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PART 1: Self-Force, GWs & computational 
strategy



‘Point particles’ endowed with multipole moments, fields 
constrained by EFEs

m1 m2

x
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zμ
1 (t)
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2 (t)

(1) S = SM[mi] + SGR[g]

(2) Gμν[g] = 8πTμν

Tμν = ∑
i=1,2

mi ∫ dτδ4(x, zi)ui
μui

ν

□0 [hi]μν = S[hi−1, . . . ] → Gflat(x, x′ )

• Both approaches need delicate treatments of point particle limit

• Expansion typically not valid throughout space —  require ‘far field’ expansions, 

tail terms..

gμν = ημν + Gh(1)
μν + G2h(2)

μν + …

Binary motion PN/PM



‘Point particle’ endowed with multipole moments + Exact Kerr BH

m2

z μ
2 (τ)

m1

(2) Gμν[g] = 8πTμν

Tμν = m2 ∫ dτδ4(x, z2)uμuν

gμν = ḡμν + ϵh(1)
μν + ϵ2h(2)

μν + …

ϵ =
m2

m1

Binary motion using self-force

(1) S = SM[mi] + SGR[g]

See Thursdays talks.

∇̄a ∇̄ah(2)
μν + 2R̄μ

a
ν
bh(2)

ab = S[h(1)
μν , h(1)

μν ]

∇̄a ∇̄ah(1)
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a
ν
bh(1)

ab = 16πTμν

Lorenz gauge field equations:

ua ∇̄auμ = −
1
2

(ḡμν − hμν
R )(2hR

νρ;σ − hR
ρσ;ν)uρuσ

hR
μν = ϵhR,(1)

μν + ϵ2hR,(2)
μν

Equations of motion:



GW Phase evolution: what is important

ϕ =
ϕ0

ϵ
+

ϕ1/2

ϵ1/2
+ ϕ1 + O(ϵ)

 dissipative 1SF (e.g. fluxes) — 0PA (post-Adiabatic expansion)ϕ0 :

 orbital resonances (lets ignore this for our conversation)ϕ1/2 :

 conservative 1SF, dissipative 2SF, linear-in-spin dissipative SF  — 1PAϕ1 :

Key observation: For 1PA terms we need  fewer digits of accuracyO(ϵ)

For a small mass ratio binary self force gives the following approximation 

[Hinderer, Flanagan 2008]:

Cannot have an  error in the phase — the approximate signal will not

match that of an observed signal

O(1)



GW Phase evolution: accuracy at 1PA
Burke et al: arXiv:2310.08927  

Idea: Inject 1PA waveform into data stream, and attempt to 
recover parameters of the system with various approximate 
waveform models, check biases on recovered parameters



True values
Posterior

e.g. recovering with full 1PA 
information - no approximation

no biases

with thanks to O Burke for plots. More detail see Capra 27 talk by O Burke

GW Phase evolution: accuracy at 1PA



1.1 GW Phase evolution: what is important

True 
Full 1PA

1PA3PN
Only 0PA

1SF Fluxes — high accuracy numerics

+ 


2SF Fluxes — second order terms in 3PN 
flux 



True values
Full 1PA

Resummation
Only 0PA

GW Phase evolution: accuracy at 1PA

1SF Fluxes — high accuracy numerics

+ 


2SF Fluxes — second order terms in 3PN 
flux 



Takeaways:

• 2SF program is obsolete, 3PN is enough!

• weak-field approximations have significant 
potential for realistically reducing the load on 
numerics at 1PA


• We will only know when we have all the 
information

GW Phase evolution: accuracy at 1PA



The road to observables

Step 1: Geodesic equations

dr
dτ

= R[r, E, L]

dφ
dτ

= Φ[r, E, L]

dt
dτ

= T[r, E, L]



Step 2: Field Equations

∇̄a ∇̄ah(1)
μν + 2R̄μ

a
ν
bh(1)

ab = 16πTμν

The road to observables

• not separable in Kerr

• no analytic information known about a Green 

function

• solving for something gauge dependent (always 

cause for concern..)



Step 2: Field Equations —> Teukolsky Equation

Osψ = 𝒮[Tμν(z, zp(τ))]
sψ = ∑

lm
∫ dωe−iωt

sRlmω(r) sSlm(θ, ϕ; aω)

𝒮[T ] = ∑
lm

∫ dωe−iωt
sTlmω(r) sSlm(θ, ϕ; aω)

sRlmω(r) = ∫
∞

r+

dr Glmω(r, r′ )sTlmω(r)

The road to observables

= ∫
∞

r+

dr Glmω(r, r′ )∫ dt′ eiωt′ 𝒮[T(t′ )]lm



Step 3: back again to the metric

hμν = ∇aζ4 ∇bCa
(μ

b
ν)[sψ] + ∇(μξν) + 𝒩T μν + gμν[δM, δa]

[Wald, Cohen & Kegeles, Chrzanowski, Steward 70s]

[Price, Whiting; Acksteiner, Andersson, Backdahl ++;] Green, Hollands, Zimmerman +; Dolan, CK, Wardell, Dolan, CK, Wardell, Durkan] 

In principle this can give the Green function also, see e.g. 

• Casals, Holland, Pound , Toomani 2024

• Dolan, Durkan, Wardell, CK 2023 (less explicitly a GF, but Lorenz gauge)

explicit need for  fields to completely fix the metric without gauge 
divergencies/discontinuities

s = 0, ± 1, ± 2

The road to observables



PART II: Bound Orbits, post-Newtonian 
expansions + analytic perturbation theory



rp(τ) ≫ M

sRlmω(r) = ∫
∞

r+

dr Glmω(r, r′ )sTlmω(r)

Tlmω = A0(rp, ω)δ(r − rP) + A1(rp, ω)δ′ (r − rp) + A2(rp, ω)δ′ ′ (r − rp)

All we need is the radial GF for asymptotically large radius.



Rin
lmω(r) = Cin

lmω

∞

∑
n=−∞

aν
n(ω) 2F1(a, b, c,1 − r/2M)

Rup
lmω(r) = Cup

lmω

∞

∑
n=−∞

aν
n(ω) U(d, e, rω)

Gret
lmω(r, r′ ) =

Rin
lmω(r′ )Rup

lmω(r)
W[Rin

lmω(r), Rin
lmω(r)]

θ(r − r′ ) +
Rin

lmω(r)Rup
lmω(r′ )

W[Rin
lmω(r), Rin

lmω(r)]
θ(r′ − r)

MST solutions give us the exact retarded Green function: 

Formally valid to all orders in weak-field expansions

aν
n ∼ (GMω)|n| Sum naturally truncates in PN/PM expansion.

[Leaver 85/86, Mano Suzuki and Takasugi+ ~96]



Rin
lmω(r) = Cin

lmω

∞

∑
n=−∞

aν
n 2F1(a, b, c,1 − r/2M)

Rup
lmω(r) = Cup

lmω

∞

∑
n=−∞

aν
n U(d, e, rω)

Gret
lmω(r, r′ ) =

Rin
lmω(r′ )Rup

lmω(r)
W[Rin

lmω(r), Rin
lmω(r)]

θ(r − r′ ) +
Rin

lmω(r)Rup
lmω(r′ )

W[Rin
lmω(r), Rin

lmω(r)]
θ(r′ − r)

Put in standard PN scalings 

r ∼ η−2

ω ∼ η3

• PN expansions purely from near zone

•No near zone/far zone matching 

• .. no far zone integrations (the hard part!)

• solutions are pure polynomials + log(r) 

MST solutions now used frequently in Amplitudes/EFT calculations. Recent examples:

• Ivanov et al (arXiv:2401.08752)— “Gravitational Raman Scattering ..”
• Saketh, Zhou, Ivanov (arXiv:2307.10391)
• Y F Bautista et al (arXiv:2312.05965) — “BHPT meets CFT”
• Bautista, Guevara, CK,  Vines (arXiv:2212.07965, arXiv:2107.10179)



What we know analytically:

• Dissipative 1SF

• ~10PN circular equatorial fluxes for Kerr (i.e. ‘aligned spin’) [Fujita++]

• low eccentricity limit but high order ~  or higher (equatorial) e.g. [Evans, 

Munna++]

• small particle spin -7PN, aligned, Schwarzschild

• Generic Kerr, closed form in inclinations 5PN [Fujita, Sago et al]

e10

• Conservative 1SF

• ~10PN circular Redshift for Kerr (i.e. ‘aligned spin’) [CK, Wardell, Kavanagh]

• low eccentricity limit + low spin limit [Bini, Geralico +] (all orders in spin possible!)

• Linear in spin + quadratic in spin redshift [Bini ++]

• Successful program generating high order PN terms for EOB

• Damour et al ‘tutti frutti’ approach



What we don’t know analytically:

• High eccentricies i.e. e ∼ 1

Is it possible to gain some control of the poor numerical convergence beyond 
 ?e ∼ 0.3

• Precession effects to all orders

Kerr fluxes known to all-orders-in-inclination + Kerr spin parameter.

Conservative sector?

• 2SF
Scalar model demonstration [Pound + CK - in prep]

GR calculation at v. early stages

—independent calculations are going to be essential.



PART III: Unbound Orbits + PM expansion



Aim: can we do a PM expansion of the mp along a scattering 
trajectory:

gμν = ḡμν + ϵh(1)
μν + ϵ2h(2)

μν + …

h(1)
μν = ∑ GiMih(1,i)

μν

i.e. can we construct Teukolsky solutions along a weak-field 
scattering orbit?

Barack+Long, Barack, Whitall, Bern+ have been paving the way for 
this type of question

—See C Whittall, O Long’s talks on Wednesday.



Scalar self-force

∇̄a ∇̄ah(1)
μν + 2R̄μ

a
ν
bh(1)

ab = 16πTμν

ua ∇̄auμ = −
1
2

(ḡμν − hμν
R )(2hR

νρ;σ − hR
ρσ;ν)uρuσ



Scalar self-force

∇̄a ∇̄ah(1)
μν + 2R̄μ

a
ν
bh(1)

ab = 16πTμν

ua ∇̄auμ = −
1
2

(ḡμν − hμν
R )(2hR

νρ;σ − hR
ρσ;ν)uρuσ

∇̄a ∇̄aΦ = 4πT

ua ∇̄auμ = Q ∇̄μΦR
T = − Q∫

∞

−∞

δ4(z − zp(τ))

−g
dτ



∇̄a ∇̄aΦ = 4πT

ua ∇̄auμ = Q ∇̄μΦR
T = − Q∫

∞

−∞

δ4(z − zp(τ))

−g
dτ

• Same analytic GF structure 
• Same geodesic eq structure 
• No metric gauge ambiguities 
• No metric reconstruction issues 
• There are results in the literature.
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The 2PM contributions have already been worked out in Ref. [28] and compared to self-force
results in Ref. [73]. In our setup these contributions are described by the single Feynman diagram
in Fig. 4 (a).

As a non-trivial check of our results we have verified that the angles satisfy the predicted
iteration structure when expanded in the limit v ! 0. In particular, we have [52]
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where p1 = m1

p
�2 � 1 and the �Pk = O(v0) is defined through the expansion of the radial

momentum pr [52],
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In Eqs. (5.23)–(5.24) we have used the values of the geodesic scattering angle, expanded in G:
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Scalar self-force



Solving the field equations

Φlm(r, t) = ∫ dr′ ∫ dω∫ dt′ e−iω(t−t′ )Glmω(r, r′ )Tlm(r′ , t′ )



Solving the field equations

Φlm(r, t) = ∫ dr′ ∫ dω∫ dt′ e−iω(t−t′ )Glmω(r, r′ )Tlm(r′ , t′ )

r = br̄

t = bt̄

PM expansion:

• Introduce PM scaling: scale all dimensional variables with impact parameter 
(Large  equivalent to )b M → 0

ω =
1
b

ω̄ b ≫ M

G = c = 1

Plan: PM expand our MST Green function



Solving the field equations

• Also include scaling with velocity (at )  —> PN expansion∞ v

r = br̄
ω =

v
b

ω̄

t =
b
v

t̄

b ≫ M

v ≪ 1

i.e. at each PM order, expand also in low velocity.

End up with nasty functions from MST, e.g. ∂k
a U(a, b, c, r̄ω̄)



• PM-PN expanded Green function :(l = m = 1)

This can be taken to essentially arbitrary PM order.



GF structure and the field modes
Glmω = ∑

k=0

Gk,0
lmω(r̄, r̄′ , b, v)ω̄k + ∑

k=2

Gk,1
lmω(r̄, r̄′ , b, v)ω̄k log(ω̄) + ∑

k=4

Gk,2
lmω(r̄, r̄′ , b, v)ω̄k log2(ω̄) + …

4PM 5PM

Working at 4PM we just need the following distributional Fourier 
transforms:

∫ ωkeiωtdω =
2π
ik

δk(t)

∫ ωkeiωt log(ω)dω =
1
2 ( 1

t )
1

−
1
2 ( 1

| t | )
1

− γEδk(t)



GF structure and the field modes
Glmω = ∑

k=0

Gk,0
lmω(r̄, r̄′ , b, v)ω̄i + ∑

k=2

Gk,1
lmω(r̄, r̄′ , b, v)ω̄k log(ω̄) + ∑

k=4

Gk,2
lmω(r̄, r̄′ , b, v)ω̄k log2(ω̄) + …

4PM 5PM

Φlm(t, r) = ∑
k

ik

k!
dk

dt̄k ∫ dr̄′ Gk,0
lmω(r̄, r̄′ )Tlm(r̄′ , t̄′ ) − ik ∫ dr̄′ Gk,1

lmω(r̄, r̄′ )[(γE − log( v
b )) dk

dt̄k
Tlm(r̄′ , t̄′ ) + F(k)

lm (r̄′ , t̄′ )]

Evaluate functions on geodesic worldline with no explicit 
integrations—‘easy’

F(k)
lm = ∫

∞

0
dy log(y)T (k+1)

lm (t̄ − y, r′ ) can be reduced to a set 
of master integrals

Working at 4PM the time-domain field is then:



Results: preliminary!!  
w/ Adam Pound, Davide Usseglio, Donato Bini, Andrea Geralico

δχ = δχ2PM + δχ3PM + δχ4PM + . . .

δχCons
2PM = −

πq2M2

4b2
,

δχCons
3PM = −

q2M3

b3v2 (4 +
2v2

3
+

5v4

6
+ O(v6)),

δχCons
4PM =

πq2M4

b4v4 [ 9
4

+ v2( 91
24

+
21π2

128
− log(2) + log(v)) + v4( 493

480
+

4335π2

8192
− 2 log(2) −

3 log(b/M )
2

+ 2 log(v)) + O(v6)]

Putting everything together, we can use Barack and Long formulation to 
calculate e.g. the conservative scattering angle:

— free from any undetermined constants.



Results: preliminary!!

δχCons
4PM =

πq2M4

b4v4 [ 9
4

+ v2( 91
24

+
21π2

128
− log(2) + log(v)) + v4( 493

480
+

4335π2

8192
− 2 log(2) −

3 log(b/M )
2

+ 2 log(v)) + O(v6)]

(−
3c1

2
−

85
24 ) − log(v) −

21π2

128
+ log(2)

Compare our result with Barack, Bern et al, at 4PM we have:

v2 : ⟹ c1 =
1
6

−
313
480

+
15c1

8
+

3c2(μ)
8

+
3 log(bμ)

2
− 2 log(v) −

4335π2

8192
+

3γE

2
+

11 log(2)
4

v4 :

⟹ c2(μ) = −
11
6

− 4γE − 2 log(2μ2M2)

v0 :
9
4

Expanding in low , their result gives:v



Results: preliminary!!
c1 =

1
6

c2(μ) = −
11
6

− 4γE − 2 log(2μ2M2)

so we will not need to be concerned about the precise mapping between  and  .
The EFT above is only valid at distances much larger than the Schwarzschild radii of the black

holes, r � Rs,i = 2Gmi, also known as the far zone, where the point-particle approximation is
valid. Equivalently, the EFT describes the scattering of long-wavelength, i.e. Gmi! ⌧ 1, waves
off the black holes. The physics in the near zone, r ⇠ 1/! . Gmi, includes the tidal properties
of the black holes. In particular, the black holes’ response to the massless scalar  is encoded in
nonminimal couplings beyond the terms already present in Eq. (3.6), which take the schematic
form6

O
tidal

⇠ cab(@
a
�2)

2(@b )2, (3.7)

where the cab are Wilson coefficients (closely related to Love numbers) labeled by a and b. The
power counting of such tidal effects can be determined by considering classical gravitational
scattering of  off a massive black hole (represented by �2) in full General Relativity. The cor-
responding amplitude can be computed by solving the Regge-Wheeler equation with appropriate
boundary conditions at r ! 1 and the horizon; it schematically reads,

MGR ⇠ Gm
2
2[1 +Gm2! + (Gm2!)

2 + · · · ]. (3.8)

The minimal EFT in (3.6) cannot reproduce the full expansion in powers of Gm2!, but the
mismatch can be accounted for by the contribution of the tidal operators in Eq. (3.7) which lead
to amplitudes of the form

M
tidal
EFT ⇠ cab m

2a
2 !

2b
. (3.9)

This leads to the power-counting

cab ⇠ G
1+2b

m
2(1�a+b)
2 . (3.10)

Hence the leading tidal effects are captured by adding to the effective action

S
tidal =G

3

Z
d
D
x
p

�g
h
(4⇡c1)

⇥
m

2
2(@µ�2@

µ
 )2�m

4
2�

2
2(@µ )(@

µ
 )

⇤

+ (4⇡cbare2 )m2
2 (@µ�2@

µ
 )2

i
+ O(G4), (3.11)

where c1 and c
bare
2 are dimensionless Wilson coefficients [122,123] and O(G4) denotes additional

higher dimensional tidal operators with more derivatives on  and, at higher orders G, also
6All independent operators (i.e. operators with distinct matrix elements) describing the relevant physics should
be present in the EFT action. Since we are interested in the 1SF order, operators with �1 and  cannot be
present, while on dimensional grounds operators with either of the massive scalars and two curvature tensors
are of too high a dimension to contribute to contribute to the orders we will be evaluating [14]. We are thus left
with operators involving �2 and  . In the absence of �1, constant shifts of the scalar  in the action (3.6) are
a symmetry; the nonminimal couplings of �2 to  are expected to respect this symmetry and therefore should
involve only derivatives of  , thereby ruling out operators such as �2

2  
2.

17

 —  scalar equivalent of static love number ~scalarizability?

 — related to UV divergence 

c1
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Gravitational Raman Scattering in Effective Field Theory:

a Scalar Tidal Matching at O(G3)

Mikhail M. Ivanov,1, ∗ Yue-Zhou Li,2, † Julio Parra-Martinez,3, ‡ and Zihan Zhou2, §

1Center for Theoretical Physics, Massachusetts Institute of Technology, Cambridge, MA 02139, USA
2Department of Physics, Princeton University, Princeton, NJ 08540, USA

3Department of Physics and Astronomy, University of British Columbia, Vancouver, V6T 1Z1, Canada

We present a framework to compute amplitudes for the gravitational analog of the Raman process,

a quasi-elastic scattering of waves off compact objects, in worldline effective field theory (EFT). As an

example, we calculate third post-Minkowskian (PM) order (O(G3)), or two-loop, phase shifts for the

scattering of a massless scalar field including all tidal effects and dissipation. Our calculation unveils

two sources of the classical renormalization-group flow of dynamical Love numbers: a universal

running independent of the nature of the compact object, and a running self-induced by tides.

Restricting to the black hole case, we find that our EFT phase shifts agree exactly with those from

general relativity, provided that the relevant static Love numbers are set to zero. In addition, we

carry out a complete matching of the leading scalar dynamical Love number required to renormalize

a universal short scale divergence in the S-wave. Our results pave the way for systematic calculations

of gravitational Raman scattering at higher PM orders.

Introduction.– Recent advances in gravitational wave

astronomy have spurred the development of efficient tech-

niques for precision calculations of binary dynamics. One

such technique is worldline effective field theory (EFT)

for compact binaries [1–6], wherein a compact object (a

neutron star or black hole) is represented at large dis-

tances as a point particle, and which provides a system-

atic program for the perturbative computation of inspiral

waveforms. More generally, the EFT paradigm enables

an accurate description of a variety of physical effects:

tides and dissipation [2, 7, 8], spin [4, 9, 10], Hawking

radiation [11, 12], self-force [13–16], etc.

In this Letter, we use the EFT framework to calculate

mildly inelastic gravitational scattering of massless fields

off compact objects. This is a direct gravitational analog

of Raman scattering of photons that is commonly used

to elucidate the internal structure of molecules. Here we

explore its gravitational counterpart to probe the nature

of compact relativistic objects.

In the worldline EFT the finite-size structure of com-

pact objects is captured by multipole moments on the

particle’s worldline non-minimally coupled to the grav-

itational field [1, 2]. The associated Wilson coefficients

∗ ivanov99@mit.edu
† liyuezhou@princeton.edu
‡ jpm@phas.ubc.ca
§ zihanz@princeton.edu

provide a gauge-invariant definition of the tidal deforma-

bility of the objects, also known as Love numbers [1, 17–

24]. These are free parameters in the EFT which have to

be either measured from data or extracted from a match-

ing calculation to a microscopic theory, if the latter is

available. Once the values of matching coefficients are

determined they can be used to make further predictions.

The universality and consistency of the EFT thus guar-

antee its predictability.

Scattering amplitudes are particularly suitable for

matching calculations: they are simple, manifestly gauge-

invariant, and field-redefinition independent objects [1,

3, 25–29]. In addition, in the post-Minkowskian (PM)

regime (formal perturbation theory in Newton’s constant

G) they can be directly compared to known amplitudes

in full classical general relativity (GR). These matching

calculations also provide new insights into the general

structure of gravitational scattering amplitudes by con-

fronting them with exact non-perturbative results from

black hole solutions. In this vein, partial results on the

calibration of Love numbers from scattering amplitudes

exploiting the so-called near-far factorization were given

in [28, 29]. A numerical estimation of tidal effects from

scattering of a pointlike particle with scalar charge by

black holes at 4PM order was carried out in [30]. Finally,

the scattering of photons and gravitons off compact ob-

jects is, in principle, an observable phenomenon relevant

in astrophysics and cosmology, see e.g. [31–34].

2

We present a general framework for systematic com-

putations of EFT amplitudes for gravitational Raman

scattering at high PM orders. Our approach makes use

of the background field method and advanced multiloop

integration techniques. We demonstrate its power by ex-

plicitly calculating the amplitudes for spin-0 fields scat-

tering off a non-spinning compact object through 3PM

order, O(G3), where finite-size effects first appear. We

find that the amplitude exhibits ultraviolet (UV) diver-

gences, whose renormalization requires contact worldline

operators. They are scalar analogs of the “dynamical

Love number,” a coefficient that sets the strength of the

multipole moment tidally induced by an external time-

dependent field. We show that dynamical Love num-

bers undergo renormalization group running due to two

different effects. The first source of renormalization is

the gravitational “dressing” of the point particle action.

As such, this running is universal for any compact ob-

ject. The second source of the running is the gravita-

tional “dressing” of the static Love number. We call

such running “self-induced”, as its strength is set by the

amplitude of lower order tidal Wilson coefficients (see

also [29, 35–37] for similar discussions).

Assuming that a compact object is a black hole,

and using results from black hole perturbation theory

(BHPT) [28, 38–46], the EFT scattering amplitudes allow

for a complete order-by-order matching of tidal effects,

including dissipation. Matching the 3PM scattering am-

plitudes to BHPT, we prove explicitly that the leading

static tidal coefficient is zero and does not run, in agree-

ment with previous off-shell calculations [22, 23, 47]. This

also implies the vanishing of the self-induced tidal coef-

ficients. In addition, we completely match the leading

spin-0 dynamical Love number. Finally, we compute the

running of the scalar dissipation operators thus extend-

ing the previous calculations from [7, 26, 29, 48]. Our

results set the stage for forthcoming spin-2 calculations.

Worldline EFT and power counting.– The first ingre-

dient of the worldline EFT is the “bulk” action for the

massless scalar and gravitational fields

Sbulk =

∫

d4x
√
−g

(

R

16πG
− 1

2
(∂µφ)

2

)

. (1)

A compact object of massm is described by the worldline

action

S = −m

∫

dτ + Sfs , (2)

where τ is proper time, and Sfs is an action including

higher-dimension operators on the worldline encoding fi-

nite size effects. For scalars, it reads [2, 7]

Sfs =
∑

!

∫

dτ QL∂Lφ+ Sct
fs , (3)

where QL are composite multipole operator describing

the internal degrees of freedom of a compact object, L

is a multi-index denoting the symmetric traceless com-

bination of % indices, and ∂ = (gµν + uµuν)∂µ, with uρ

the object’s 4-velocity, is the spatial derivative in the rest

frame of the compact object. Sct
fs is the counterterm ac-

tion discussed shortly. In the EFT we are ignorant about

the microscopic nature of the multipoles. Instead, we

are interested in their correlation functions, such as the

Fourier transformed time-ordered two-point function,
∫

dte−iωt〈TQL1(t)QL2(0)〉 = −iδL1L2F!(ω) , (4)

which at low frequencies takes the form

F!(ω) = C! + iC!,ω|ω|+ C!,ω2ω2 + · · · (5)

The corresponding Wilson coefficients C!,ωn are collec-

tively known as Love numbers. The static Love numbers

(n = 0) describe the response of the compact object re-

sponse to time-independent fields (static tides) with dif-

ferent multipolar profile. These have been extensively

studied for neutron star and black holes [18, 19, 49, 50],

which yielded a surprising result that they vanish for

black holes in D = 1 + 3 [20–24, 51] (symmetry expla-

nations were proposed in [47, 52–54]). The coefficients

C!,ω2n (n > 0) are called “dynamical Love numbers,” as

they describe the response to time-dependent fields. We

refer to C!,ω2n+1 as dissipation numbers.

Real parts of F! are analytic functions that describe

conservative finite-size effects. As such, they can be fully

absorbed into the local worldline counterterm action,

Sct
fs =

∑

!

1

2%!

∫

dτ
[

C!(∂Lφ)
2 + C!,ω2(∂Lφ̇)

2 + · · ·
]

(6)

=
1

2

∫

dτ
[

C1(∂φ)
2 + C0,ω2 φ̇2 + C1,ω2(∂φ̇)2 + · · ·

]

,

where φ̇ = ∂τφ = (uµ∂µ)φ. Here in the first line we

show operators corresponding to the static and leading

dynamical Love numbers, and in the second we show only

the leading order operators relevant for our calculation

below. Note that the scalar monopole operator
∫

dτφ2

can we easily relate the coefficients?



Takeaways

• 1 post-Adiabatic effects may be modelled well by analytic approximations 
for sizeable portions of the parameter space 


• Still more places to meet, e.g. Precession effects? can the road to non-
linear SF (analytic or not) be made more efficient using other methods?


• SF can now give PM expansions. GR version should come soon. What 
can we do with these? 
• low-  to all-orders

• GR wilson coefficients

• B-2-B mappings in SF

• how bad will our master integrals get..?

• higher power logs seem doable, are there surprises waiting?

• WQFT have 5PM 1SF!! This will be a big target of comparison. 

(arXiv:2403.07781)

v

Thanks for listening



extra slide: Master Integrals

F(k)
lm = ∫

∞

0
dy log(y)T (k+1)

lm (t̄ − y, r′ )

I1 = ∫ du
ArcSinh(u)

(t + u)k 1 + u2

I2 = ∫ du
ArcSinh2(u)

(t + u)k

I2 = ∫ du log(1 + u2)uk

→ {ArcSinh[t], ArcTan[t], PolyLog 2,
t + 1 + t2

t − 1 + t2
}


