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needed with ever-decreasing unfaithfulness:
currently 10^-2 (0.1 rad); future 10^-4 (0.01 rad) or more

GR 2-body pb,
radiation-
reaction,
radiation
emission.

waveform h(t)
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 Tools used for the GR 2-body pb 
Post-Newtonian  (PN) approximation (expansion in 1/c; ie v^2/c^2 and GM/
(c^2r))

Post-Minkowskian  (PM) approximation  (expansion in G; ie in GM/(c^2b)) 
and its recent Worldline EFT avatars

Multipolar post-Minkowskian (MPM) approximation 
theory to the GW emission of binary systems

Matched Asymptotic Expansions  useful both for the motion of strongly
self-gravitating bodies, and for the nearzone-wavezone matching

Gravitational Self-Force (SF): expansion in m1/m2, with « first law of 
BH mechanics » (LeTiec-Blanchet-Whiting’12,…)

Effective One-Body (EOB) Approach

Numerical Relativity (NR)

Effective Field Theory (EFT) à la Goldberger-Rothstein
Quantum scattering amplitude aided by Double-Copy, Generalized 
Unitarity,« Feynman-integral Calculus » (IBP, DE, regions, reverse unitarity,…), 
Kosower-Maybee-O’Connell, eikonal, exponentiated representation
+ Worldline QFT or Classical Worldline                   

Tutti Frutti  method

R
e  
c  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n 
t

EOB

PN (or 
NRGR) NR

PM SF

LIGO’s bank of search templates
O1: 200 000 EOB + 50 000 PN
O2: 325 000 EOB + 75 000 PN
(+ phenom + surrogate templates)

v ⌧ c

R � GM/c2

v ⇠ c

R ⇠ GM/c2

R � GM/c2

BH
perturbation

m1 ⌧ m2

QFT, EFT

LISA’s templates
via EOB[SF] ?

WQFT
Quantum (or Classical) Scattering

+ Bremsstrahlung waveform

MPM

TF
Tutti-Frutti strategy 

combining
PN,PM,MPM,SF,EFT

within EOB 
(Bini-TD-Geralico’19)



State of the art for PN dynamics
• 1PN (including v2 /c2)  [Lorentz-Droste ’17], Einstein-Infeld-Hoffmann ’38 

• 2PN (inc. v4 /c4) Ohta-Okamura-Kimura-Hiida ‘74, Damour-Deruelle ’81 
                             Damour ’82, Schäfer ’85, Kopeikin ‘85 

• 2.5 PN (inc. v5 /c5)  Damour-Deruelle ‘81, Damour ‘82, Schäfer ’85, 
  LO-radiation-reaction                             Kopeikin ‘85 

• 3 PN (inc. v6 /c6) Jaranowski-Schäfer ‘98, Blanchet-Faye ‘00,  
                 Damour-Jaranowski-Schäfer ‘01, Itoh-Futamase ‘03,  
                 Blanchet-Damour-Esposito-Farèse’ 04, Foffa-Sturani ‘11 

• 3.5 PN (inc. v7 /c7) Iyer-Will ’93, Jaranowski-Schäfer ‘97, Pati-Will ‘02, 
              Königsdörffer-Faye-Schäfer ‘03, Nissanke-Blanchet ‘05, Itoh ‘09 

• 4PN (inc. v8 /c8) Jaranowski-Schäfer ’13, Foffa-Sturani ’13,’16  
          Bini-Damour ’13, Damour-Jaranowski-Schäfer ’14, Marchand+’18, Foffa+’19 

 New feature at G^4/c^8 (4PN and 4PM) : non-locality in time (linked to IR  
divergences of formal PN-expansion) (Blanchet,TD ’88) 

• 5PN (inc. v10 /c10 and G^6) Bini-Damour-Geralico’19: complete modulo two  
• numerical parameters; Bluemlein et al’21: potential-graviton contrib. and 
• partial determination of radiation-graviton contrib. 

• 6PN (inc. v12 /c12 and G^7) Bini-Damour-Geralico’20: complete modulo four  
• additional parameters 

Inclusion of spin-dependent effects: Barker-O’ Connell’75, Faye-Blanchet-Buonanno’06, 
Damour-Jaranowski-Schaefer’08,   Porto-Rothstein ’06, Levi ’10, Steinhoff-Hergt-Schaefer 
’10, Steinhoff’11, Levi-Steinhoff’15-18, Bini-TD, Vines , Guevara-Ochirov-Vines,….

First complete 2PN 
and 2.5PN dynamics

obtained by using 2PM (G^2)
EOM of Bel et al.’81

with
retarded

propagator

soft (radiation) gravitons

Perturbative computation of GW flux from binary system
• lowest order : Einstein 1918  Peters-Mathews 63
• 1 + (v2 /c2) : Wagoner-Will 76
• … + (v3 /c3) : Blanchet-Damour 92, Wiseman 93 
• … + (v4 /c4) : Blanchet-Damour-Iyer Will-Wiseman 95
• … + (v5 /c5) : Blanchet 96
• … + (v6 /c6) : Blanchet-Damour-Esposito-Farèse-Iyer 2004
• … + (v7 /c7) : Blanchet
• … + (v8 /c8) + (v9 /c9) : Blanchet et al 2023
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The Effective One-Body (EOB) approach to the GW
signal emitted by the Merger of two Black Holes 

Inspiral:
perturbative
computation

of higher-order
contributions
to E=H and F

(expansion in v^2/c^2
+ tidal polarizability
+ of NS)

Ringdown (BBH):
«  vibration modes »
of final BH (QNM);

perturbation
of BHs à la

Regge-Wheeler-Zerilli-
Teukolsky

+Vishveshwara

Late inspiral, « plunge » and merger:
first estimated by the Effective One-Body method (AB-TD 2000) 

later confirmed and improved by using 
numerical simulations (Pretorius…2005)

Buonanno-TD’2000

From EOB vs NR to EOB-NR waveforms 
Buonanno-Cook-Pretorius 2007

EOB

NR

EOB
NR

TD-Nagar-Dorband-
Pollney-Rezzolla 2008

EOB-NR vs NR



1:1 map

µ =
m1m2

m1 + m2

Level correspondence 
in the semi-classical limit: 
Bohr-Sommerfeld -> 
identification of  
quantized action variables
J = ⌃� =

1
2�

�
p�d⇥

N = n� = Ir + J

Ir =
1
2�

�
prdr

Real 2-body system 
(in the c.o.m. frame) An effective particle of mass mu  in some effective metric

mass-shell constraint

0 = gµ⌫e↵ (X)PµP⌫ + µ2 +Q(X,P )

Crucial energy map

gµ⌫e↵ (X)

Effective One-Body (EOB) approach: H + Rad-Reac Force
Historically rooted in QM: Brezin-Itzykson-ZinnJustin’70
eikonal scattering amplitude+ Wheeler’s:`Think quantum mechanically’

as functions of I_r and I_phi=J

hringdown
⇤m (t) =

�

N

C+
Ne��+

N (t�tm)

hEOB
�m = �(tm � t)hinsplunge

�m (t) + �(t� tm)hringdown
�m (t)

EOB

Complete waveforms 
for BBH coalescences: 

Hamiltonian:
conservative

dynamics
Rad Reac Force

Resummed
waveform

Explicit 4PN EOB dynamics (Damour-Jaranowski-Schaefer ’14)

ds2e↵ = �A(R; ⌫)dt2 +B(R; ⌫)dR2 +R2(d✓2 + sin2 ✓d�2)

A simple post-geodesic effective mass-shell:

u ⌘ GM

Rc2

A simple, but crucial transformation between 
the real energy and the effective one:

(AB)�1 =

APN(u; ⌫) = 1� 2u+ 2⌫u3 + ⌫a4u
4 + (⌫ac5 + ⌫2a05 +

64

5
⌫ lnu)u5

Padé
resummed a4 =

94

3
� 41⇡2

32
; ac5 =

2275⇡2

512
+ . . . ; a05 = . . .

NR-completed resummed 5PN EOB radial A potential

4PN analytically complete + 5 PN logarithmic term in the A(u, nu) function,
With u = GM/R and nu = m1 m2 / (m1 + m2)^2
[Damour 09, Blanchet et al 10, Barack-Damour-Sago 10, Le Tiec et al 11, Barausse et al 11, Akcay et al 12, Bini-
Damour 13, Damour-Jaranowski-Schäfer 14, Nagar-Damour-Reisswig-Pollney 15]

« We think, however, that a suitable ‘‘numerically fitted’’ and, if possible, ‘‘analytically extended’’ EOB Hamiltonian 
should be able to fit the needs of upcoming GW detectors. » (TD 2001)

here Damour-Nagar-Bernuzzi ’13, Nagar-et al ’16; alternative: Taracchini et al ’14, Bohe et al ‘17

u =
GM

c2 R

⌫ =
m1m2

(m1 +m2)2



MAIN RADIAL EOB POTENTIAL 
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EOB[NR]

EOB[3PN]
DJS 2001

Schwarzschild

ASchw(r) = 1� 2GM

r

A(r; ⌫)

14

Spinning EOB effective Hamiltonian
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Damour’01,Damour-Jaranowski-Schaefer’08,Barausse-Buonanno’11,Taracchini etal’12,Damour-Nagar’14,………
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Bini-Damour 15 Kavanagh et al 15

Numerical GSF computation
of the O(nu) A(u;nu)-potential:

with singularity at u=1/3
(Akcay et al 2012)

a(u) ' 0.25(1� 3u)�1/2

A(u; ⌫) = 1� 2u+ ⌫a(u) +O(⌫2)

GSF can also bring 
scattering information

(Damour ’10, Barack et al’19,Damour’19)

Informing the EOB Hamiltonian with high-PN-order 1SF  data (using LeTiec+…)

16

2022
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Quantum Scattering Amplitudes and 2-body Dynamics
• Quantum Scattering Amplitudes —> Potential  
one-graviton exchange :  
Corinaldesi ’56 ‘71,  
 Barker-Gupta-Haracz 66,  
Barker-O’Connell 70, Hiida-Okamura72 

Nonlinear: Iwasaki 71 [1PN],  
Okamura-Ohta-Kimura-Hiida 73[2 PN] 

Using modern amplitude techniques: Bjerrum-Bohr+..2003-

Amati-Ciafaloni-Veneziano 1987-2008 
Ultra-High-Energy (s >> M_Planck^2)
Four-graviton Scattering at 2 loops

Eikonal phase \delta in D=4
with one- and two-loop corrections using the Regge-Gribov approach

� =

Gs

~

✓
log

✓
LIR

b

◆
+

6`2s
⇡b2

+

2G2s

b2
(1 +

2i

⇡
log(· · · ))

◆
confirmed by

DiVecchia+'19

Personally becoming aware of   
the ACV results in Parma 2008, 

plus discussions at IHES with  
Donoghue and Vanhove 
—> GSF and EOB (TD 2010): 
scattering and zero-binding  
zoom-whirl orbit (Barack et al’19) 

Satisfactory comparison 
with 5PNlog EOB dynamics 

+ radiation-reaction contribution 
using Bini-TD’12's linear 
response formula

Reviving the PM Two-Body Dynamics
(pioneered by Bertotti’56, Havas-Goldberg’62, Rosenblum’78, Westpfahl’79, Portilla’80, Bel et al.81)

using Classical and/or Quantum Two-Body Scattering  
TD 2016, 2017: 

Cheung-Rothstein-Solon 2018

two-loop
G^3+G^4

one-loop
G^2 

one-loop
G^2 

tree-level
G^1
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Simple Map: Scattering angle <->  EOB dynamics

Ee↵
µ

= � = �p1 · p2
m1m2

1

j
=

Gm1m2

J

gµ⌫e↵
= Schwarzschild
metric M=m1+m2

Q =

✓
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R

◆2

q2(E) +

✓
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R

◆3

q3(E) +O(G4)

q2 = � 4

⇡
(�2 � �Schw

2 ) q3 =
4

⇡

2�2 � 1

�2 � 1
(�2 � �Schw

2 )� �3 � �Schw
3

�2 � 1

TD’16-18 
Bini-TD-Geralico’20

Map obtained from classical scattering in EOB dynamics
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Quantum scattering amplitude in EOB potential
(TD 1710.10599: EOB energy-dependent potential Q(R,E) or W(R,E))

nonrelativistic
potential

scattering !

MQFT
classical =

8⇡Gs

~ fEOB = MEFT

EOB

EFT Cheung-Rothstein-Solon 1808.02489, Bern et al’19
 different EFT potential V(R,P^2) and with systematic methods for
taking the classical limit at the integrand level,
and extracting the « classical part » of the scattering amplitude

22

the eight
2-loop diagrams
contributing
to the O(G^3/r^3)
classical potential

two-loop
level
G^3

two-loop level arcsinh

23

3PM computation (Bern-Cheung-Roiban-Shen-Solon-Zeng’19) 
using a combination of techniques:  generalized unitarity; BCJ double-copy; 2-loop amplitude of 

quasi-classical diagrams; EFT transcription (Cheung-Rothstein-Solon’18); 
resummation of PN-expanded integrals for potential-gravitons
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p
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M
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p
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3

= �Schw

3

� 2⌫
p
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h2(�, ⌫)
C̄cons(�)
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3

=
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2

(2�2 � 1)(5�2 � 1)

�2 � 1

✓
1

h(�, ⌫)
� 1

◆
+

2⌫

h2(�, ⌫)
C̄cons(�)

1

2
�cons = 2

�

j
+ (12� 8 ln(2�))

�3

j3
+O(G4)

qcons
3

⇡ +8 ln(2�)�2

puzzling HE limits when compared to ACV and Akcay et al’12

instead of qACV
3 ⇡ +1�2

confirmations: 5PN (Bini-TD-Geralico’19); 6PN (Blümlein-Maier-Marquard-Schäfer’20,

             Bini-TD-Geralico’20); 3PM (Cheung-Solon’20, Kälin-Porto'20)

G^3 contrib. to H_EOB

Mass polynomiality structure in scattering  (TD’20)

conservative scattering case

polynomial in Gm1/b and Gm2/b

polynomial in nu of degree [(n-1)/2]

0SF scattering gives access to full G^2 dynamics ! 
1SF scattering gives access to full G^3 and G^4 conservative dynamics ! 
2SF scattering gives access to full G^5 and G^6 conservative dynamics

at G^n
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(Bini-TD-Geralico 
’19,’20’21)

6PN 
conservative

dynamics
complete at 

3PM and 4PM

G^4 G^5  G^6 G^7
Tutti-Frutti

method

combines
PN

MPM
EOB

Delaunay
Self-Force
Scattering
properties

Conservative and Radiative Aspects of the Dynamics

Black: time-even and conservative
Red: time-odd and dissipative
Blue: nonlocal-in-time but decomposable
 in conservative and dissipative
Purple: ambiguous in various ways ??
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(G^4,G^5)
separation

well-defined

5PN
same order as 
F_radreac^2!

2PN

1PN

2PM
1PM

2.5PN
LO 

rad reac

selected
by Bern’s
integration

method
of regions
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Conservative vs Radiation-reacted 
Classical Gravitational Scattering

Radiation-reaction effects enter scattering at G^3/c^5 (Bini-TD’12)

Radiation-reaction effects in scattering play a crucial role at high-energy
(DiVecchia-Heissenberg-Russo-Veneziano’20, TD’21, Hermann-Parra-Martinez-Ruf-Zeng’21,….) 
they resolve the O(G^3) puzzle of the discrepancy between the HE limit of
Amati-Ciafaloni-Veneziano’90(+ Ciafaloni-Colferai’14), and the G^3 result of Bern et al’19,20 

Fokker-Wheeler-Feynman
conservative action using
G_sym=1/2(G_ret+Gadv)

=Re[G_F]=PV(1/p^2)

28

Universality of ultra-relativistic gravitational scattering
from analyticity/crossing (DiVecchia-Heissenberg-Russo-Veneziano 2008.12743) 

IR
divergent

IR
finite

 ultra-relativistic eikonal phase: �(s, b) = �0(s, b) + �2(s, b)

universality of HE result = ACV, thanks to radiative effects

+ explicit eikonal of m1,m2 in N=8 SUGRA —> chi_sugra
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Radiation-Reaction Contribution to the (transverse)
Classical Scattering Angle at G^3 (TD 2010.01641)

�tot = �cons + �rad

where, to first order in Rad-Reac, one has (Bini-TD’12)

O(G^3)

O(G^2)  
[TD-Deruelle’81]

chi^cons=O(G^1)
O(G^3)O(G^4) DeWitt’71, Thorne’80

Kovacs-Thorne’77, Bel et al’81, 
Westpfahl’85

1

2
(�cons + �rad) = 2

�

j
+

16

3

�3

j3
= �ACV

linear
response
formula
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(Bini-TD’22)
The linear-response formula assumes a balance between E and J GW-losses at infinity

and the mechanical E and J of the 2-body system.  It also relies on using the « standard »
Peters-DeWitt-Thorne formula for the GW J-flux:
which is valid only in the (instantaneous) c.m. frame
of the system, and which crucially depends on the zero-frequency part of the waveform 

This raises several subtle issues:  Ashtekar et al’20, Veneziano-Vilkovisky’22, Riva-Vernizzi, Riva-Vernizzi-Wong’23 

Similarly to the resolution of the binary-pulsar « quadrupole controversy », it is useful to clarify 
the physics by a direct EOM-based approach, fully within a retarded PM approach (Bini-TD’22)

G_ret

Considering an auxiliary Fokker-Wheeler-Feynman-type
PM dynamics allows one to define 
Noether« conserved » quantities

Poincaré-covariant interaction terms
Noether-derived from the Fokker actionwell-defined O(G^2)

PM rad-reac force
Poincaré-covariant final results:

31

O(G^3) momentum transfer (impulse)

O(G^3) radiated 4-momentum 

see also: DiVecchia et al, Riva-Vernizzi’21,Bjerrum-Bohr-Plante-Vanhove-Damgaard,
useful results concerning the waveform (using QFT integration methods)… 

(Hermann-Parra-Martinez-Ruf-Zeng’21)

High-energy puzzle 

E(�) / �3

32

tail in
near-zone

matches the 6PN
result of the
Tutti Frutti approach
(Bini-D-Geralico’21)



rad-reac force=O(G^2)

rad-reac^2 =O(G^4) contribution to scattering

(PRL 10 March 2023)

Its PN expansion agrees with Bini-TD-Geralico’23 notably for the nu^2 =O(RR^2) contribution.
Moreover, Bini-TD-Geralico’23 went beyond the linear-response formula by using balance+mass-polynomiality

confirmed by recent QFT computation
Damgaard-Hansen-Plant’e-Vanhove’23

G^4 term

relation between
the rad-reac^2

term and P^rad_x

(PRD March 2023)

NR
perturbative
radiation-
-reacted
4PM

EOB-resummed
radiation-reacted 4PM

Newtonianlike EOB radial potential

(Rettegno et al.’23)

Higher-energy non-spinning:
Comparison between the

effective potential V=L^2/r^2-w(r)
extracted from NR simulations

and its EOB-PM equivalent NR

EOB-
4PM

EOB-4PM
+ 5PM addition

In the spin-aligned case, one can transform 
the PM-expanded scattering angle

 into an equivalent spin-dependent EOB potential



Recent NLO (one-loop) waveform
G^3=3PM

Andreas Brandhubera, Graham R. Browna, Gang Chenb, Stefano De Angelisc, Joshua Gowdya and Gabriele Travaglinia 

Aidan Herderschee,a Radu Roibanb,c and Fei Tengb,c 

Alessandro Georgoudis^a Carlo Heissenberg^b,a Ingrid Vazquez-Holm^b,a

5-point
HEFT

amplitude
at one-loop

O(G^3) 
waveform

PM waveform computation 

LO (tree level) waveform
G^2=2PM: classical time-domain W(t,n): Kovacs-Thorne 1977
quantum-based: yields W(k,p1,p2,p3,p4)=W(k,p1,p2,q1) 
Johansson-Ochirov’15, GoldbergerRidgway’17 
Luna-Nicholson-OConnellWhite’18
Mougiakakos-Riva-Vernizzi’21,Bautista-Siemonsen’22
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complicated
rational functions

of 8 variables
with spurious poles

Comparing one-loop amplitude to MPM waveform
tails
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algorithmic
STF tensors encoding

multipole moments
(related to the source

moments I_L,J_L)

radiative multipole moments
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(Bini-TD-Geralico’23) Comparison one-loop amplitude vs MPM waveform 
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tree-level one-loop
Aim:  accuracy up to radiation-reaction effects: O(1/c^5) beyond LO quadrupole

Main results of the initial EFT-MPM comparison (Bini-TD-Geralico, 2023):
mismatch at the Newtonian level, except if one refers the one-loop amp. to classical averaged momenta, 
rather than incoming momenta; then the terms linked to time-even PN corrections to multipoles agree 
but there are many mismatches at the G^2/c^5 level

rad-reac plus 
similar effects
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Updated comparisons (Georgoudis-Heissenberg-Russo’23,’24, Bini et al. 24) lead 
to perfect agreement after taking into account three subtle effects: 
(1) the bilinear-in-amplitude KMOC term generates the needed rotation 
(2) IR divergences generate an additional (D-4)/(D-4) contribution 
(3) zero-frequency gravitons contribute additional terms at h~G and h~G^3
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Current Puzzles
high-energy limits?
 G^3 energy loss too large
G^3 angular momentum loss too large (Manohar-Ridgway-Shen’22)

Rad-reacted G^4 scattering diverges (Porto..,Damgaard..)
cf ACV motivation: BH formation in HE scattering
Subtleties in defining/computing angular momentum flux
(Ashtekar et al., Veneziano-Vilkovisky, Riva-Vernizzi,…) 

low-energy discrepancy at 5PN between
Foffa-Sturani’19,21,22 Bluemlein et al’21 and Bini-TD-Geralico 

TF-constraint on 5PN O(nu^2) 
EFT radiative terms

not solved by recent in-in results (Foffa-Sturani’22)

Conclusions
The synergy between ACV, BCJ, EFT, EOB, MPM, NR, PM, PN, QFT, SF, TF, WQFT 

has led to many very interesting new vistas on the gravitational 2-body interaction. 

Many impressive new results have been derived and more are in store, though 
one is close to reaching the limits of the new techniques 

There remains puzzles to clarify 

I think that the flexible analytical 
nature of the EOB formalism can be  
useful to absorb the recently  
acquired new information (as well 
as new results to come) and to 
incorporate them in LIGO-grade 
waveform templates 

 


