnRow9AQBFXecHrmCB8bpYXbkTQv1Hiq/p4YglBqIAKTFKC7at6biP95jUS3r7whC+NE05DMFrUTjnWEJ53hFpOUaD4wBIhk5q+YdEEC0abZrCnBmT95kVTPCs5Fwbk/z5eu0zoy6BAdoRPkoEtUQreojCqIoGf0isbo3Xqx3qwP63MWXbLSmQP0B9b3DyqEpGI=</latexit>

! = V i
 ⌃

i, ⌦ = mi
 ⌃

i

where 
<latexit sha1_base64="ODKKnSgP3b4erxrTfSw2wRMAOa8="></latexit>

⌃i = dx4 ^ dxi � 1

2
✏ijkdxj ^ dxk is the basis of self-dual 2-forms on 

<latexit sha1_base64="1Md9VKooyrFXAi02Fyz8hfRZYHc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5dV7APasSRppg3NZMYkUyhDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JNDYsG1cd1vp7Cyura+UdwsbW3v7O6V9w+aOkoUZQ0aiUi1CdZMcMkahhvB2rFiOCSCtcjoJvNbY6Y0j+SDmcTMD/FA8oBTbKzkp90QmyEh6H76eN4rV9yqOwNaJl5OKpCj3it/dfsRTUImDRVY647nxsZPsTKcCjYtdRPNYkxHeMA6lkocMu2ns9BTdGKVPgoiZZ80aKb+3khxqPUkJHYyy6gXvUz8z+skJrjyUy7jxDBJ54eCRCAToawB1OeKUSMmlmCquM2K6BArTI3tqWRL8Ba/vEyaZ1XvourdnVdq13kdRTiCYzgFDy6hBrdQhwZQeIJneIU3Z+y8OO/Ox3y04OQ7h/AHzucPSQORyA==</latexit>

R4

and 
<latexit sha1_base64="ocQhR32KfZzMexxsCK/P6Fkgda4=">AAAB+3icbZDLSgMxFIbP1Futt7Eu3QSL4ELKjIi6LLpxWcFeoB2HTJq2oUlmSDJiGfoqblwo4tYXcefbmLaz0NYfAh//OYdz8kcJZ9p43rdTWFldW98obpa2tnd299z9clPHqSK0QWIeq3aENeVM0oZhhtN2oigWEaetaHQzrbceqdIslvdmnNBA4IFkfUawsVbolpsPLOwmmp0ikVPoVryqNxNaBj+HCuSqh+5XtxeTVFBpCMdad3wvMUGGlWGE00mpm2qaYDLCA9qxKLGgOshmt0/QsXV6qB8r+6RBM/f3RIaF1mMR2U6BzVAv1qbmf7VOavpXQcZkkhoqyXxRP+XIxGgaBOoxRYnhYwuYKGZvRWSIFSbGxlWyIfiLX16G5lnVv6j6d+eV2nUeRxEO4QhOwIdLqMEt1KEBBJ7gGV7hzZk4L8678zFvLTj5zAH8kfP5A3IXlBA=</latexit>

V i
 ,m

i
 are the previously encountered vectors in  

<latexit sha1_base64="irPRi60PpKaDAZukKj5cXxmZwCk=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWZU1GXRjcsq9gHtWDJppg3NZMYkUyhDv8ONC0Xc+jHu/Bsz7Sy0eiBwOOde7snxY8G1cZwvVFhaXlldK66XNja3tnfKu3tNHSWKsgaNRKTaPtFMcMkahhvB2rFiJPQFa/mj68xvjZnSPJL3ZhIzLyQDyQNOibGSl3ZDYoa+j++mD6e9csWpOjPgv8TNSQVy1Hvlz24/oknIpKGCaN1xndh4KVGGU8GmpW6iWUzoiAxYx1JJQqa9dBZ6io+s0sdBpOyTBs/UnxspCbWehL6dzDLqRS8T//M6iQkuvZTLODFM0vmhIBHYRDhrAPe5YtSIiSWEKm6zYjokilBjeyrZEtzFL/8lzZOqe151b88qtau8jiIcwCEcgwsXUIMbqEMDKDzCE7zAKxqjZ/SG3uejBZTv7MMvoI9vR3+Rxw==</latexit>

R3

Another simple computation shows that for a unit Weyl spinor
<latexit sha1_base64="VFkpJJDKZMW4po7WOz/9LQ4lV84="></latexit>

End(R4) 3 J = V i
 ⌃

i
µ
⌫

is a complex structure
<latexit sha1_base64="keqXE+UGxZLFlCRrPXOcuFnGwOc=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEurAkRdSNUHSjrirYBzQxTKaTduhkEmYmQgnFjb/ixoUibv0Kd/6NkzYLrR64cDjnXu69x48ZlcqyvozC3PzC4lJxubSyura+YW5utWSUCEyaOGKR6PhIEkY5aSqqGOnEgqDQZ6TtDy8yv31PhKQRv1WjmLgh6nMaUIyUljxzp3LtObGkB3c1eAYPUydEauD78GrsmWWrak0A/xI7J2WQo+GZn04vwklIuMIMSdm1rVi5KRKKYkbGJSeRJEZ4iPqkqylHIZFuOnlhDPe10oNBJHRxBSfqz4kUhVKOQl93ZhfKWS8T//O6iQpO3ZTyOFGE4+miIGFQRTDLA/aoIFixkSYIC6pvhXiABMJKp1bSIdizL/8lrVrVPq7aN0fl+nkeRxHsgj1QATY4AXVwCRqgCTB4AE/gBbwaj8az8Wa8T1sLRj6zDX7B+PgGqvaVsg==</latexit>

(J )
2 = �I

We have
<latexit sha1_base64="HGygKmUPgRe3W3jNlNK/Xs/5tbg="></latexit>

⌦ ^ ⌦ = mi
 ⌃

i ^mj
 ⌃

j ⇠ (~m, ~m) = 0 this means that           is decomposable 
<latexit sha1_base64="xM4wywd5oWN/9iFRhtuinRs5k+Q=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF29GMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0M/VbT1QbpuSDHSc0FHggWcwItk5qdu8EHeBeueJX/RnQMglyUoEc9V75q9tXJBVUWsKxMZ3AT2yYYW0Z4XRS6qaGJpiM8IB2HJVYUBNms2sn6MQpfRQr7UpaNFN/T2RYGDMWkesU2A7NojcV//M6qY2vwozJJLVUkvmiOOXIKjR9HfWZpsTysSOYaOZuRWSINSbWBVRyIQSLLy+T5lk1uKgG9+eV2nUeRxGO4BhOIYBLqMEt1KEBBB7hGV7hzVPei/fufcxbC14+cwh/4H3+AGEpjwE=</latexit>

⌦

There exists a basis of eigenvectors 
<latexit sha1_base64="ozTRbKIV0r740kF8RGpLdby95WI=">AAACFXicbVC7SgNBFJ2NrxhfUUubwSBYhLAbRC2DaSwsIpgHZOMyO5kkQ2Znl5m7QljyEzb+io2FIraCnX/jbLKFJh4YOJxz7517jx8JrsG2v63cyura+kZ+s7C1vbO7V9w/aOkwVpQ1aShC1fGJZoJL1gQOgnUixUjgC9b2x/XUbz8wpXko72ASsV5AhpIPOCVgJK9YdmHEgHhOGWesil0usXtjZvTJveMlbkBg5Pu4PvWKJbtiz4CXiZOREsrQ8Ipfbj+kccAkUEG07jp2BL2EKOBUsGnBjTWLCB2TIesaKknAdC+ZXTXFJ0bp40GozJOAZ+rvjoQEWk8C31SmG+pFLxX/87oxDC57CZdRDEzS+UeDWGAIcRoR7nPFKIiJIYQqbnbFdEQUoWCCLJgQnMWTl0mrWnHOK87tWal2lcWRR0foGJ0iB12gGrpGDdREFD2iZ/SK3qwn68V6tz7mpTkr6zlEf2B9/gCeqZ3d</latexit>

✓1, ✓2 2 ⇤1
C such that 

<latexit sha1_base64="1JzbbG5W1L3/qWuY6ES5nWsp0zE="></latexit>

⌦ = ✓1 ^ ✓1, i! = ✓1 ^ ✓1 + ✓2 ^ ✓2

The data
<latexit sha1_base64="cFcbsdwG/KziDxmpYiqVblmC1wY=">AAAB+XicbVDLSgMxFM34rPU16tJNsAgVpMyIqMuiG3dWsA/oDCWTZtrQPIYkUyhD/8SNC0Xc+ifu/Bsz7Sy09cDlHs65l9ycKGFUG8/7dlZW19Y3Nktb5e2d3b199+CwpWWqMGliyaTqREgTRgVpGmoY6SSKIB4x0o5Gd7nfHhOlqRRPZpKQkKOBoDHFyFip57rVQHIyQOcweMj7Wc+teDVvBrhM/IJUQIFGz/0K+hKnnAiDGdK663uJCTOkDMWMTMtBqkmC8AgNSNdSgTjRYTa7fApPrdKHsVS2hIEz9fdGhrjWEx7ZSY7MUC96ufif101NfBNmVCSpIQLPH4pTBo2EeQywTxXBhk0sQVhReyvEQ6QQNjassg3BX/zyMmld1Pyrmv94WanfFnGUwDE4AVXgg2tQB/egAZoAgzF4Bq/gzcmcF+fd+ZiPrjjFzhH4A+fzB/xvkpg=</latexit>

(!,⌦) is not arbitrary but satisfies
<latexit sha1_base64="iR6YK2Y6dQWo6D1PDe0BI5uSjP4="></latexit>

⌦ ^ ⌦ = 0, ⌦ ^ ! = 0, 2⌦ ^ ⌦ = !2

real

complex



Theorem: A pair of 2-forms                 satisfying the boxed relations (on the previous slide), defines a (Euclidean signature)

metric on 

<latexit sha1_base64="cFcbsdwG/KziDxmpYiqVblmC1wY=">AAAB+XicbVDLSgMxFM34rPU16tJNsAgVpMyIqMuiG3dWsA/oDCWTZtrQPIYkUyhD/8SNC0Xc+ifu/Bsz7Sy09cDlHs65l9ycKGFUG8/7dlZW19Y3Nktb5e2d3b199+CwpWWqMGliyaTqREgTRgVpGmoY6SSKIB4x0o5Gd7nfHhOlqRRPZpKQkKOBoDHFyFip57rVQHIyQOcweMj7Wc+teDVvBrhM/IJUQIFGz/0K+hKnnAiDGdK663uJCTOkDMWMTMtBqkmC8AgNSNdSgTjRYTa7fApPrdKHsVS2hIEz9fdGhrjWEx7ZSY7MUC96ufif101NfBNmVCSpIQLPH4pTBo2EeQywTxXBhk0sQVhReyvEQ6QQNjassg3BX/zyMmld1Pyrmv94WanfFnGUwDE4AVXgg2tQB/egAZoAgzF4Bq/gzcmcF+fd+ZiPrjjFzhH4A+fzB/xvkpg=</latexit>

(!,⌦)
<latexit sha1_base64="1Md9VKooyrFXAi02Fyz8hfRZYHc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5dV7APasSRppg3NZMYkUyhDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JNDYsG1cd1vp7Cyura+UdwsbW3v7O6V9w+aOkoUZQ0aiUi1CdZMcMkahhvB2rFiOCSCtcjoJvNbY6Y0j+SDmcTMD/FA8oBTbKzkp90QmyEh6H76eN4rV9yqOwNaJl5OKpCj3it/dfsRTUImDRVY647nxsZPsTKcCjYtdRPNYkxHeMA6lkocMu2ns9BTdGKVPgoiZZ80aKb+3khxqPUkJHYyy6gXvUz8z+skJrjyUy7jxDBJ54eCRCAToawB1OeKUSMmlmCquM2K6BArTI3tqWRL8Ba/vEyaZ1XvourdnVdq13kdRTiCYzgFDy6hBrdQhwZQeIJneIU3Z+y8OO/Ox3y04OQ7h/AHzucPSQORyA==</latexit>

R4 in which 
<latexit sha1_base64="N5qBXsfB9ZMFOPKreOi+j068YEE=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2ARqkiZEVGXRTe6soq9QKeUTHrahiYzQ5IRytB3cOOruHGhiFs37nwb03YQbf0h8POdczg5vx9xprTjfFmZufmFxaXscm5ldW19w97cqqowlhQqNOShrPtEAWcBVDTTHOqRBCJ8DjW/fzGq1+5BKhYGd3oQQVOQbsA6jBJtUMs+8EIBXXKIE08KfAvDgnc9AvspuRI/pGXnnaIzFp41bmryKFW5ZX967ZDGAgJNOVGq4TqRbiZEakY5DHNerCAitE+60DA2IAJUMxnfNMR7hrRxJ5TmBRqP6e+JhAilBsI3nYLonpqujeB/tUasO2fNhAVRrCGgk0WdmGMd4lFAuM0kUM0HxhAqmfkrpj0iCdUmxpwJwZ0+edZUj4ruSdG9Oc6XztM4smgH7aICctEpKqFLVEYVRNEDekIv6NV6tJ6tN+t90pqx0plt9EfWxzdZfpyR</latexit>

!,Re(⌦), Im(⌦) is an orthonormal basis in the space of self-dual 2-forms

A set of 2-forms satisfying algebraic relations = Metric + Unit spinor (mod       ) 
<latexit sha1_base64="qTD+H+OU72oHKZjquKUAAorDvn0=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUUZdFNy4r2Ae2Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqaZkoQptEcqk6AdaUM0GbhhlOO7GiOAo4bQfj28xvT6jSTIoHM42pH+GhYCEj2FjJT3sRNqMgQI+zfq1frrhVdw60SrycVCBHo1/+6g0kSSIqDOFY667nxsZPsTKMcDor9RJNY0zGeEi7lgocUe2n89AzdGaVAQqlsk8YNFd/b6Q40noaBXYyy6iXvUz8z+smJrz2UybixFBBFofChCMjUdYAGjBFieFTSzBRzGZFZIQVJsb2VLIleMtfXiWtWtW7rHr3F5X6TV5HEU7gFM7Bgyuowx00oAkEnuAZXuHNmTgvzrvzsRgtOPnOMfyB8/kDU7iRzw==</latexit>Z2

Explicitly
<latexit sha1_base64="JKVzA1Pq8iHvQd+G6UHh6djr7Og="></latexit>

ig(⇠, ⌘)volg = (i⇠⌦ ^ i⌘⌦+ i⌘⌦ ^ i⇠⌦) ^ !

Alternatively, can describe the same data by 
<latexit sha1_base64="GnueVMvyiS05zU1pmsp5kfkVorc="></latexit>

⌃1 := Re(⌦), ⌃2 = Im(⌦), ⌃3 := !

These 2-forms satisfy
<latexit sha1_base64="816wTAZ9pW3qiQwv+Dl/isaI0Hk=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEiwVAlCwFjBwlgEfUhNWznObevWTiLbAVVRv4GFX2FhACFWJjb+BrfNAC1HutLxOffK9x4/5kxpx/m2FhaXlldWc2v59Y3NrW17Z7eqokRSqNCIR7LuEwWchVDRTHOoxxKI8DnU/MHV2K/dg1QsCu/0MIamIN2QdRgl2kht+9i7ZV1BWgx7DxB0AWfvPvYUE9gLgGvSSll/1LYLTtGZAM8TNyMFlKHctr+8IKKJgFBTTpRquE6smymRmlEOo7yXKIgJHZAuNAwNiQDVTCcnjfChUQLciaSpUOOJ+nsiJUKpofBNpyC6p2a9sfif10h056KZsjBONIR0+lEn4VhHeJwPDpgEqvnQEEIlM7ti2iOSUG1SzJsQ3NmT50n1pOieFd2b00LpMosjh/bRATpCLjpHJXSNyqiCKHpEz+gVvVlP1ov1bn1MWxesbGYP/YH1+QPHbp2Q</latexit>

⌃i ^ ⌃j ⇠ �ij

And define the metric via
<latexit sha1_base64="WogDOv2lshvki56IT547lFLLnUs="></latexit>

g(⇠, ⌘)volg = ✏ijki⇠⌃
i ^ i⌘⌃

j ^ ⌃k Mysterious Urbantke formula

Another example of 
a geometric map

There is a close link between these ideas and Kahler geometry, where the most useful description of the 
geometry is known to be precisely in terms of 

<latexit sha1_base64="6wOmcU5irb0cDOF7wO2CcOkqyBE=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyxCBSkzIuqy6MadFewDOkPJpJk2NI8hyQh16Je4caGIWz/FnX9jpu1CWw9c7uGce8nNiRJGtfG8b6ewsrq2vlHcLG1t7+yW3b39lpapwqSJJZOqEyFNGBWkaahhpJMognjESDsa3eR++5EoTaV4MOOEhBwNBI0pRsZKPbdcDSQnA3Qa3OXtpOdWvJo3BVwm/pxUwByNnvsV9CVOOREGM6R11/cSE2ZIGYoZmZSCVJME4REakK6lAnGiw2x6+AQeW6UPY6lsCQOn6u+NDHGtxzyykxyZoV70cvE/r5ua+CrMqEhSQwSePRSnDBoJ8xRgnyqCDRtbgrCi9laIh0ghbGxWJRuCv/jlZdI6q/kXNf/+vFK/nsdRBIfgCFSBDy5BHdyCBmgCDFLwDF7Bm/PkvDjvzsdstODMdw7AHzifP6M3km4=</latexit>

(!,⌦)

<latexit sha1_base64="0YSb3EBtn+f5ahXeMXjtHFPerCA="></latexit>

dim{⌃i/constraints} = 18� 5 = 13 = 10 + 3



Like frame 1-forms in the case of 3D, a triple of 2-forms 
<latexit sha1_base64="ST6qhyba3izVsRhiKGDlpxLpGjQ=">AAACGnicbZDLSgMxFIYzXmu9VV26CRbBVZkRUXFVdOOyor1Apy2ZzGmbNpkZkoxShj6HG1/FjQtF3Ikb38a0nYK2/hD48p9zSM7vRZwpbdvf1sLi0vLKamYtu76xubWd29mtqDCWFMo05KGseUQBZwGUNdMcapEEIjwOVa9/NapX70EqFgZ3ehBBQ5BOwNqMEm2sVs5xb1lHkCa7wFNyH8DvwPTaw65iwvWBa9JMWG/YyuXtgj0WngcnhTxKVWrlPl0/pLGAQFNOlKo7dqQbCZGaUQ7DrBsriAjtkw7UDQZEgGok49WG+NA4Pm6H0pxA47H7eyIhQqmB8EynILqrZmsj879aPdbt80bCgijWENDJQ+2YYx3iUU7YZxKo5gMDhEpm/oppl0hCtUkza0JwZleeh8pxwTktODcn+eJlGkcG7aMDdIQcdIaK6BqVUBlR9Iie0St6s56sF+vd+pi0LljpzB76I+vrB0gfoQ4=</latexit>

⌃i : ⌃i ^ ⌃j ⇠ �ij

provides arguably the most efficient known description of gravity in 4D - Plebanski formalism = Ashtekar formalism

<latexit sha1_base64="gbOpRr4YeVsEdkGUT3FAgk3fET4=">AAACGnicbVDLSgMxFM34rPVVdekmWARBKDMi6kaounFZ0T6g05ZM5rZNm8kMSUYpQ7/Djb/ixoUi7sSNf2PazkJbDwQO55zLzT1exJnStv1tzc0vLC4tZ1ayq2vrG5u5re2KCmNJoUxDHsqaRxRwJqCsmeZQiySQwONQ9fpXI796D1KxUNzpQQSNgHQEazNKtJFaOcd3b1knIE2GD7ELkWI8FM2E9fpDfNHsYfcB/A7gNNTH53Yrl7cL9hh4ljgpyaMUpVbu0/VDGgcgNOVEqbpjR7qREKkZ5TDMurGCiNA+6UDdUEECUI1kfNoQ7xvFx+1Qmic0Hqu/JxISKDUIPJMMiO6qaW8k/ufVY90+ayRMRLEGQSeL2jHHOsSjnrDPJFDNB4YQKpn5K6ZdIgnVps2sKcGZPnmWVI4KzknBuTnOFy/TOjJoF+2hA+SgU1RE16iEyoiiR/SMXtGb9WS9WO/WxyQ6Z6UzO+gPrK8fckmf3A==</latexit>

d⌃i + ✏ijkAj ^ ⌃k = 0
<latexit sha1_base64="htKgHglu2zfphMmMsBJKYRXjrRQ="></latexit>

dAi + (1/2)✏ijkAj ^Ak = ( ij � ⇤

3
�ij)⌃j

Encodes Weyl curvature

Cosmological constant

Importantly, we see that as dimension increases, the object that spinors tell us we should use to describe the metric 
are not frames - rather they are a collection of differential forms of higher degree

Theorem: When fields 
<latexit sha1_base64="CKTWeuqs9/OcHqU9QE/W8gESzHs=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4kLIroh6rXjxWtB/Qbks2zbahSXZNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5QcyZNq777Swtr6yurec28ptb2zu7hb39mo4SRWiVRDxSjQBrypmkVcMMp41YUSwCTuvB4Hbi14dUaRbJRzOKqS9wT7KQEWys5LceWE/gNjtF123WKRTdkjsFWiReRoqQodIpfLW6EUkElYZwrHXTc2Pjp1gZRjgd51uJpjEmA9yjTUslFlT76fToMTq2SheFkbIlDZqqvydSLLQeicB2Cmz6et6biP95zcSEV37KZJwYKslsUZhwZCI0SQB1maLE8JElmChmb0WkjxUmxuaUtyF48y8vktpZybsoeffnxfJNFkcODuEITsCDSyjDHVSgCgSe4Ble4c0ZOi/Ou/Mxa11yspkD+APn8we3d5Fq</latexit>

⌃i, Ai satisfy the above equations, the metric defined by the 2-forms            is Einstein 

There is also a beautiful action principle giving the above as its Euler-Lagrange equations
<latexit sha1_base64="wlkQzGz5l7higShHCM72fdXvzEo="></latexit>

S[⌃, A, ] =

Z
⌃i ^ (dAi +

1

2
✏ijkAj ^Ak)� 1

2
( ij � ⇤

3
�ij)⌃i ^ ⌃j

<latexit sha1_base64="jbEjDarMatZyJ/xPs/43j6Qql8M=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8lV0R9Vj04rGi/YB2Ldk024Ym2TXJCmXpn/DiQRGv/h1v/hvTdg/a+mDg8d4MM/PCRHBjPe8bLS2vrK6tFzaKm1vbO7ulvf2GiVNNWZ3GItatkBgmuGJ1y61grUQzIkPBmuHweuI3n5g2PFb3dpSwQJK+4hGnxDqp1bnjfUkeeLdU9ireFHiR+DkpQ45at/TV6cU0lUxZKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdVUQyE2TTe8f42Ck9HMXalbJ4qv6eyIg0ZiRD1ymJHZh5byL+57VTG10GGVdJapmis0VRKrCN8eR53OOaUStGjhCqubsV0wHRhFoXUdGF4M+/vEgapxX/vOLfnpWrV3kcBTiEIzgBHy6gCjdQgzpQEPAMr/CGHtELekcfs9YllM8cwB+gzx/p2I/k</latexit>

⌃i



Remarks on uniqueness

Like in the 3D case, linearised uniqueness is easy to analyse

The relevant linearised fields are metric perturbation + unit spinor perturbation

Again, one finds a unique linearised Lagrangian once diffeomorphism and SU(2) gauge invariance are imposed

Like in 3D, the spinor is non-propagating in the SU(2) invariant theory



G-structures

After the approach to geometry pioneered by Cartan, we now know many more types of geometry

Metric geometry is not the only possible one

Definition: G-structure is a reduction of the principal GL(n,R) bundle of frames on an n-manifold, to a G-subbundle

Examples: Volume form - reduction to SL(n,R)

Metric - reduction to O(n,R)

Almost complex structure - reduction of GL(2m,R) to GL(m,C)

Hermitian metric - further reduction to U(m)

The two examples we have encountered
Can think of them as a collection of tensors invariant under G

Very convenient to formalise the examples we have encountered as so called G-structures

{0}-structure in 3D

SU(2)-structure in 4D



G-structures and Spinors
Given a metric - rank 2 symmetric, non-degenerate tensor in 

<latexit sha1_base64="+x2E2UDcgxSvV5AUL5u/n2UnxoY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBPJTdIuqx6MWLULFf0m5LNk3b0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBxpo3rfjuZldW19Y3sZm5re2d3L79/UNdhrAitkZCHqhlgTTmTtGaY4bQZKYpFwGkjGN1M/cYTVZqFsmrGEfUFHkjWZwQbKz0+dEqo2jlDd918wS26M6Bl4qWkACkq3fxXuxeSWFBpCMdatzw3Mn6ClWGE00muHWsaYTLCA9qyVGJBtZ/MDp6gE6v0UD9UtqRBM/X3RIKF1mMR2E6BzVAvelPxP68Vm/6VnzAZxYZKMl/UjzkyIZp+j3pMUWL42BJMFLO3IjLEChNjM8rZELzFl5dJvVT0Lore/XmhfJ3GkYUjOIZT8OASynALFagBAQHP8ApvjnJenHfnY96acdKZQ/gD5/MH3umPJg==</latexit>

S2T ⇤M - can form the Clifford algebra
<latexit sha1_base64="/PAsps3g/zykumwMowim/b0e6ic=">AAACEHicbVBLS0JBFJ5rL7OX1bLNIYmMRO6VqDaB1KZNYOALVGTuOOrg3LnXeQgi/oQ2/ZU2LYpo27Jd/6bxsSjrgwPffN85nDmfH3GmtOt+ObGl5ZXVtfh6YmNza3snubtXVqGRhJZIyENZ9bGinAla0kxzWo0kxYHPacXv3Uz8yoBKxUJR1MOINgLcEazNCNZWaiaPDQzg1JaBK8hBJ20ygxPIQL3fN7gF9lVnAop3zWTKzbpTwF/izUkKzVFoJj/rrZCYgApNOFaq5rmRboyw1IxwOk7UjaIRJj3coTVLBQ6oaoymB43hyCotaIfSltAwVX9OjHCg1DDwbWeAdVctehPxP69mdPuyMWIiMpoKMlvUNhx0CJN0oMUkJZoPLcFEMvtXIF0sMdE2w4QNwVs8+S8p57Leeda7P0vlr+dxxNEBOkRp5KELlEe3qIBKiKAH9IRe0Kvz6Dw7b877rDXmzGf20S84H9/lnJll</latexit>

uv + vu = 2g(u, v), u, v 2 TM

Its fundamental representation is known as the spinor representation

Remark: In order for spinors to exist globally on M, it must be spin (second Whitney class vanishes) 

Now, given a spinor           there exists the stabiliser subgroup (possibly trivial)  
<latexit sha1_base64="snN8P0YN3LUwjtY/F5lGxJ0NrOg=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9ol5JNs21okg1JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZJqQlsk4YnuRthQziRtWWY57SpNsYg47USTu9zvPFFtWCIf7VTRUOCRZDEj2OZSXxk2qNb8uj8HWiVBQWpQoDmofvWHCUkFlZZwbEwv8JUNM6wtI5zOKv3UUIXJBI9oz1GJBTVhNr91hs6cMkRxol1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYVKmlkiwWxSlHNkH542jINCWWTx3BRDN3KyJjrDGxLp6KCyFYfnmVtC/qwVU9eLisNW6LOMpwAqdwDgFcQwPuoQktIDCGZ3iFN094L96797FoLXnFzDH8gff5AyY3jlA=</latexit>

 <latexit sha1_base64="J0yQGhUI15LVT/++K7CQVyQz8T8=">AAACA3icbVDLSgMxFM34rPU16k43wSLUTZkRUZdFF7qsaB/QGYZMmrahSSYkGaEMBTf+ihsXirj1J9z5N6btLLT1wIXDOfdy7z2xZFQbz/t2FhaXlldWC2vF9Y3NrW13Z7ehk1RhUscJS1QrRpowKkjdUMNISyqCeMxIMx5cjf3mA1GaJuLeDCUJOeoJ2qUYGStF7v51FEhNA53GmpgsUBzeSSpGZXEcuSWv4k0A54mfkxLIUYvcr6CT4JQTYTBDWrd9T5owQ8pQzMioGKSaSIQHqEfalgrEiQ6zyQ8jeGSVDuwmypYwcKL+nsgQ13rIY9vJkenrWW8s/ue1U9O9CDMqZGqIwNNF3ZRBk8BxILBDFcGGDS1BWFF7K8R9pBA2NraiDcGffXmeNE4q/lnFvz0tVS/zOArgAByCMvDBOaiCG1ADdYDBI3gGr+DNeXJenHfnY9q64OQze+APnM8f0viXoQ==</latexit>

G ⇢ Spin(n)

Many types of G-structures arise as those stabilising a spinor - they can be referred to as “spinorial”

Examples: Calabi-Yau SU(m) structure - pure spinor of Spin(2m,R)

Stabiliser of a non-zero spinor in 3D is {0} - get the already encountered {0} structures in 3D

Stabiliser of a non-zero Weyl spinor in 4D is SU(2) - get the already encountered SU(2) structures in 4D
<latexit sha1_base64="OLWWj/aj+PXYOimrT87SDLl19HQ="></latexit>

dim(GL(4,R)/SU(2)) = 13 = 10 + 3

<latexit sha1_base64="SrUkvFcwneqYG+LU94yMxGss0tw="></latexit>

dim(GL(3,R)/{0}) = 9 = 6 + 3



Geometry from spinors

• Geometric map - Spinor bi-linears define geometric objects - in general differential 
forms on M  

• The collection of geometric objects (differential forms) one obtains from a spinor 
can be used to encode the metric. 

• In all known examples, this encoding is the best possible (most useful) description 
of the metric+spinor system! 

• This construction explains why the metric can be encoded into objects of a 
different type - differential forms

The point of the examples considered is that the same phenomena continue and extend to arbitrary dimension 
and arbitrary signature. Thus, given a spinor of Spin(r,s)

<latexit sha1_base64="uoUF4rvpvSrKUbDHOnEPw9MPluk=">AAACEXicbVDLSgMxFM3UV62vUZdugkWomzIjom4KRTcuFCq1D+hMSyZN2zCZZEgyQhn6C278FTcuFHHrzp1/Y/pYaOuBwOGce2/uPUHMqNKO821llpZXVtey67mNza3tHXt3r65EIjGpYcGEbAZIEUY5qWmqGWnGkqAoYKQRhFdjv/FApKKC3+thTPwI9TntUYy0kTp2oeoJTSOiYBWWoCdilqhOGpacUZtD78YM6qJ2WLg97th5p+hMABeJOyN5MEOlY395XYGTiHCNGVKq5Tqx9lMkNcWMjHJeokiMcIj6pGUoR2YJP51cNIJHRunCnpDmcQ0n6u+OFEVKDaPAVEZID9S8Nxb/81qJ7l34KeVxognH0496CYNawHE8sEslwZoNDUFYUrMrxAMkEdYmxJwJwZ0/eZHUT4ruWdG9O82XL2dxZMEBOAQF4IJzUAbXoAJqAINH8AxewZv1ZL1Y79bHtDRjzXr2wR9Ynz9sYpwf</latexit>

S ⌦ S = �n
k=0⇤

k(M)



Spinors and gravity in 8D
As one increases the dimension the story is analogous. More and more exotic ways to encode the metric arise

In 8D, the Majorana (real) spinor of Spin(8) 
<latexit sha1_base64="ko2wUWtbIGNVF2baEImCqU1JK3w=">AAACBHicbVDLSsNAFL3xWesr6rKbwSK4kJKIqBuh6MZlBfuAJpTJdNIOnUzCzEQooQs3/oobF4q49SPc+TdO2iy09cC9HM65l5l7goQzpR3n21paXlldWy9tlDe3tnd27b39lopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD0U3utx+oVCwW93qcUD/CA8FCRrA2Us+ueByLAafISxQ7yZsnZ8KV27OrTs2ZAi0StyBVKNDo2V9ePyZpRIUmHCvVdZ1E+xmWmhFOJ2UvVTTBZIQHtGuowBFVfjY9YoKOjNJHYSxNCY2m6u+NDEdKjaPATEZYD9W8l4v/ed1Uh5d+xkSSairI7KEw5UjHKE8E9ZmkRPOxIZhIZv6KyBBLTLTJrWxCcOdPXiSt05p7XnPvzqr16yKOElTgEI7BhQuowy00oAkEHuEZXuHNerJerHfrYza6ZBU7B/AH1ucPz12XjQ==</latexit>

h , i = 1 unit spinor

The only independent geometrical object one can construct is

This 4-form satisfies 27 independent algebraic relations. Known as the Cayley form.

The stabiliser of a unit real spinor in 8D is Spin(7). Also the GL(8,R) stabiliser of a Cayley form

Encodes the octonionic product

<latexit sha1_base64="OnIOMGGDQ8Hx1G+X+rRDIJIoOHk=">AAACB3icbVDLSsNAFJ3UV62vqEtBBosgCCUR0S6LblzWRx/QxDCZTtuhM5MwMxFK6M6Nv+LGhSJu/QV3/o2TNgttPXDhcM693HtPGDOqtON8W4WFxaXlleJqaW19Y3PL3t5pqiiRmDRwxCLZDpEijArS0FQz0o4lQTxkpBUOLzO/9UCkopG406OY+Bz1Be1RjLSRAnvfixX1qIC3wTH0FOUw9TjSgzCEN+P7amCXnYozAZwnbk7KIEc9sL+8boQTToTGDCnVcZ1Y+ymSmmJGxiUvUSRGeIj6pGOoQJwoP538MYaHRunCXiRNCQ0n6u+JFHGlRjw0ndmNatbLxP+8TqJ7VT+lIk40EXi6qJcwqCOYhQK7VBKs2cgQhCU1t0I8QBJhbaIrmRDc2ZfnSfOk4p5V3OvTcu0ij6MI9sABOAIuOAc1cAXqoAEweATP4BW8WU/Wi/VufUxbC1Y+swv+wPr8AW0vmGQ=</latexit>

 2 S+ ⇠ R8

<latexit sha1_base64="2sfEwUEldikERincQ4YhWN9X8qM="></latexit>

� =
1

24
h , �µ�⌫�⇢�� idxµ ^ dx⌫ ^ dx⇢ ^ dx�

Explicit formula for the metric defined by the Cayley form is available, but will not be needed

<latexit sha1_base64="LVJcZrtGYdfPmILgfaCDJGLbIEU="></latexit>

dim(GL(8,R)/Spin(7)) = 64� 21 = 43
<latexit sha1_base64="bGqggiYnnViU+Th+++tSpVvsY+A=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbhTiTZC0MYygvmAJIS9zSRZsnt37M6J4Uhp41+xsVDE1p9g579x81Fo4oOBx3szzMzzIykMuu63s7C4tLyymlpLr29sbm1ndnYrJow1hzIPZahrPjMgRQBlFCihFmlgypdQ9fvXI796D9qIMLjDQQRNxbqB6AjO0EqtzEHS0Iq2hRrmaAPhARMFqAU3w2N6SU8LrUzWzbtj0HniTUmWTFFqZb4a7ZDHCgLkkhlT99wImwnTKLiEYboRG4gY77Mu1C0NmALTTMaPDOmRVdq0E2pbAdKx+nsiYcqYgfJtp2LYM7PeSPzPq8fYuWgmIohihIBPFnViSTGko1RsABo4yoEljGthb6W8xzTjaLNL2xC82ZfnSeUk7xXy3u1Ztng1jSNF9skhyRGPnJMiuSElUiacPJJn8krenCfnxXl3PiatC850Zo/8gfP5A0znmNs=</latexit>

dim(metrics) = 36
<latexit sha1_base64="3KcSprzVC7XU5krkfpuz1F03SHw=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6KTMi1o1QdOOygn1Ap5RMmrahSWZI7ohlmA9w46+4caGIWz/AnX9j2s5CWw8EDuecy809QSS4Adf9dpaWV1bX1nMb+c2t7Z3dwt5+w4SxpqxOQxHqVkAME1yxOnAQrBVpRmQgWDMYXU/85j3ThofqDsYR60gyULzPKQErdQvFxNcS97hMS9gH9gBJrDhgE3EVapOe4EtcsSm37E6BF4mXkSLKUOsWvvxeSGPJFFBBjGl7bgSdhGjgVLA078eGRYSOyIC1LVVEMtNJpsek+NgqPdwPtX0K8FT9PZEQacxYBjYpCQzNvDcR//PaMfQvOglXUQxM0dmifiwwhHjSjC1BMwpibAmhmtu/YjokmlCw/eVtCd78yYukcVr2zsve7VmxepXVkUOH6AiVkIcqqIpuUA3VEUWP6Bm9ojfnyXlx3p2PWXTJyWYO0B84nz/Ds5rI</latexit>

dim(unit spinors) = 7

This explains why the geometric map can work in this case
<latexit sha1_base64="B9NDhkpKsg1W0iz56+XIgRVc+1A="></latexit>

dim(⇤4)/constraints = 70� 27 = 43



Linearised dynamics
Most general diffeomorphism invariant free theory Lagrangian for perturbations of the Cayley form?

Proposition: A computation shows that there is a one-parameter family of such Lagrangians

<latexit sha1_base64="9lHG6waYSWs2WSg42YjjFNP+pHg="></latexit>
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Here   <latexit sha1_base64="NYr6njgwRyoXaGLfe9a/XnLaeg8=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhN7JbDJmdnaYmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFSnBjff/bW1ldW9/YLGwVt3d29/ZLB4cNk2aasjpNRapbERomuGR1y61gLaUZJpFgzWh4O/WbT0wbnsoHO1IsTLAvecwpWic1OkNUCrulsl/xZyDLJMhJGXLUuqWvTi+lWcKkpQKNaQe+suEYteVUsEmxkxmmkA6xz9qOSkyYCcezayfk1Ck9EqfalbRkpv6eGGNizCiJXGeCdmAWvan4n9fObHwdjrlUmWWSzhfFmSA2JdPXSY9rRq0YOYJUc3croQPUSK0LqOhCCBZfXiaN80pwWQnuL8rVmzyOAhzDCZxBAFdQhTuoQR0oPMIzvMKbl3ov3rv3MW9d8fKZI/gD7/MHmCSPJQ==</latexit> is a parameter   and field             belongs to the 7-dimensional representation of Spin(7),   

here encoded as a 2-form satisfying some algebraic conditions

<latexit sha1_base64="xlgCBubNk2E8sJBQ8MrMA+9NiXQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUCbbTbt0s4m7G7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGN1O/9ciU5rG8N+OE+REOJA85RWOldveJ9zIMJr1yxa26M5Bl4uWkAjnqvfJXtx/TNGLSUIFadzw3MX6GynAq2KTUTTVLkI5wwDqWSoyY9rPZvRNyYpU+CWNlSxoyU39PZBhpPY4C2xmhGepFbyr+53VSE175GZdJapik80VhKoiJyfR50ueKUSPGliBV3N5K6BAVUmMjKtkQvMWXl0nzrOpdVL2780rtOo+jCEdwDKfgwSXU4Bbq0AAKAp7hFd6cB+fFeXc+5q0FJ585hD9wPn8AUF+QJw==</latexit>

⇠ab

Remark:    
<latexit sha1_base64="qJ9YroAGRHXfFtUAsXnSR3/Gc7U=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2W3iHoRil48VrAf0i4lm6ZtaJINSVYoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZFynOjPX9by+3srq2vpHfLGxt7+zuFfcPGiZONKF1EvNYtyJsKGeS1i2znLaUplhEnDaj0e3Ubz5RbVgsH+xY0VDggWR9RrB10mNnhJXC12eVbrHkl/0Z0DIJMlKCDLVu8avTi0kiqLSEY2Paga9smGJtGeF0UugkhipMRnhA245KLKgJ09nBE3TilB7qx9qVtGim/p5IsTBmLCLXKbAdmkVvKv7ntRPbvwpTJlViqSTzRf2EIxuj6feoxzQllo8dwUQzdysiQ6wxsS6jggshWHx5mTQq5eCiHNyfl6o3WRx5OIJjOIUALqEKd1CDOhAQ8Ayv8OZp78V79z7mrTkvmzmEP/A+fwD7VY/f</latexit>

 = �2 gives the same linearised Lagrangian as Einstein-Hilbert

For all other values we have 7 additional propagating degrees of freedom



Non-linear completion
There is a one-parameter family of actions, analogous to the Plebanski action in 4D

<latexit sha1_base64="ylTk7MBGW7yjcmKBcgdhdthtRn8="></latexit>

S[�, C] =
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v� + constraint terms.

2403.16661 [math.DG]

Here C is a 3-form and 
<latexit sha1_base64="ZVknsMBixaEJqNwY0dLbEpPSoqA=">AAACD3icbZDLSsNAFIYnXmu9RV26GSyKq5JIUTdC0Y3LCvYCTSmT6Uk7dDIJM5NKCXkDN76KGxeKuHXrzrdx0nahrT8MfPznHM6c3485U9pxvq2l5ZXVtfXCRnFza3tn197bb6gokRTqNOKRbPlEAWcC6pppDq1YAgl9Dk1/eJPXmyOQikXiXo9j6ISkL1jAKNHG6tono65XGzB8hb1AEpq6WepWMpx73gP0+jDBYtcuOWVnIrwI7gxKaKZa1/7yehFNQhCacqJU23Vi3UmJ1IxyyIpeoiAmdEj60DYoSAiqk07uyfCxcXo4iKR5QuOJ+3siJaFS49A3nSHRAzVfy83/au1EB5edlIk40SDodFGQcKwjnIeDe0wC1XxsgFDJzF8xHRCTizYR5iG48ycvQuOs7J6X3btKqXo9i6OADtEROkUuukBVdItqqI4oekTP6BW9WU/Wi/VufUxbl6zZzAH6I+vzB6UzmyY=</latexit>

v� =
1

14
� ^ �

<latexit sha1_base64="Xbwnd/yW8cXwsY9gJqMujFKwmO4="></latexit>

(C ^� C)µ⌫⇢� := Cµ⌫↵C⇢��g
↵�

Its linearisation gives the Lagrangian described on the previous slide

This describes (Euclidean) gravity in 8D, coupled to spinorial matter, which, in general, carries propagating DOF

8D version of the 
Plebanski formalism

https://arxiv.org/abs/2403.16661


Summary
• There is the geometric map                               geometric objects (differential forms) 

• Differential forms arising via this map can be used to encode the metric (in a way 
that is dimension and signature specific) 

• In all known examples, the way to encode the metric as suggested by spinors is the 
most efficient and useful way to describe the metric + spinor geometry, and also 
impose various differential equations on it 

• Many interesting geometries arise in the way described 

• Many known examples fall into the same pattern. In particular the known (but still 
exotic to many people) descriptions of 3D and 4D gravity are covered

<latexit sha1_base64="QRW/GdlZXYZtksHvAnsXyLOre6g=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUF+4DOUDJp2obmMSR3hDL0A9z4K25cKOLWD3Dn35i2s9DWA4HDOedyc0+cCG7B97+9wsrq2vpGcbO0tb2zu1feP2hanRrKGlQLbdoxsUxwxRrAQbB2YhiRsWCteHQz9VsPzFiu1T2MExZJMlC8zykBJ3XLlSw0EtuEK20moQYumf0t4RC0S/lVfwa8TIKcVFCOerf8FfY0TSVTQAWxthP4CUQZMcCpYJNSmFqWEDoiA9ZxVBG3NMpmx0zwiVN6uK+NewrwTP09kRFp7VjGLikJDO2iNxX/8zop9K+ijKskBabofFE/FRg0njaDe9wwCmLsCKGGu79iOiSGUHD9lVwJweLJy6R5Vg0uqsHdeaV2nddRREfoGJ2iAF2iGrpFddRAFD2iZ/SK3rwn78V79z7m0YKXzxyiP/A+fwAACZw3</latexit>

spinor⌦ spinor !

Do not use the metric to describe geometry. Use differential forms that originate in spinors



Speculative outlook

some version of this construction (with a Majorana-Weyl spinor) of Spin(12,4) is useful,

Coming back to the Kaluza-Klein dimensional reduction ideas

My hope is that in the search for a geometry that is relevant to the description of the real world

in the sense of providing the right geometric setup for unification by dimensional reduction ideas.

The basic idea is to look for a spinor orbit in 16D that can break Spin(16) in a realistic fashion 

The metric is then described by a collection of differential forms, as relevant for that particular spinor orbit

Symmetry breaking effected by the spinor matter itself

Machian - no (spinor) matter, no metric



Thank you!


