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E↵ective One Body
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<latexit sha1_base64="I0Lg7i93Z4rlvp9V65tEUrtr/9E="></latexit>

1PM 2PM 3PM 4PM . . .
0SF G G2 G3 G4 . . .
1SF qG qG2 qG3 qG4 . . .
2SF q2G q2G2 q2G3 q2G4 . . .
...

...
...

...
...

. . .

Self-force vs post-Minkowskian expansions

Two independent expansions of the same system:
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<latexit sha1_base64="PrqMy7Tl02ubAVybvaSNHj8Qwsc=">AAACIHicbVC7TsMwFHV4lvIKMLIYKiSmKkG8BoZKLIxFog+piSrHdVqrjh1sB1RFmfkPdlb4BTbECF/AZ+C0GWjLkSwdnXOur32CmFGlHefLWlhcWl5ZLa2V1zc2t7btnd2mEonEpIEFE7IdIEUY5aShqWakHUuCooCRVjC8zv3WA5GKCn6nRzHxI9TnNKQYaSN17QNP0v5AIynFI/TuE9SDqScjyJOISJNiWdeuOFVnDDhP3IJUQIF61/7xegKbea4xQ0p1XCfWfoqkppiRrOwlisQID1GfdAzlKCLKT8dfyeCRUXowFNIcruFY/TuRokipURSYZIT0QM16ufif10l0eOmnlMeJJhxPFoUJg1rAvBfYo5JgzUaGICypeSvEAyQR1qa9qS353VKFKiubatzZIuZJ86TqnlfPbk8rtauipBLYB4fgGLjgAtTADaiDBsDgCbyAV/BmPVvv1of1OYkuWMXMHpiC9f0Lg7CkWw==</latexit>

! numerical
<latexit sha1_base64="pv1LlH9DgGlcgdq//7pDszyHuNw=">AAACIXicbVC7TsMwFHV4lvIKMLJYrZCYqgTxGhgqsTAWiT6kJqocx2mt2nGwHVAVdec/2FnhF9gQG+IH+AycNgNtOZKlo3PvPff6BAmjSjvOl7W0vLK6tl7aKG9ube/s2nv7LSVSiUkTCyZkJ0CKMBqTpqaakU4iCeIBI+1geJ3X2w9EKiriOz1KiM9RP6YRxUgbqWdXPEn7A42kFI/Qu09RCDNPckh5IpSixmbcs6tOzZkALhK3IFVQoNGzf7xQ4JSTWGOGlOq6TqL9DElNsfEre6kiCcJD1CddQ2PEifKzyV/G8MgoIYyENC/WcKL+ncgQV2rEA9PJkR6o+Vou/lfrpjq69DMaJ6kmMZ4uilIGtYB5MDCkkmDNRoYgLKm5FeIBkghrE9/MltxbqkiNyyYadz6IRdI6qbnntbPb02r9qgipBA5BBRwDF1yAOrgBDdAEGDyBF/AK3qxn6936sD6nrUtWMXMAZmB9/wJ0zKTc</latexit>

! impossible

<latexit sha1_base64="XLoncBwFvzGZjLoB5S/jC2w9MNc=">AAACIXicbVC7TsMwFHV4lvIKMLJYrZCYqgTxGhgqsTAWiT6kpqpuXKe16jjBdkBV1J3/YGeFX2BDbIgf4DNw2gy05UiWjs65Lx8/5kxpx/mylpZXVtfWCxvFza3tnV17b7+hokQSWicRj2TLB0U5E7Sumea0FUsKoc9p0x9eZ37zgUrFInGnRzHthNAXLGAEtJG6dsmTrD/QIGX0iL37BHo49WSIQQAfaVPGx1277FScCfAicXNSRjlqXfvH60UkCanQhINSbdeJdScFaeZxOi56iaIxkCH0adtQASFVnXTylzE+MkoPB5E0T2g8Uf92pBAqNQp9UxmCHqh5LxP/89qJDi47KRNxoqkg00VBwrGOcBYM7jFJieYjQ4BIZm7FZAASiDbxzWzJZksVqHHRROPOB7FIGicV97xydntarl7lIRXQISqhY+SiC1RFN6iG6oigJ/SCXtGb9Wy9Wx/W57R0ycp7DtAMrO9fUnOkxw==</latexit>

! analytical

<latexit sha1_base64="XGVCiuE4u+6AqtYSHBr94YiLG1k=">AAACD3icbVC7TgJBFJ3FF+Jr1dJmIjHBhuwaX4UFiY0lJvJIgJDZYRYmzM5sZu6iZMNH2NvqL9gZWz/BP/Az3IUtBDzVyTn33nNzvFBwA47zbeVWVtfWN/Kbha3tnd09e/+gblSkKatRJZRuesQwwSWrAQfBmqFmJPAEa3jD29RvjJg2XMkHGIesE5C+5D6nBBKpa9ulNrAniH2lsVSPk9OuXXTKzhR4mbgZKaIM1a790+4pGgVMAhXEmJbrhNCJiQZOBZsU2pFhIaFD0methEoSMNOJp59P8Emi9HAa7isJeKr+3YhJYMw48JLJgMDALHqp+J/XisC/7sRchhEwSWdBfiQwKJzWgHtcMwpinBBCNU9+xXRANKGQlDWXkt7WxjeTQlKNu1jEMqmfld3L8sX9ebFyk5WUR0foGJWQi65QBd2hKqohikboBb2iN+vZerc+rM/ZaM7Kdg7RHKyvX256nNc=</latexit>

(for now)

<latexit sha1_base64="zKoNNJdIvKGgnQ2B2BeZTQpRUqc=">AAACOHicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFQV1WtA9oS8mkmTY0kwzJHbUM8wF+jVv1T9y5E7d+gJg+FrZ6IHA459zc5PiR4AZc983JzM0vLC5ll3Mrq2vrG/nNrapRsaasQpVQuu4TwwSXrAIcBKtHmpHQF6zm98+Hfu2OacOVvIVBxFoh6UoecErASu18QTaBPUByc4GpkkC4NJgIgZXu2CnMJU4vbcotuiPgv8SbkAKaoNzOfzc7isYhk0AFMabhuRG0EqKBU8HSXDM2LCK0T7qsYakkITOtZPSZFO9ZpYMDpe2RgEfq74mEhMYMQt8mQwI9M+sNxf+8RgzBaSvhMoqBSTpeFMQCg8LDZnCHa0ZBDCwhVHP7Vkx7RBMKtompLcO7tQlMOq3GArhW92nOFubN1vOXVA+K3nHx6PqwUDqbVJdFO2gX7SMPnaASukJlVEEUPaIn9IxenFfn3flwPsfRjDOZ2UZTcL5+AHdhrfU=</latexit>

nSF contains all orders in G
<latexit sha1_base64="A1DwkuRYV/z2Zir0dgupcKHSWBY=">AAACOHicbVDLSgMxFM3UV62vqks3wSK4KjPiayUFN26ECvYBbSmZNNOGZpIxuaOWYT7Ar3Gr/ok7d+LWDxDTx8K2Hggczjk3Nzl+JLgB1313MguLS8sr2dXc2vrG5lZ+e6dqVKwpq1AllK77xDDBJasAB8HqkWYk9AWr+f3LoV+7Z9pwJW9hELFWSLqSB5wSsFI7X5BNYI+QlK8xVRIIlwYTIbDSHTuFucTpnU25RXcEPE+8CSmgCcrt/E+zo2gcMglUEGManhtBKyEaOBUszTVjwyJC+6TLGpZKEjLTSkafSfGBVTo4UNoeCXik/p1ISGjMIPRtMiTQM7PeUPzPa8QQnLcSLqMYmKTjRUEsMCg8bAZ3uGYUxMASQjW3b8W0RzShYJuY2jK8W5vApNNqLIBr9ZDmbGHebD3zpHpU9E6LJzfHhdLFpLos2kP76BB56AyV0BUqowqi6Ak9oxf06rw5H86n8zWOZpzJzC6agvP9C8VmriM=</latexit>

nPM contains all orders in q

<latexit sha1_base64="QUXxOa0YcbQasVEpCdOjUF8uuoQ=">AAACLXicbVDNS8MwHE3n15xfVS+Cl+AQPI12yByCMPDicYL7gK2UNEu3sLSpSaqMUv8ar+pf40EQr/4XYrr14DYfJDze+30kz4sYlcqyPozCyura+kZxs7S1vbO7Z+4ftCWPBSYtzBkXXQ9JwmhIWooqRrqRICjwGOl44+vM7zwQISkP79QkIk6AhiH1KUZKS655dH951fcFwkng2qm+qinsMwZt1yxbFWsKuEzsnJRBjqZr/vQHHMcBCRVmSMqebUXKSZBQFDOSlvqxJBHCYzQkPU1DFBDpJNMfpPBUKwPoc6FPqOBU/duRoEDKSeDpygCpkVz0MvE/rxcrv+4kNIxiRUI8W+THDCoOszjggAqCFZtogrCg+q0Qj5DOQ+nQ5rZks4X0ZTqvxkxRwR/Tkg7MXoxnmbSrFbtWqd2elxv1PLoiOAYn4AzY4AI0wA1oghbA4Ak8gxfwarwZ78an8TUrLRh5zyGYg/H9C593qO0=</latexit>

q :=
m1

m2
⌧ 1



Scalar field toy model

4

Schwarzschild spacetime: Endow particle with a spin-0 scalar charge q.
Keep inertial mass but ignore gravitational mass. 
Expansion in small parameter at fixed energy and angular momentum:

Scalar field    obeys the Klein-Gordon equation:

Decompose into (time-domain) modes:

<latexit sha1_base64="PNxlrnvKCyeZq0coXDZTgLlJhl8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mk1B4LXjxWsB/QhrLZbpqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32yltbe/s7pX3KweHR8cn1dOzno5TRWiXxDxWgwBrypmkXcMMp4NEUSwCTvvB7C73+09UaRbLRzNPqC/wVLKQEWxyadSJ2Lhac+vuEmiTeAWpQYHOuPo1msQkFVQawrHWQ89NjJ9hZRjhdFEZpZommMzwlA4tlVhQ7WfLWxfoyioTFMbKljRoqf6eyLDQei4C2ymwifS6l4v/ecPUhC0/YzJJDZVktShMOTIxyh9HE6YoMXxuCSaK2VsRibDCxNh4KjYEb/3lTdK7qXvNeuOhUWu3ijjKcAGXcA0e3EIb7qEDXSAQwTO8wpsjnBfn3flYtZacYuYc/sD5/AHipY4e</latexit>

�

<latexit sha1_base64="TEddN1EDTwwK/xS/QtHKDihJqy4="></latexit>

 ,uv + V (`; r) = S (`;x
µ
p ) � (r �R)

<latexit sha1_base64="+f5b5CYIYUF/RYc3LT5cGvrblME=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgQcKuxAeeAl48RjAPSJYwO5lNhszMLjOzgbDkF7x4UMSrP+TNv3E22YMmFjQUVd10dwUxZ9q47rdTWFvf2Nwqbpd2dvf2D8qHRy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/F95rcnVGkWySczjakv8FCykBFsMim5mNz1yxW36s6BVomXkwrkaPTLX71BRBJBpSEca9313Nj4KVaGEU5npV6iaYzJGA9p11KJBdV+Or91hs6sMkBhpGxJg+bq74kUC62nIrCdApuRXvYy8T+vm5jw1k+ZjBNDJVksChOOTISyx9GAKUoMn1qCiWL2VkRGWGFibDwlG4K3/PIqaV1Wvevq1WOtUq/lcRThBE7hHDy4gTo8QAOaQGAEz/AKb45wXpx352PRWnDymWP4A+fzB58kje8=</latexit>u, v : Eddington-Finkelstein coordinates

<latexit sha1_base64="RdVbXz95mPC7WCb/wrOXGsOOXoc=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBVZkpPoogFNy4bME+oB2HTJppQ5PMmGSEMgy48VfcuFDErT/hzr8xfSy09cCFwzn3cu89Qcyo0o7zbeWWlldW1/LrhY3Nre0de3evqaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwvB77rQciFY3ErR7FxOOoL2hIMdJG8u2De1/ByyvYDSXCaf2unKXcdyH3y5lvF52SMwFcJO6MFMEMNd/+6vYinHAiNGZIqY7rxNpLkdQUM5IVuokiMcJD1CcdQwXiRHnp5IcMHhulB8NImhIaTtTfEyniSo14YDo50gM1743F/7xOosOKl1IRJ5oIPF0UJgzqCI4DgT0qCdZsZAjCkppbIR4gk4Y2sRVMCO78y4ukWS6556Wz+mmxWpnFkQeH4AicABdcgCq4ATXQABg8gmfwCt6sJ+vFerc+pq05azazD/7A+vwBJU2WjQ==</latexit>

qs :=
Q2

m1m2

<latexit sha1_base64="ukqP/RrLpzmAQrydyyUtNkG17Ho=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0jEjx4LXjy2Ym2hDWWznbRLN5uwuxFK6T/w4kERr/4jb/4bt20O2vpg4PHeDDPzwlRwbTzv2ymsrW9sbhW3Szu7e/sH5cOjR51kimGTJSJR7ZBqFFxi03AjsJ0qpHEosBWObmd+6wmV5ol8MOMUg5gOJI84o8ZK9w23V654rjcHWSV+TiqQo94rf3X7CctilIYJqnXH91ITTKgynAmclrqZxpSyER1gx1JJY9TBZH7plJxZpU+iRNmShszV3xMTGms9jkPbGVMz1MveTPzP62QmqgYTLtPMoGSLRVEmiEnI7G3S5wqZEWNLKFPc3krYkCrKjA2nZEPwl19eJY8Xrn/tXjUuK7VqHkcRTuAUzsGHG6jBHdShCQwieIZXeHNGzovz7nwsWgtOPnMMf+B8/gAWV40N</latexit>

Q.

<latexit sha1_base64="rwb07cAKpQSi0PWEsoSWvJ8Mcgw="></latexit>

⇤� = Q

Z 1

�1
�4

�
xµ � xµ

p (⌧)
�
d⌧

<latexit sha1_base64="MFXSf983wB17NpastofiWkIKvuw="></latexit>

� =
Q

r

1X

`=0

X̀

m=�`

 `m(t, r)Y`m(✓,')

<latexit sha1_base64="LMvA0oSYh5QgZhkmwb4Bz5+BXbw=">AAACE3icbVDLSsNAFJ3UV62vqks3g0WoFkIiUgsiFNy4rGAf0MQwmUzaoZOHMxOhhP6DG3/FjQtF3Lpx5984TbPQ1gOXezjnXmbucWNGhTSMb62wtLyyulZcL21sbm3vlHf3OiJKOCZtHLGI91wkCKMhaUsqGenFnKDAZaTrjq6mfveBcEGj8FaOY2IHaBBSn2IkleSUTyw8pPASTttdWjWOJzV47whoXUDLI0yizK9BXdedcsXQjQxwkZg5qYAcLaf8ZXkRTgISSsyQEH3TiKWdIi4pZmRSshJBYoRHaED6ioYoIMJOs5sm8EgpHvQjriqUMFN/b6QoEGIcuGoyQHIo5r2p+J/XT6TfsFMaxokkIZ495CcMyghOA4Ie5QRLNlYEYU7VXyEeIo6wVDGWVAjm/MmLpHOqm3W9fnNWaTbyOIrgAByCKjDBOWiCa9ACbYDBI3gGr+BNe9JetHftYzZa0PKdffAH2ucPBfGbFA==</latexit>

� = �(0) + qs ��+ ...

Geodesic

<latexit sha1_base64="kJZCCYjI+6DnVxSpce0IkDU8zYs=">AAACGXicbVA9SwNBEN3z2/gVtbRZDIJVuAsSg1XAxsJC0WggF469zSRZsnt37M6J4cjfsPGv2FgoYqmV/8bNh6CJDwYe783szrwwkcKg6345c/MLi0vLK6u5tfWNza389s6NiVPNocZjGet6yAxIEUENBUqoJxqYCiXchr3ToX97B9qIOLrGfgJNxTqRaAvO0EpB3lWBd0J9hHvMrhSTkipmzID6fk4FpR/nnOkOjJ0gX3CL7gh0lngTUiATXAT5D78V81RBhFzaFxqem2AzYxoFlzDI+amBhPEe60DD0ogpMM1sdNmAHlilRduxthUhHam/JzKmjOmr0HYqhl0z7Q3F/7xGiu1KMxNRkiJEfPxRO5UUYzqMibaEBo6ybwnjWthdKe8yzTjaMHM2BG/65FlyUyp65WL58qhQrUziWCF7ZJ8cEo8ckyo5IxekRjh5IE/khbw6j86z8+a8j1vnnMnMLvkD5/MbRl6f2w==</latexit>

m1 : Small mass

m2 : Large mass



Orbit parameterised by either:
• Velocity at infinity and impact parameter
• Energy and angular momentum

Numerically solve sourced field equation:

Sum over modes:

1+1D evolution scheme [Barack & OL ‘22]

5

Geodesic worldline

t

<latexit sha1_base64="ZqNX/b0FogzBlkFMYTL+vGik88c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mk+HErePHYgq2FNpTNdtOu3WzC7kQoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHbROnmvEWi2WsOwE1XArFWyhQ8k6iOY0CyR+C8e3Mf3ji2ohY3eMk4X5Eh0qEglG0UhP75Ypbdecgq8TLSQVyNPrlr94gZmnEFTJJjel6boJ+RjUKJvm01EsNTygb0yHvWqpoxI2fzQ+dkjOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J47WdCJSlyxRaLwlQSjMnsazIQmjOUE0so08LeStiIasrQZlOyIXjLL6+S9kXVq1VvmrVK/TKPowgncArn4MEV1OEOGtACBhye4RXenEfnxXl3PhatBSefOYY/cD5/AOBtjPg=</latexit>

r⇤

<latexit sha1_base64="ACj5tASndkWxVVQhz2g8wTPQLFM=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iV4OMW8OIxonlAsoTZyWwyZHZ2mekVwpJP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut7Oyura+sVnYKm7v7O7tlw4OmyZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0e3Ubz1xbUSsHnGccD+iAyVCwSha6UH3znulsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/NTp2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjtZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7QheIsvL5PmRcWrVm7uq+XaZR5HAY7hBM7AgyuowR3UoQEMBvAMr/DmSOfFeXc+5q0rTj5zBH/gfP4A+CWNkw==</latexit>

Initial 
conditions

h

<latexit sha1_base64="2/NzQbfnpalYmwcZ6KM4R84hg+E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mk+HErePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWao765Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC+qXq1606xV6pd5HEU4gVM4Bw+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8Ac49jOw=</latexit>

u

<latexit sha1_base64="nlEjCI64aN2+wVE4eQvdg17/Rec=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mk+HErePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWaqb9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdVr1a9adYq9cs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AOHxjPk=</latexit>

v

<latexit sha1_base64="d6hod6fNnVfGB9SkHlOJifKZTSI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexK8HELePGYgHlAsoTZSW8yZnZ2mZkNhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c/91hiV5rF8NJME/YgOJA85o8ZK9XGvWHLL7gJknXgZKUGGWq/41e3HLI1QGiao1h3PTYw/pcpwJnBW6KYaE8pGdIAdSyWNUPvTxaEzcmGVPgljZUsaslB/T0xppPUkCmxnRM1Qr3pz8T+vk5rw1p9ymaQGJVsuClNBTEzmX5M+V8iMmFhCmeL2VsKGVFFmbDYFG4K3+vI6aV6VvUr5rl4pVa+zOPJwBudwCR7cQBUeoAYNYIDwDK/w5jw5L86787FszTnZzCn8gfP5A+N1jPo=</latexit>

“E
ve
nt

<latexit sha1_base64="dBdjYCpzbDhHsaX+eWS2Gizajok=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQd0VRHBZwT5gOrSZNNOGJpkhyRTK0M9w40IRt36NO//GtJ2Fth4IHM65h9x7woQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+G7utydUaRbLJzNNaCDwULKIEWys5HeVQP3+/YRK0ytX3Kq7AFonXk4qkKPRK391BzFJhc0SjrX2PTcxQYaVYYTTWambappgMsZD6lsqsaA6yBYrz9CFVQYoipV90qCF+juRYaH1VIR2UmAz0qveXPzP81MT3QQZk0lqqCTLj6KUIxOj+f1owBQlhk8twUQxuysiI6wwMbalki3BWz15nbSuql6tevtYq9RreR1FOINzuAQPrqEOD9CAJhCI4Rle4c0xzovz7nwsRwtOnjmFP3A+fwDxUpED</latexit>

ho
riz
on
”

<latexit sha1_base64="WWxSD9mFgp4lc8u0oLs7e+Y4tTc=">AAAB83icbVDLSgNBEOyNrxhfUY9ehgTBU9iVgHoLePEYwTwgWcLsZDYZMo9lZlaIS37DiwdFvPoz3vwbJ8keNLGgoajqprsrSjgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pG5VqQltEcaW7ETaUM0lblllOu4mmWEScdqLJ7dzvPFJtmJIPdprQUOCRZDEj2Dqp39cCjZVmT0pWBuWqX/MXQOskyEkVcjQH5a/+UJFUUGkJx8b0Aj+xYYa1ZYTTWamfGppgMsEj2nNUYkFNmC1unqFzpwxRrLQradFC/T2RYWHMVESuU2A7NqveXPzP66U2vg4zJpPUUkmWi+KUI6vQPAA0ZJoSy6eOYKKZuxWRMdaYWBdTyYUQrL68TtqXtaBeu7mvVxv1PI4inEEFLiCAK2jAHTShBQQSeIZXePNS78V79z6WrQUvnzmFP/A+fwC7FJF2</latexit>

infinity”

<latexit sha1_base64="xmpRM+tc2594J2JI2GP0m0qvrVk=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4CrsSUG8BLx4jmAckS5idzCZDZmfXmd7AsuQ7vHhQxKsf482/cfI4aGJBQ1HVTXdXkEhh0HW/nY3Nre2d3cJecf/g8Oi4dHLaMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M72Z+e8K1EbF6xCzhfkSHSoSCUbSS39MRESoUSmBW7pcqbtWdg6wTb0kqsESjX/rqDWKWRlwhk9SYrucm6OdUo2CST4u91PCEsjEd8q6likbc+Pn86Cm5sMqAhLG2pZDM1d8TOY2MyaLAdkYUR2bVm4n/ed0Uwxs/FypJkSu2WBSmkmBMZgmQgdCcocwsoUwLeythI6opQ5tT0Ybgrb68TlpXVa9WvX2oVeq1ZRwFOIcyXIIH11CHe2hAExg8wTO8wpszcV6cd+dj0brhLGfO4A+czx93gZHh</latexit>

“Null

<latexit sha1_base64="OYm2MPagqmtwkEYUk/c+13QCkdA=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVgnorePEkFewHtkubTbNtaJJdkqxQlv4LLx4U8eq/8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7mNxkfvuJKs0i+WCmMfUFHkkWMoKNlR57SqDB4C7hvF+uuFV3DrRKvJxUIEejX/7qDSOSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTCZ4RLuWSiyo9tP5xTN0ZpUhCiNlSxo0V39PpFhoPRWB7RTYjPWyl4n/ed3EhFd+ymScGCrJYlGYcGQilL2PhkxRYvjUEkwUs7ciMsYKE2NDKtkQvOWXV0nrourVqtf3tUq9lsdRhBM4hXPw4BLqcAsNaAIBCc/wCm+Odl6cd+dj0Vpw8plj+APn8wcst5CS</latexit>

<latexit sha1_base64="TEddN1EDTwwK/xS/QtHKDihJqy4=">AAACOHicbZDPSxtBFMdntVabahv12MvDUIhYw24RFUtB8NKbWk0UsukyO3mbDM7+YOatGJb8WV78M7yJFw8V8epf4GySg9U+GPjw/b7Hm/cNMyUNue6NMzX9bub97NyHysf5hU+fq4tLLZPmWmBTpCrVpyE3qGSCTZKk8DTTyONQ4Ul4tlf6J+eojUyTYxpk2Il5L5GRFJysFFT3/czIoPiWnw9hDVp1H5X6oVehlOEnHAUljN WLIPvjx7n1dsDvoiIOvsKI6hrW4bevZa9Pq0G15jbcUcFb8CZQY5M6CKrXfjcVeYwJCcWNaXtuRp2Ca5JC4bDi5wYzLs54D9sWEx6j6RSjw4fw1SpdiFJtX0IwUl9OFDw2ZhCHtjPm1DevvVL8n9fOKdruFDLJcsJEjBdFuQJKoUwRulKjIDWwwIWW9q8g+lxzQTbrig3Be33yW2h9b3ibjY3DjdruziSOOfaFrbA689gW22W/2AFrMsEu2S37y+6dK+fOeXAex61TzmRmmf1TztMzLt6qNg==</latexit>

 ,uv + V (`; r) = S (`;x
µ
p ) � (r �R)

<latexit sha1_base64="gSDQj6FJvJqnyiJncRHpEe0512M=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpREpPZYEMGDhwqmLbShbLabdulmE3Y3Qgn9DV48KOLVH+TNf+M2zUFbHww83pthZp4fc6a0bX9bhbX1jc2t4nZpZ3dv/6B8eNRWUSIJdUnEI9n1saKcCepqpjntxpLi0Oe0409u5n7niUrFIvGopzH1QjwSLGAEayO51duL+/NBuWLX7AxolTg5qUCO1qD81R9GJAmp0IRjpXqOHWsvxVIzwums1E8UjTGZ4BHtGSpwSJWXZsfO0JlRhiiIpCmhUab+nkhxqNQ09E1niPVYLXtz8T+vl+ig4aVMxImmgiwWBQlHOkLzz9GQSUo0nxqCiWTmVkTGWGKiTT4lE4Kz/PIqaV/WnHqt/nBVaTbyOIpwAqdQBQeuoQl30AIXCDB4hld4s4T1Yr1bH4vWgpXPHMMfWJ8/X+6Nuw==</latexit>

(E,L)

<latexit sha1_base64="xXGB4F/enIhXPftZ6t9VeQali3g=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJUkLIrUnssePFYwW0L7VKyabYNTbJLki2Upb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2djc2t7Z7ewV9w/ODw6Lp2ctnScKkJ9EvNYdUKsKWeS+oYZTjuJoliEnLbD8f3cb0+o0iyWT2aa0EDgoWQRI9hYya9MrsOrfqnsVt0F0DrxclKGHM1+6as3iEkqqDSEY627npuYIMPKMMLprNhLNU0wGeMh7VoqsaA6yBbHztClVQYoipUtadBC/T2RYaH1VIS2U2Az0qveXPzP66YmqgcZk0lqqCTLRVHKkYnR/HM0YIoSw6eWYKKYvRWREVaYGJtP0Ybgrb68Tlo3Va9WrT3elhv1PI4CnMMFVMCDO2jAAzTBBwIMnuEV3hzpvDjvzseydcPJZ87gD5zPH8wzjgI=</latexit>

(v, b)

<latexit sha1_base64="MFXSf983wB17NpastofiWkIKvuw="></latexit>

� =
Q

r

1X

`=0

X̀

m=�`

 `m(t, r)Y`m(✓,')



Alternative hybrid frequency/time-domain method

Combine frequency and time domain methods [Whittall & Barack ‘23, Barack & OL ‘22].

6

Transition

Use frequency domain (FD) data 
near periastron where we need a 
larger number of modes.

FD method automatically truncates 
number of modes based on accuracy.

When accuracy of FD drops below 
time domain (TD), use TD data.

Important for strong-field orbits at 
large velocities.



Self-force energy and angular momentum dissipation

Self-force definition:

Can split SF into conservative and dissipative pieces using symmetries about periastron:

Dissipated energy and angular momentum as integrals over the orbit:

Includes flux radiated to infinity and the horizon.

7

<latexit sha1_base64="iLQAmvlD4sMCgqBw7aRV4hu8TTQ="></latexit>

F cons
↵ (r, ṙ) = �F cons

↵ (r,�ṙ) F diss
↵ (r, ṙ) = F diss

↵ (r,�ṙ) <latexit sha1_base64="7j5MpaAZdeZobAPDaLOzPKVRvfs=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwICWRol6EghePFewHNKFMtpt26WYTdjeFEOpf8eJBEa/+EG/+G7dtDtr6YODx3gwz84KEM6Ud59taW9/Y3Nou7ZR39/YPDu2j47aKU0loi8Q8lt0AFOVM0JZmmtNuIilEAaedYHw38zsTKhWLxaPOEupHMBQsZAS0kfp2xQOejADfYn2BvQnIZMT6dtWpOXPgVeIWpIoKNPv2lzeISRpRoQkHpXquk2g/B6kZ4XRa9lJFEyBjGNKeoQIiqvx8fvwUnxllgMNYmhIaz9XfEzlESmVRYDoj0CO17M3E/7xeqsMbP2ciSTUVZLEoTDnWMZ4lgQdMUqJ5ZggQycytmIxAAtEmr7IJwV1+eZW0L2vuVa3+UK826kUcJXSCTtE5ctE1aqB71EQtRFCGntErerOerBfr3fpYtK5ZxUwF/YH1+QNb9JPp</latexit>

↵ = t,'

<latexit sha1_base64="bbO53mixvgpDQ1Xop99QIWfZN9E="></latexit>

�E1SF = �
Z 1

�1
F diss
t d⌧ �L1SF =

Z 1

�1
F diss
' d⌧

<latexit sha1_base64="JpZSwQMgi4EmHzOJTmqDFbLwLcY="></latexit>

m1
du↵

d⌧
= Q(�↵� + u↵u�)r��R =: m1qsF

↵

<latexit sha1_base64="qAVcmG9Wty5O4j25wgl9qacdX0Q="></latexit>

⌧ : Proper time

u↵ : 4-velocity

�R : Regular field



PM expansion of dissipation [Barack et al. ‘23, Jones & Ruf ‘24]

Expansion around flat space in powers of 
2PM:

3PM:

Flux radiated to the horizon appears due to monopole term.
8

<latexit sha1_base64="UZw1mSlieMeB/e6SJIkDqpHL+LI=">AAACC3icbVC7SgNBFJ2NrxhfUUubIUGwCrsSNI0QsLGMYB6QLGF2cjcZMvtg5q4YlvQ2/oqNhSK2/oCdf+Mk2UITDwwczjmXO/d4sRQabfvbyq2tb2xu5bcLO7t7+wfFw6OWjhLFockjGamOxzRIEUITBUroxApY4Eloe+Prmd++B6VFFN7hJAY3YMNQ+IIzNFK/WFJ9Qa9oD+EBUzUXmaQ8At9kBISop/1i2a7Yc9BV4mSkTDI0+sWv3iDiSWCmuWRadx07RjdlCgWXMC30Eg0x42M2hK6hIQtAu+n8lik9NcqA+pEyL0Q6V39PpCzQehJ4JhkwHOllbyb+53UT9GtuKsI4QQj5YpGfSIoRnRVDB0IBRzkxhHElzF8pHzHFOJr6CqYEZ/nkVdI6rzgXlepttVyvZXXkyQkpkTPikEtSJzekQZqEk0fyTF7Jm/VkvVjv1scimrOymWPyB9bnD1FEmzo=</latexit>

ri = rational coe�cients Flux to infinity

Flux to horizon

<latexit sha1_base64="/sGyenH858A3N/OHZh2eRvcdFK0="></latexit>

v : Velocity at infinity

b : Impact parameter

<latexit sha1_base64="dveZi0EPZ93Hh4uar2zdy2TbT58=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FSSIrUXoaCCF6GCbYUmhM120y7d3YTdjVBiD/4VLx4U8erf8Oa/cdvmoK0PBh7vzTAzL0wYVdpxvq3C0vLK6lpxvbSxubW9Y+/utVWcSkxaOGaxvA+RIowK0tJUM3KfSIJ4yEgnHF5M/M4DkYrG4k6PEuJz1Bc0ohhpIwX2gXdJmEbwKsg8yWG1eTOG59AJ7LJTcaaAi8TNSRnkaAb2l9eLccqJ0Jghpbquk2g/Q1JTzMi45KWKJAgPUZ90DRWIE+Vn0/vH8NgoPRjF0pTQcKr+nsgQV2rEQ9PJkR6oeW8i/ud1Ux3V/YyKJNVE4NmiKGVQx3ASBuxRSbBmI0MQltTcCvEASYS1iaxkQnDnX14k7WrFrVVqt6flRj2PowgOwRE4AS44Aw1wDZqgBTB4BM/gFbxZT9aL9W59zFoLVj6zD/7A+vwBYmOUYQ==</latexit>

�E2PM = 0

<latexit sha1_base64="GQlXL61CJaIDVIbsuXxNaNgbrWc="></latexit>

�L2PM =
2(1 + v2)

3(1� v2)

Gm2

b

<latexit sha1_base64="Whb/GruMxyXmHSUHCyT2X7a7RO0="></latexit>

�E3PM =

✓
r1 + r2 arctanh (v) + r3 log


1

2

✓
1p

1� v2
+ 1

◆�
+

⇡

2

vp
1� v2

◆✓
Gm2

b

◆3

<latexit sha1_base64="h91TByUD/bewuKRtPWEzChnyiYk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEao8FD3qsYm2hDWWznbRLN5uwuxFK6T/w4kERr/4jb/4bt20O2vpg4PHeDDPzwlRwbTzv2ymsrW9sbhW3Szu7e/sH5cOjR51kimGTJSJR7ZBqFFxi03AjsJ0qpHEosBWOrmd+6wmV5ol8MOMUg5gOJI84o8ZK9zdur1zxXG8Oskr8nFQgR6NX/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzSKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMVAsmXKaZQckWi6JMEJOQ2dukzxUyI8aWUKa4vZWwIVWUGRtOyYbgL7+8Sh4vXL/qVu8uK/VaHkcRTuAUzsGHK6jDLTSgCQwieIZXeHNGzovz7nwsWgtOPnMMf+B8/gAHd40E</latexit>

G.

<latexit sha1_base64="VMsOmTTFUzpbdw2BuFyzE/xghZY="></latexit>

�L3PM = �L2PM +

✓
r3 + r4 arctanh (v) + r6 log


1

2

✓
1p

1� v2
+ 1

◆�◆✓
Gm2

b

◆2



Energy flux comparison

9



Angular momentum flux comparison

10



Scattering angle:

Can get dissipative angle directly from radiated fluxes:

Self-force correction to the scattering angle [Barack & OL ‘22]

11

Functions of geodesics

<latexit sha1_base64="KPfYCNRIOwphKBUVx4v1tEqbIb4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEao8FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NCQRG1Vrbt1dAK0TryA1KNAeVb+G45ikgkpDONZ64LmJ8TOsDCOczivDVNMEkyme0IGlEguq/Wxx6xxdWGWMwljZkgYt1N8TGRZaz0RgOwU2kV71cvE/b5CasOlnTCapoZIsF4UpRyZG+eNozBQlhs8swUQxeysiEVaYGBtPxYbgrb68TrpXde+m3ni4rrWaRRxlOINzuAQPbqEF99CGDhCI4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gD/6Y4y</latexit>�
<latexit sha1_base64="g0Di57PryXi5nbWINIRrruC4eMQ=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAbBKuyKL6wCNtpFMA9IljA7uUmGzD6YuSuGJY2Nv2JjoYit/2Dn3zhJttDEAwOHc+7lzD1+LIVGx/m2cguLS8sr+dXC2vrG5pa9vVPTUaI4VHkkI9XwmQYpQqiiQAmNWAELfAl1f3A19uv3oLSIwjscxuAFrBeKruAMjdS29316SVsID5jSmyBmHGnMFAsAQY3adtEpORPQeeJmpEgyVNr2V6sT8SSAELlkWjddJ0YvZQoFlzAqtBINJmPAetA0NDQ52ksnV4zooVE6tBsp80KkE/X3RsoCrYeBbyYDhn09643F/7xmgt0LLxVhnCCEfBrUTSTFiI4roR2hgKMcGsK4EuavlPdNCdx0oAumBHf25HlSOy65Z6XT25NiuZTVkSd75IAcEZeckzK5JhVSJZw8kmfySt6sJ+vFerc+pqM5K9vZJX9gff4AtzOYDQ==</latexit>

b : Impact parameter

<latexit sha1_base64="z/y1wResuD5cgM9XCDjEdNx6q+M="></latexit>

�� =
X

±

Z 1

rmin

⇥
G±
E (r)F±

t � G±
L (r)F±

'

⇤
dr

Incoming/outgoing leg

Functions of geodesics

<latexit sha1_base64="LMvA0oSYh5QgZhkmwb4Bz5+BXbw=">AAACE3icbVDLSsNAFJ3UV62vqks3g0WoFkIiUgsiFNy4rGAf0MQwmUzaoZOHMxOhhP6DG3/FjQtF3Lpx5984TbPQ1gOXezjnXmbucWNGhTSMb62wtLyyulZcL21sbm3vlHf3OiJKOCZtHLGI91wkCKMhaUsqGenFnKDAZaTrjq6mfveBcEGj8FaOY2IHaBBSn2IkleSUTyw8pPASTttdWjWOJzV47whoXUDLI0yizK9BXdedcsXQjQxwkZg5qYAcLaf8ZXkRTgISSsyQEH3TiKWdIi4pZmRSshJBYoRHaED6ioYoIMJOs5sm8EgpHvQjriqUMFN/b6QoEGIcuGoyQHIo5r2p+J/XT6TfsFMaxokkIZ495CcMyghOA4Ie5QRLNlYEYU7VXyEeIo6wVDGWVAjm/MmLpHOqm3W9fnNWaTbyOIrgAByCKjDBOWiCa9ACbYDBI3gGr+BNe9JetHftYzZa0PKdffAH2ucPBfGbFA==</latexit>

� = �(0) + qs ��+ ...

Geodesic

<latexit sha1_base64="E8zRS+1AcSUkXulWTwqGx9M7BQk="></latexit>

��diss =
1

2
(↵EE �E1SF + ↵LL�L1SF)



Scattering angle results:      [Barack & OL ‘22]
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<latexit sha1_base64="s0QLPkxPx2mCSSoB4AdxBXycH8I=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCKktJEI+OlVgYi0QfUhMqx3Faq44T2Q5SlWbhV1gYQIiVz2Djb3DaDFA40r06Oude2fd4MaNSWdaXUVpaXlldK69XNja3tnfM3b2OjBKBSRtHLBI9D0nCKCdtRRUjvVgQFHqMdL3xde53H4iQNOJ3ahITN0RDTgOKkdLSwDyYOj5hCjl4RE/zdp/WrJNsOjCrVt2aAf4ldkGqoEBrYH46foSTkHCFGZKyb1uxclMkFMWMZBUnkSRGeIyGpK8pRyGRbjo7IIPHWvFhEAldXMGZ+nMjRaGUk9DTkyFSI7no5eJ/Xj9RQcNNKY8TRTiePxQkDKoI5mlAnwqCFZtogrCg+q8Qj5BAWOnMKjoEe/Hkv6RzVrcv6xe359Vmo4ijDA7BEagBG1yBJrgBLdAGGGTgCbyAV+PReDbejPf5aMkodvbBLxgf3yFrlhU=</latexit> |�
�
/�

(0
) |

<latexit sha1_base64="0n032e4uPcXGK9P6fflqOT6LrM0=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiCXcJKkcSLx4xcYEENqRbutDQdjdt14Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZv7nSeqNIvlo5kmNBB4JFnECDZW8sMrMagNyhW36i6A1omXkwrkaA3KX/1hTFJBpSEca93z3MQEGVaGEU5npX6qaYLJBI9oz1KJBdVBtjh2hi6sMkRRrGxJgxbq74kMC62nIrSdApuxXvXm4n9eLzVRI8iYTFJDJVkuilKOTIzmn6MhU5QYPrUEE8XsrYiMscLE2HxKNgRv9eV10q5VvZvq9UO90mzkcRThDM7hEjy4hSbcQwt8IMDgGV7hzZHOi/PufCxbC04+cwp/4Hz+ACRqjjs=</latexit>

b/m2

<latexit sha1_base64="fP+s/MNA6vfHwcmiXSqugqF2/nc=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9wNPnIMePEYwTwgWZbZySQZMjO7zMwKccmXePGgiFc/xZt/4yTZgyYWNBRV3XR3RQln2njet7O2vrG5tV3YKe7u7R+U3MOjlo5TRWiTxDxWnQhrypmkTcMMp51EUSwiTtvR+Hbmtx+p0iyWD2aS0EDgoWQDRrCxUuiWVJj1lECCyemFCKuhW/Yq3hxolfg5KUOORuh+9foxSQWVhnCsddf3EhNkWBlGOJ0We6mmCSZjPKRdSyUWVAfZ/PApOrNKHw1iZUsaNFd/T2RYaD0Rke0U2Iz0sjcT//O6qRnUgozJJDVUksWiQcqRidEsBdRnihLDJ5Zgopi9FZERVpgYm1XRhuAvv7xKWtWKf125ur8s12t5HAU4gVM4Bx9uoA530IAmEEjhGV7hzXlyXpx352PRuubkM8fwB87nD01UktY=</latexit>

rmin/m2

<latexit sha1_base64="OxT50QOb0yxieuReFvU3cmnj/c4=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDc1KfUBbgpuXFawD2himEwm7dCZSZiZCKV046+4caGIWz/DnX/jtM1CqwcuHM65l3vvCVNGlXacL6uwtLyyulZcL21sbm3v2Lt7bZVkEpMWTlgiuyFShFFBWppqRrqpJIiHjHTC4fXU7zwQqWgi7vQoJT5HfUFjipE2UmAfeBFhGnl4QKF3BSvhKQ9qJ/e1wC47VWcG+Je4OSmDHM3A/vSiBGecCI0ZUqrnOqn2x0hqihmZlLxMkRThIeqTnqECcaL88eyBCTw2SgTjRJoSGs7UnxNjxJUa8dB0cqQHatGbiv95vUzHl/6YijTTROD5ojhjUCdwmgaMqCRYs5EhCEtqboV4gCTC2mRWMiG4iy//Je1a1T2vnt3Wy416HkcRHIIjUAEuuAANcAOaoAUwmIAn8AJerUfr2Xqz3uetBSuf2Qe/YH18AybHlMo=</latexit> ��
(b
/m

2
)2

<latexit sha1_base64="6Xbtq+rR+KbFiX/0Y10OeemE+6c=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyWR+lgW3LisYB/QxDKZTNqh8wgzE6GEgr/ixoUibv0Od/6N0zYLbT1w4XDOvdx7T5Qyqo3nfTulldW19Y3yZmVre2d3z90/aGuZKUxaWDKpuhHShFFBWoYaRrqpIohHjHSi0c3U7zwSpakU92ackpCjgaAJxchYqe8eBTFhBgV4SB/yQHGIpdCTvlv1at4McJn4BamCAs2++xXEEmecCIMZ0rrne6kJc6QMxYxMKkGmSYrwCA1Iz1KBONFhPjt/Ak+tEsNEKlvCwJn6eyJHXOsxj2wnR2aoF72p+J/Xy0xyHeZUpJkhAs8XJRmDRsJpFjCmimDDxpYgrKi9FeIhUggbm1jFhuAvvrxM2uc1/7J2cVevNupFHGVwDE7AGfDBFWiAW9AELYBBDp7BK3hznpwX5935mLeWnGLmEPyB8/kDhwyV0w==</latexit>

��cons

<latexit sha1_base64="W5fHJR/af81SEHOsB6AjibujY+Q=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoi9bEsuHFZwT6giWUymbRDJ5MwMxFKKPgrblwo4tbvcOffOG2z0NYDFw7n3Mu99wQpZ0o7zrdVWlldW98ob1a2tnd29+z9g7ZKMkloiyQ8kd0AK8qZoC3NNKfdVFIcB5x2gtHN1O88UqlYIu71OKV+jAeCRYxgbaS+feSFlGvskSF7yD0Zo5ApNenbVafmzICWiVuQKhRo9u0vL0xIFlOhCcdK9Vwn1X6OpWaE00nFyxRNMRnhAe0ZKnBMlZ/Pzp+gU6OEKEqkKaHRTP09keNYqXEcmM4Y66Fa9Kbif14v09G1nzORZpoKMl8UZRzpBE2zML9KSjQfG4KJZOZWRIZYYqJNYhUTgrv48jJpn9fcy9rFXb3aqBdxlOEYTuAMXLiCBtxCE1pAIIdneIU368l6sd6tj3lrySpmDuEPrM8fhwiV0w==</latexit>

��diss

<latexit sha1_base64="nbfjtzWby4LRGR+qZQvt4uwoIZY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSP44FLx4r2A9sQtlsNu3SzSbsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBVco+N8W6W19Y3NrfJ2ZWd3b/+genjU0UmmKGvTRCSqFxDNBJesjRwF66WKkTgQrBuMb2d+94kpzRP5gJOU+TEZSh5xStBIj17IBBKPjvigWnPqzhz2KnELUoMCrUH1ywsTmsVMIhVE677rpOjnRCGngk0rXqZZSuiYDFnfUElipv18fvHUPjNKaEeJMiXRnqu/J3ISaz2JA9MZExzpZW8m/uf1M4xu/JzLNEMm6WJRlAkbE3v2vh1yxSiKiSGEKm5utemIKELRhFQxIbjLL6+SzkXdvapf3jdqzUYRRxlO4BTOwYVraMIdtKANFCQ8wyu8Wdp6sd6tj0VrySpmjuEPrM8fjqGQ0A==</latexit>

��

<latexit sha1_base64="PX/64IZt1nnNWHUSbPjRU08txI8=">AAACAHicbVC7TsMwFHV4lvIKMDCwWFRITFUC5TFWYmEsEn1ITYgcx2mt2k5kO0hVlIVfYWEAIVY+g42/wW0zQMuRLB2dc6+uzwlTRpV2nG9raXlldW29slHd3Nre2bX39jsqySQmbZywRPZCpAijgrQ11Yz0UkkQDxnphqObid99JFLRRNzrcUp8jgaCxhQjbaTAPvQiwjTy8JA+5J7kMKJKFcF5YNecujMFXCRuSWqgRCuwv7wowRknQmOGlOq7Tqr9HElNMSNF1csUSREeoQHpGyoQJ8rPpwEKeGKUCMaJNE9oOFV/b+SIKzXmoZnkSA/VvDcR//P6mY6v/ZyKNNNE4NmhOGNQJ3DShkkrCdZsbAjCkpq/QjxEEmFtOquaEtz5yIukc1Z3L+sXd41as1HWUQFH4BicAhdcgSa4BS3QBhgU4Bm8gjfryXqx3q2P2eiSVe4cgD+wPn8Av8qWeQ==</latexit>

��diss
3

<latexit sha1_base64="QvEyp/QgxMpSv529t38LDyVvhRQ=">AAAB83icbVDJSgNBEO2JW4xb1KOXxiB4CjMhLseAF48RzAKZIfT01CRNeha6a4Qw5De8eFDEqz/jzb+xk8xBEx8UPN6roqqen0qh0ba/rdLG5tb2Tnm3srd/cHhUPT7p6iRTHDo8kYnq+0yDFDF0UKCEfqqARb6Enj+5m/u9J1BaJPEjTlPwIjaKRSg4QyO5bgASmcvHYtgYVmt23V6ArhOnIDVSoD2sfrlBwrMIYuSSaT1w7BS9nCkUXMKs4mYaUsYnbAQDQ2MWgfbyxc0zemGUgIaJMhUjXai/J3IWaT2NfNMZMRzrVW8u/ucNMgxvvVzEaYYQ8+WiMJMUEzoPgAZCAUc5NYRxJcytlI+ZYhxNTBUTgrP68jrpNurOdf3qoVlrNYs4yuSMnJNL4pAb0iL3pE06hJOUPJNX8mZl1ov1bn0sW0tWMXNK/sD6/AG8rZF1</latexit>

��2

<latexit sha1_base64="3RGkJtw92V3/my2h/xWdddjHSzY=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8LbvB10WIePEYwU0CyRJmJ7PJkNmZZWY2EJaAf+DFgyJe/SBv/o2Tx0ETCxqKqm66u6KUM20879tZWV1b39gsbBW3d3b39ksHh3UtM0VoQCSXqhlhTTkTNDDMcNpMFcVJxGkjGtxN/MaQKs2keDSjlIYJ7gkWM4KNlYLhjedWOqWy53pToGXiz0kZ5qh1Sl/triRZQoUhHGvd8r3UhDlWhhFOx8V2pmmKyQD3aMtSgROqw3x67BidWqWLYqlsCYOm6u+JHCdaj5LIdibY9PWiNxH/81qZia/DnIk0M1SQ2aI448hINPkcdZmixPCRJZgoZm9FpI8VJsbmU7Qh+IsvL5N6xfUv3YuH83L19mkWRwGO4QTOwIcrqMI91CAAAgye4RXeHOG8OO/Ox6x1xZlHeAR/4Hz+ANmvjng=</latexit>

v = 0.2

<latexit sha1_base64="tCT3LW+MmkVLRw/FCNEg7zEr0CA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKjxwDXjxGNA9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHoI+65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6KYc3PhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2Lqnddvbq/rNRreRxFOIFTOAcPbqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AE2Mo28</latexit>

bc



Scattering angle correction: PM expansion [Barack et al. ’23]

Expansion around flat space:

2PM [Gralla & Lobo ‘22]:

3PM:

4PM dissipative:

13
<latexit sha1_base64="UZw1mSlieMeB/e6SJIkDqpHL+LI=">AAACC3icbVC7SgNBFJ2NrxhfUUubIUGwCrsSNI0QsLGMYB6QLGF2cjcZMvtg5q4YlvQ2/oqNhSK2/oCdf+Mk2UITDwwczjmXO/d4sRQabfvbyq2tb2xu5bcLO7t7+wfFw6OWjhLFockjGamOxzRIEUITBUroxApY4Eloe+Prmd++B6VFFN7hJAY3YMNQ+IIzNFK/WFJ9Qa9oD+EBUzUXmaQ8At9kBISop/1i2a7Yc9BV4mSkTDI0+sWv3iDiSWCmuWRadx07RjdlCgWXMC30Eg0x42M2hK6hIQtAu+n8lik9NcqA+pEyL0Q6V39PpCzQehJ4JhkwHOllbyb+53UT9GtuKsI4QQj5YpGfSIoRnRVDB0IBRzkxhHElzF8pHzHFOJr6CqYEZ/nkVdI6rzgXlepttVyvZXXkyQkpkTPikEtSJzekQZqEk0fyTF7Jm/VkvVjv1scimrOymWPyB9bnD1FEmzo=</latexit>

ri = rational coe�cients

LO

NLO

<latexit sha1_base64="LbY5qOHQAjEevI/Pfl1/+0kgOJQ=">AAACCnicbVA7T8MwGHR4lvIKMLIYKiSmKql4dEGqxMJYJPqQmhA5jtNadZzIdpCqKDMLf4WFAYRY+QVs/BvcNAO0nGT5dPd9su/8hFGpLOvbWFpeWV1br2xUN7e2d3bNvf2ujFOBSQfHLBZ9H0nCKCcdRRUj/UQQFPmM9Pzx9dTvPRAhaczv1CQhboSGnIYUI6UlzzxyAsIUcvCIepkjItjI74s7oFLm8Apanlmz6lYBuEjsktRAibZnfjlBjNOIcIUZknJgW4lyMyQUxYzkVSeVJEF4jIZkoClHEZFuVkTJ4YlWAhjGQh+uYKH+3shQJOUk8vVkhNRIzntT8T9vkKqw6WaUJ6kiHM8eClMGVQynvei8gmDFJpogLKj+K8QjJBBWur2qLsGej7xIuo26fVE/vz2rtZplHRVwCI7BKbDBJWiBG9AGHYDBI3gGr+DNeDJejHfjYza6ZJQ7B+APjM8fJzaZ4A==</latexit>

��diss
2 = 0

<latexit sha1_base64="5UlLria+VfTuSHGPldoM0BcInnI="></latexit>

��cons
2 = �⇡

4

⇣m2

b

⌘2

<latexit sha1_base64="RVAfUuf0dr5aZ7BHufs4kGes0bs="></latexit>

��cons
3 = �

4
�
3� v2

�

3v2
p
1� v2

⇣m2

b

⌘3

<latexit sha1_base64="L0DunNA2/6aBU0kmp2aDfqxuiXY="></latexit>

��diss
3 =

2
�
v2 + 1

�2

3v3
p
1� v2

⇣m2

b

⌘3

<latexit sha1_base64="DOix9guQKD2mamdd47WEz+GkVOo="></latexit>

��diss
4 =

✓
r1 + r2 arcsech

⇣p
1� v2

⌘
+ r3 log


1

2

✓
1p

1� v2
+ 1

◆�◆⇣m2

b

⌘4

<latexit sha1_base64="sJgt7f+G+MeuIomm56AFz9sPB8Y="></latexit>

��PM =
1X

i=0

��i

✓
Gm2

b

◆i



Weak-field orbits
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Conservative:             [Barack et al. ’23]
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<latexit sha1_base64="D73ghsKcowGis2bvkI0Tinv3NHM=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgadkVXxch4sVjBDcJJEuYncwmQ2ZnlpnZQFgC/oEXD4p49YO8+TdOHgdNLGgoqrrp7opSzrTxvG+nsLK6tr5R3Cxtbe/s7pX3D+paZorQgEguVTPCmnImaGCY4bSZKoqTiNNGNLib+I0hVZpJ8WhGKQ0T3BMsZgQbKwXDG8+96JQrnutNgZaJPycVmKPWKX+1u5JkCRWGcKx1y/dSE+ZYGUY4HZfamaYpJgPcoy1LBU6oDvPpsWN0YpUuiqWyJQyaqr8ncpxoPUoi25lg09eL3kT8z2tlJr4OcybSzFBBZovijCMj0eRz1GWKEsNHlmCimL0VkT5WmBibT8mG4C++vEzqZ65/6Z4/nFeqt0+zOIpwBMdwCj5cQRXuoQYBEGDwDK/w5gjnxXl3PmatBWce4SH8gfP5A93pjno=</latexit>

v = 0.5

60 80 100 120
5.×10-7
1.×10-6

5.×10-6
1.×10-5

5.×10-5
1.×10-4

40 50 60 70 80 90 100

<latexit sha1_base64="0n032e4uPcXGK9P6fflqOT6LrM0=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiCXcJKkcSLx4xcYEENqRbutDQdjdt14Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZv7nSeqNIvlo5kmNBB4JFnECDZW8sMrMagNyhW36i6A1omXkwrkaA3KX/1hTFJBpSEca93z3MQEGVaGEU5npX6qaYLJBI9oz1KJBdVBtjh2hi6sMkRRrGxJgxbq74kMC62nIrSdApuxXvXm4n9eLzVRI8iYTFJDJVkuilKOTIzmn6MhU5QYPrUEE8XsrYiMscLE2HxKNgRv9eV10q5VvZvq9UO90mzkcRThDM7hEjy4hSbcQwt8IMDgGV7hzZHOi/PufCxbC04+cwp/4Hz+ACRqjjs=</latexit>

b/m2

<latexit sha1_base64="fP+s/MNA6vfHwcmiXSqugqF2/nc=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9wNPnIMePEYwTwgWZbZySQZMjO7zMwKccmXePGgiFc/xZt/4yTZgyYWNBRV3XR3RQln2njet7O2vrG5tV3YKe7u7R+U3MOjlo5TRWiTxDxWnQhrypmkTcMMp51EUSwiTtvR+Hbmtx+p0iyWD2aS0EDgoWQDRrCxUuiWVJj1lECCyemFCKuhW/Yq3hxolfg5KUOORuh+9foxSQWVhnCsddf3EhNkWBlGOJ0We6mmCSZjPKRdSyUWVAfZ/PApOrNKHw1iZUsaNFd/T2RYaD0Rke0U2Iz0sjcT//O6qRnUgozJJDVUksWiQcqRidEsBdRnihLDJ5Zgopi9FZERVpgYm1XRhuAvv7xKWtWKf125ur8s12t5HAU4gVM4Bx9uoA530IAmEEjhGV7hzXlyXpx352PRuubkM8fwB87nD01UktY=</latexit>

rmin/m2



PM expansion with free parameters:

Up to 3PM can fit value or use 
analytic value.

<latexit sha1_base64="niZYihAE7lq66GymPF6M8oGxDYE="></latexit>

��cons =
a2
b2

+
a3
b3

+
a4
b4

+
a5
b5

+ ...

Extraction of high-order conservative PM results [Barack et al. ’23]
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<latexit sha1_base64="AZRlSyV9iD7gLZbrdc+Ic8UkXk4=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFkPAKtxJiCksAjaWEcwHJEfY2+wlS3b3jt09IRz5CzYWitj6h+z8N+4lV2jig4HHezPMzAtizrRx3W+nsLW9s7tX3C8dHB4dn5RPz7o6ShShHRLxSPUDrClnknYMM5z2Y0WxCDjtBbO7zO89UaVZJB/NPKa+wBPJQkawyaRbb1gdlStuzV0CbRIvJxXI0R6Vv4bjiCSCSkM41nrgubHxU6wMI5wuSsNE0xiTGZ7QgaUSC6r9dHnrAlWtMkZhpGxJg5bq74kUC63nIrCdApupXvcy8T9vkJiw6adMxomhkqwWhQlHJkLZ42jMFCWGzy3BRDF7KyJTrDAxNp6SDcFbf3mTdK9rXqNWf6hXWs08jiJcwCVcgQc30IJ7aEMHCEzhGV7hzRHOi/PufKxaC04+cw5/4Hz+AAk/jY8=</latexit>

< 1%
<latexit sha1_base64="5+QYUMvw/vVzuMQ69RW8HhKxg1g=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LJaCp5JI0R4LXjxWsB/QhLLZbtqlu5uwuxFK6I/w4kERr/4eb/4bt2kO2vpg4PHeDDPzwoQzbVz32yltbe/s7pX3KweHR8cn1dOzno5TRWiXxDxWgxBrypmkXcMMp4NEUSxCTvvh7G7p95+o0iyWj2ae0EDgiWQRI9hYqe9rJjy/PqrW3IabA20SryA1KNAZVb/8cUxSQaUhHGs99NzEBBlWhhFOFxU/1TTBZIYndGipxILqIMvPXaC6VcYoipUtaVCu/p7IsNB6LkLbKbCZ6nVvKf7nDVMTtYKMySQ1VJLVoijlyMRo+TsaM0WJ4XNLMFHM3orIFCtMjE2oYkPw1l/eJL3rhnfTaD40a+1WEUcZLuASrsCDW2jDPXSgCwRm8Ayv8OYkzovz7nysWktOMXMOf+B8/gCh448W</latexit>

⇠ 1%
<latexit sha1_base64="4Unh00+4BBTQERVZIrvz+3o3Q/U=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2VXWttjwYvHCvZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9u533miSrNIPphpTH2BR5KFjGBjpce+ZgJdebXqoFhyy+4CaJ14GSlBhuag+NUfRiQRVBrCsdY9z42Nn2JlGOF0VugnmsaYTPCI9iyVWFDtp4uDZ+jCKkMURsqWNGih/p5IsdB6KgLbKbAZ61VvLv7n9RIT1v2UyTgxVJLlojDhyERo/j0aMkWJ4VNLMFHM3orIGCtMjM2oYEPwVl9eJ+3rsndTrt5XSo16FkcezuAcLsGDGjTgDprQAgICnuEV3hzlvDjvzseyNedkM6fwB87nD0Uyj2M=</latexit>⇠ �175

<latexit sha1_base64="cFw+SE1TrXgEKKFaz4W0zsLf4bU=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKjxwEA148RjAPSJYwO5lNhszOLjO9Qgj5CC8eFPHq93jzb5wke9DEgoaiqpvuriCRwqDrfjsrq2vrG5u5rfz2zu7efuHgsGHiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGN5N/eYT10bE6hFHCfcj2lciFIyilZo3xCWl27NuoeiW3RnIMvEyUoQMtW7hq9OLWRpxhUxSY9qem6A/phoFk3yS76SGJ5QNaZ+3LVU04sYfz86dkFOr9EgYa1sKyUz9PTGmkTGjKLCdEcWBWfSm4n9eO8Ww4o+FSlLkis0XhakkGJPp76QnNGcoR5ZQpoW9lbAB1ZShTShvQ/AWX14mjfOyd1W+fLgoVitZHDk4hhMogQfXUIV7qEEdGAzhGV7hzUmcF+fd+Zi3rjjZzBH8gfP5A/DSjfw=</latexit>

< 0(?)



<latexit sha1_base64="wj0IqKZwlb7/2qydCpOIGyfVRMw="></latexit>

��cons
4 =

 
r1 + r2 arccosh

✓
1p

1� v2

◆
+ r3 arccosh

✓
1p

1� v2

◆2

+ r4E

 
�v2 + 2

p
1� v2 � 2

v2

!2

+ r5K

 
�v2 + 2

p
1� v2 � 2

v2

!
E

 
�v2 + 2

p
1� v2 � 2

v2

!
+ r6K

 
�v2 + 2

p
1� v2 � 2

v2

!2

+ r7 log

✓
v

2
p
1� v2

◆
+ r8 log

✓
v

2
p
1� v2

◆
arccosh

✓
1p

1� v2

◆

+ r9 log

✓
v

2
p
1� v2

◆
log

✓
1

2

✓
1p

1� v2
+ 1

◆◆
+ r10 log

✓
1

2

✓
1p

1� v2
+ 1

◆◆

+ r11 log
2

✓
1

2

✓
1p

1� v2
+ 1

◆◆
+ r12 ↵+ r13

�

v2
+ r4 log(b)

!⇣m2

b

⌘4

Scattering angle: 4PM conservative [Barack et al. ’23]
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Free coefficients

Elliptic integrals

Log term
<latexit sha1_base64="UZw1mSlieMeB/e6SJIkDqpHL+LI=">AAACC3icbVC7SgNBFJ2NrxhfUUubIUGwCrsSNI0QsLGMYB6QLGF2cjcZMvtg5q4YlvQ2/oqNhSK2/oCdf+Mk2UITDwwczjmXO/d4sRQabfvbyq2tb2xu5bcLO7t7+wfFw6OWjhLFockjGamOxzRIEUITBUroxApY4Eloe+Prmd++B6VFFN7hJAY3YMNQ+IIzNFK/WFJ9Qa9oD+EBUzUXmaQ8At9kBISop/1i2a7Yc9BV4mSkTD I0+sWv3iDiSWCmuWRadx07RjdlCgWXMC30Eg0x42M2hK6hIQtAu+n8lik9NcqA+pEyL0Q6V39PpCzQehJ4JhkwHOllbyb+53UT9GtuKsI4QQj5YpGfSIoRnRVDB0IBRzkxhHElzF8pHzHFOJr6CqYEZ/nkVdI6rzgXlepttVyvZXXkyQkpkTPikEtSJzekQZqEk0fyTF7Jm/VkvVjv1scimrOymWPyB9bnD1FEmzo=</latexit>

ri = rational coe�cients

�1

�2 �2

�1

(a)

�1

�2 �2

�1

(b)

�1

�2 �2

�1

(c)

Figure 2: Representative diagrams at O(Q2) and at (a) 2PM, (b) 3PM, and (c) 4PM orders.

3PM

4PM

Sing glory to vast improvement from using EOB improved fits [61,62]

 

�2 �2

 

Figure 3: The tidal operators that mix with the scalar model. In the language of quantum field theory
these are counterterms.

�1

�2 �2

�1

Figure 4: The counterterm tidal operator that mixes with the scalar model.

4.2 Finite-size Effect

A novel feature of the scalar model is that the finite-size effect appears at lower order than GR.
As the explicit calculation shows, the conservative scattering at 4PM of the minimally coupled
model does have 1/✏ divergence even after including the tail contribution. We can identify this
divergence in the scattering of  off the massive �2 at 3PM, where the result in minimal model
can have short-distanced divergence that can be absorbed by the Wilson coefficients c1, c2. The

5



Extraction of high-order conservative PM results [Barack et al. ’23]

Subtract known analytic parts of conservative 4PM:

   are Wilson coefficients.
Expect              [Ivanov & Zhou ‘22]
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<latexit sha1_base64="SE5BCoOKFagb9azq8G34YwqoDvM=">AAAB6nicjVDLSgNBEOyNrxhfUY9eBoPgKewGHzkGvHiMaB6QLGF20psMmZ1dZmaFsOQTvHhQxKtf5M2/cbLJQUXBgoaiqpvuriARXBvX/XAKK6tr6xvFzdLW9s7uXnn/oK3jVDFssVjEqhtQjYJLbBluBHYThTQKBHaCydXc79yj0jyWd2aaoB/RkeQhZ9RY6ZYNaoNyxau6OcjfpAJLNAfl9/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1n+akzcmKVIQljZUsakqtfJzIaaT2NAtsZUTPWP725+JvXS01Y9zMuk9SgZItFYSqIicn8bzLkCpkRU0soU9zeStiYKsqMTaf0vxDatap3UT2/Oas06ss4inAEx3AKHlxCA66hCS1gMIIHeIJnRziPzovzumgtOMuZQ/gG5+0T8cqNjw==</latexit>c2

Fixed (Fitting error)

<latexit sha1_base64="COfYB9hZck2E4gZogN1ALxQRVR8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEj16EghePFUxbaEPZbCft0s0m7G6EUvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKmTTDH0WSIS1Q6pRsEl+oYbge1UIY1Dga1wdDfzW0+oNE/koxmnGMR0IHnEGTVW8lnPu3V75Ypbdecgq8TLSQVyNHrlr24/YVmM0jBBte54bmqCCVWGM4HTUjfTmFI2ogPsWCppjDqYzI+dkjOr9EmUKFvSkLn6e2JCY63HcWg7Y2qGetmbif95ncxEtWDCZZoZlGyxKMoEMQmZfU76XCEzYmwJZYrbWwkbUkWZsfmUbAje8surpHlR9a6rVw+XlXotj6MIJ3AK5+DBDdThHhrgAwMOz/AKb450Xpx352PRWnDymWP4A+fzB90Zjgw=</latexit>

c1 = 0

<latexit sha1_base64="w4WK0msfsrGGA5j7yY1fDsc/inM=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYFFclaT46LLgxmUF+4A2hMl00g6dTMLMjVpiP8WNC0Xc+iXu/BunbRbaeuDC4Zx7ufeeIBFcg+N8Wyura+sbm4Wt4vbO7t6+XTpo6ThVlDVpLGLVCYhmgkvWBA6CdRLFSBQI1g5G11O/fc+U5rG8g3HCvIgMJA85JWAk3y5R3+0Be4QM907xhPpV3y47FWcGvEzcnJRRjoZvf/X6MU0jJo EKonXXdRLwMqKAU8EmxV6qWULoiAxY11BJIqa9bHb6BJ8YpY/DWJmSgGfq74mMRFqPo8B0RgSGetGbiv953RTCmpdxmaTAJJ0vClOBIcbTHHCfK0ZBjA0hVHFzK6ZDoggFk1bRhOAuvrxMWtWKe1m5uD0v12t5HAV0hI7RGXLRFaqjG9RATUTRA3pGr+jNerJerHfrY966YuUzh+gPrM8f4seTFw==</latexit>

c1 & c2

<latexit sha1_base64="HOYB+UFmj0Drz3Eh2Bk95LqyvJQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe6KjxwDXrwIEc0DkiXMTjrJkNnZZWZWCEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDP1m0+oNI/koxnH6Id0IHmfM2qs9BCc3XWLJbfszkCWiZeREmSodYtfnV7EkhClYYJq3fbc2PgpVYYzgZNCJ9EYUzaiA2xbKmmI2k9np07IiVV6pB8pW9KQmfp7IqWh1uMwsJ0hNUO96E3F/7x2YvoVP+UyTgxKNl/UTwQxEZn+TXpcITNibAllittbCRtSRZmx6RRsCN7iy8ukcV72rsqX9xelaiWLIw9HcAyn4ME1VOEWalAHBgN4hld4c4Tz4rw7H/PWnJPNHMIfOJ8/y9uNdg==</latexit>

b/M
<latexit sha1_base64="ybhN5OkcAtD1btPo5pQ+reAs+cQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kttnoRCl68CBXsB7RLyabZNjabLElWKEv/gxcPinj1/3jz35i2e9DWBwOP92aYmRfEnGnjut9Obm19Y3Mrv13Y2d3bPygeHrW0TBShTSK5VJ0Aa8qZoE3DDKedWFEcBZy2g/HNzG8/UaWZFA9mElM/wkPBQkawsVIruPYq1bt+seSW3TnQKvEyUoIMjX7xqzeQJImoMIRjrbueGxs/xcowwum00Es0jTEZ4yHtWipwRLWfzq+dojOrDFAolS1h0Fz9PZHiSOtJFNjOCJuRXvZm4n9eNzHhlZ8yESeGCrJYFCYcGYlmr6MBU5QYPrEEE8XsrYiMsMLE2IAKNgRv+eVV0qqUvVq5en9RqrtZHHk4gVM4Bw8uoQ630IAmEHiEZ3iFN0c6L86787FozTnZzDH8gfP5Azb+jjI=</latexit>

b = 125M
<latexit sha1_base64="CyWGx0hrR5jASQg0yOt7+cI+xyc=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclYz42ggFN26ECvYB7VAyaaaNzSRDkhHK0H9w40IRt/6PO//GtJ2Fth64cDjnXu69J0wENxbjb29peWV1bb2wUdzc2t7ZLe3tN4xKNWV1qoTSrZAYJrhkdcutYK1EMxKHgjXD4c3Ebz4xbbiSD3aUsCAmfckjTol1UiO89jG+65bKuIKnQIvEz0kZctS6pa9OT9E0ZtJSQYxp+zixQUa05VSwcbGTGpYQOiR91nZUkpiZIJteO0bHTumhSGlX0qKp+nsiI7Exozh0nTGxAzPvTcT/vHZqo6sg4zJJLZN0tihKBbIKTV5HPa4ZtWLkCKGau1sRHRBNqHUBFV0I/vzLi6RxWvEvKuf3Z+UqzuMowCEcwQn4cAlVuIUa1IHCIzzDK7x5ynvx3r2PWeuSl88cwB94nz8sWY4r</latexit>

b = 100M
<latexit sha1_base64="sTcOaIRVKzX7FwY0yWqAjNhOYyE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEj16EghcvQgXTFtpQNttNu3SzCbsToZT+Bi8eFPHqD/Lmv3Hb5qDVBwOP92aYmRemUhh03S+nsLK6tr5R3Cxtbe/s7pX3D5omyTTjPktkotshNVwKxX0UKHk71ZzGoeStcHQz81uPXBuRqAccpzyI6UCJSDCKVvLD65p71ytX3Ko7B/lLvJxUIEejV/7s9hOWxVwhk9SYjuemGEyoRsEkn5a6meEpZSM64B1LFY25CSbzY6fkxCp9EiXalkIyV39OTGhszDgObWdMcWiWvZn4n9fJMKoFE6HSDLlii0VRJgkmZPY56QvNGcqxJZRpYW8lbEg1ZWjzKdkQvOWX/5LmWdW7rF7cn1fqbh5HEY7gGE7Bgyuowy00wAcGAp7gBV4d5Tw7b877orXg5DOH8AvOxzfIGI34</latexit>

b = 80M

<latexit sha1_base64="wCi026pOqrrEC3o6LjUQzxfkrR8=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNgNvo4BLx4jmAcmyzI7mU2GzM4sM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dYcKZNq777aysrq1vbBa2its7u3v7pYPDlpapIrRJJJeqE2JNORO0aZjhtJMoiuOQ03Y4up367SeqNJPiwYwT6sd4IFjECDZWeqyQwDtHJKidBaWyW3VnQMvEy0kZcjSC0levL0kaU2EIx1p3PTcxfoaVYYTTSbGXappgMsID2rVU4JhqP5tdPEGnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vG5qohs/YyJJDRVkvihKOTISTd9HfaYoMXxsCSaK2VsRGWKFibEhFW0I3uLLy6RVq3pX1cv7i3K9lsdRgGM4gQp4cA11uIMGNIGAgGd4hTdHOy/Ou/Mxb11x8pkj+APn8wdXJI9c</latexit>

(c1, c2)
<latexit sha1_base64="mPt7rZNOGhe9Y4574sKhL9CSRdo=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBAiSNgNvi5CwIvHCOYBybLMTmaTIbMzy8ysEJb8hhcPinj1Z7z5N06SPWhiQUNR1U13V5hwpo3rfjsrq2vrG5uFreL2zu7efungsKVlqghtEsml6oRYU84EbRpmOO0kiuI45LQdju6mfvuJKs2keDTjhPoxHggWMYKNlXoVEni37jkiQe0sKJXdqjsDWiZeTsqQoxGUvnp9SdKYCkM41rrruYnxM6wMI5xOir1U0wSTER7QrqUCx1T72ezmCTq1Sh9FUtkSBs3U3xMZjrUex6HtjLEZ6kVvKv7ndVMT3fgZE0lqqCDzRVHKkZFoGgDqM0WJ4WNLMFHM3orIECtMjI2paEPwFl9eJq1a1buqXj5clOu1PI4CHMMJVMCDa6jDPTSgCQQSeIZXeHNS58V5dz7mrStOPnMEf+B8/gBLVo/d</latexit>

(c1 = 0, c2)

<latexit sha1_base64="0sTVZgP0jJu5FDqGHbkpa/L1z0U="></latexit>

�4(v) := (��cons
4 � ��known

4 )b4 =
3

8
⇡m4

2

⇥
c2 + c1(5� 4/v2)

⇤
+O(1/b)
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PM comparison: Conservative               [Barack et al. ’23]
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<latexit sha1_base64="D73ghsKcowGis2bvkI0Tinv3NHM=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgadkVXxch4sVjBDcJJEuYncwmQ2ZnlpnZQFgC/oEXD4p49YO8+TdOHgdNLGgoqrrp7opSzrTxvG+nsLK6tr5R3Cxtbe/s7pX3D+paZorQgEguVTPCmnImaGCY4bSZKoqTiNNGNLib+I0hVZpJ8WhGKQ0T3BMsZgQbKwXDG8+96JQrnutNgZaJPycVmKPWKX+1u5JkCRWGcKx1y/dSE+ZYGUY4HZfamaYpJgPcoy1LBU6oDvPpsWN0YpUuiqWyJQyaqr8ncpxoPUoi25lg09eL3kT8z2tlJr4OcybSzFBBZovijCMj0eRz1GWKEsNHlmCimL0VkT5WmBibT8mG4C++vEzqZ65/6Z4/nFeqt0+zOIpwBMdwCj5cQRXuoQYBEGDwDK/w5gjnxXl3PmatBWce4SH8gfP5A93pjno=</latexit>

v = 0.5

<latexit sha1_base64="0n032e4uPcXGK9P6fflqOT6LrM0=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiCXcJKkcSLx4xcYEENqRbutDQdjdt14Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZv7nSeqNIvlo5kmNBB4JFnECDZW8sMrMagNyhW36i6A1omXkwrkaA3KX/1hTFJBpSEca93z3MQEGVaGEU5npX6qaYLJBI9oz1KJBdVBtjh2hi6sMkRRrGxJgxbq74kMC62nIrSdApuxXvXm4n9eLzVRI8iYTFJDJVkuilKOTIzmn6MhU5QYPrUEE8XsrYiMscLE2HxKNgRv9eV10q5VvZvq9UO90mzkcRThDM7hEjy4hSbcQwt8IMDgGV7hzZHOi/PufCxbC04+cwp/4Hz+ACRqjjs=</latexit>

b/m2

<latexit sha1_base64="fP+s/MNA6vfHwcmiXSqugqF2/nc=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9wNPnIMePEYwTwgWZbZySQZMjO7zMwKccmXePGgiFc/xZt/4yTZgyYWNBRV3XR3RQln2njet7O2vrG5tV3YKe7u7R+U3MOjlo5TRWiTxDxWnQhrypmkTcMMp51EUSwiTtvR+Hbmtx+p0iyWD2aS0EDgoWQDRrCxUuiWVJj1lECCyemFCKuhW/Yq3hxolfg5KUOORuh+9foxSQWVhnCsddf3EhNkWBlGOJ0We6mmCSZjPKRdSyUWVAfZ/PApOrNKHw1iZUsaNFd/T2RYaD0Rke0U2Iz0sjcT//O6qRnUgozJJDVUksWiQcqRidEsBdRnihLDJ5Zgopi9FZERVpgYm1XRhuAvv7xKWtWKf125ur8s12t5HAU4gVM4Bx9uoA530IAmEEjhGV7hzXlyXpx352PRuubkM8fwB87nD01UktY=</latexit>

rmin/m2



Kavanagh, Usseglio, Pound, Bini, 
Geralico:

Barack et al ‘23 (with fitting errors):

PM comparison: Conservative 
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<latexit sha1_base64="D73ghsKcowGis2bvkI0Tinv3NHM=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgadkVXxch4sVjBDcJJEuYncwmQ2ZnlpnZQFgC/oEXD4p49YO8+TdOHgdNLGgoqrrp7opSzrTxvG+nsLK6tr5R3Cxtbe/s7pX3D+paZorQgEguVTPCmnImaGCY4bSZKoqTiNNGNLib+I0hVZpJ8WhGKQ0T3BMsZgQbKwXDG8+96JQrnutNgZaJPycVmKPWKX+1u5JkCRWGcKx1y/dSE+ZYGUY4HZfamaYpJgPcoy1LBU6oDvPpsWN0YpUuiqWyJQyaqr8ncpxoPUoi25lg09eL3kT8z2tlJr4OcybSzFBBZovijCMj0eRz1GWKEsNHlmCimL0VkT5WmBibT8mG4C++vEzqZ65/6Z4/nFeqt0+zOIpwBMdwCj5cQRXuoQYBEGDwDK/w5gjnxXl3PmatBWce4SH8gfP5A93pjno=</latexit>

v = 0.5
Kavanagh et al.

<latexit sha1_base64="F6/dutBa9dacL9AVEqhze6Kyb/U="></latexit>

b/m2 c1 c2
80 0.94± 0.04 �21.2± 0.2
100 0.68± 0.14 �25.9± 0.8
125 0.31± 0.38 �33.6± 2.5
80 0 �25.1± 0.1
100 0 �29.4± 0.3
125 0 �35.5± 0.9

<latexit sha1_base64="06L1jnVP58j0GQ9xY813BxoBXFk="></latexit>

c1 =
1

6
c2 = �2.76



Dissipative:               [Barack et al. ’23]
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<latexit sha1_base64="D73ghsKcowGis2bvkI0Tinv3NHM=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgadkVXxch4sVjBDcJJEuYncwmQ2ZnlpnZQFgC/oEXD4p49YO8+TdOHgdNLGgoqrrp7opSzrTxvG+nsLK6tr5R3Cxtbe/s7pX3D+paZorQgEguVTPCmnImaGCY4bSZKoqTiNNGNLib+I0hVZpJ8WhGKQ0T3BMsZgQbKwXDG8+96JQrnutNgZaJPycVmKPWKX+1u5JkCRWGcKx1y/dSE+ZYGUY4HZfamaYpJgPcoy1LBU6oDvPpsWN0YpUuiqWyJQyaqr8ncpxoPUoi25lg09eL3kT8z2tlJr4OcybSzFBBZovijCMj0eRz1GWKEsNHlmCimL0VkT5WmBibT8mG4C++vEzqZ65/6Z4/nFeqt0+zOIpwBMdwCj5cQRXuoQYBEGDwDK/w5gjnxXl3PmatBWce4SH8gfP5A93pjno=</latexit>

v = 0.5

60 80 100 120
5.×10-8
1.×10-7

5.×10-7
1.×10-6

5.×10-6
1.×10-5

5.×10-5
40 50 60 70 80 90 100

<latexit sha1_base64="0n032e4uPcXGK9P6fflqOT6LrM0=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiCXcJKkcSLx4xcYEENqRbutDQdjdt14Rs+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZv7nSeqNIvlo5kmNBB4JFnECDZW8sMrMagNyhW36i6A1omXkwrkaA3KX/1hTFJBpSEca93z3MQEGVaGEU5npX6qaYLJBI9oz1KJBdVBtjh2hi6sMkRRrGxJgxbq74kMC62nIrSdApuxXvXm4n9eLzVRI8iYTFJDJVkuilKOTIzmn6MhU5QYPrUEE8XsrYiMscLE2HxKNgRv9eV10q5VvZvq9UO90mzkcRThDM7hEjy4hSbcQwt8IMDgGV7hzZHOi/PufCxbC04+cwp/4Hz+ACRqjjs=</latexit>

b/m2

<latexit sha1_base64="fP+s/MNA6vfHwcmiXSqugqF2/nc=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9wNPnIMePEYwTwgWZbZySQZMjO7zMwKccmXePGgiFc/xZt/4yTZgyYWNBRV3XR3RQln2njet7O2vrG5tV3YKe7u7R+U3MOjlo5TRWiTxDxWnQhrypmkTcMMp51EUSwiTtvR+Hbmtx+p0iyWD2aS0EDgoWQDRrCxUuiWVJj1lECCyemFCKuhW/Yq3hxolfg5KUOORuh+9foxSQWVhnCsddf3EhNkWBlGOJ0We6mmCSZjPKRdSyUWVAfZ/PApOrNKHw1iZUsaNFd/T2RYaD0Rke0U2Iz0sjcT//O6qRnUgozJJDVUksWiQcqRidEsBdRnihLDJ5Zgopi9FZERVpgYm1XRhuAvv7xKWtWKf125ur8s12t5HAU4gVM4Bx9uoA530IAmEEjhGV7hzXlyXpx352PRuubkM8fwB87nD01UktY=</latexit>

rmin/m2



PM expansion with free parameters:

Up to 4PM can fit value or use 
analytic value.

<latexit sha1_base64="xbiV51r894oToyf9tL8VFpCFwns="></latexit>

��diss =
↵3

b3
+

↵4

b4
+

↵5

b5
+

↵6

b6
+ ...

Extraction of high-order dissipative PM results [Barack et al. ’23]
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<latexit sha1_base64="AZRlSyV9iD7gLZbrdc+Ic8UkXk4=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFkPAKtxJiCksAjaWEcwHJEfY2+wlS3b3jt09IRz5CzYWitj6h+z8N+4lV2jig4HHezPMzAtizrRx3W+nsLW9s7tX3C8dHB4dn5RPz7o6ShShHRLxSPUDrClnknYMM5z2Y0WxCDjtBbO7zO89UaVZJB/NPKa+wBPJQkawyaRbb1gdlStuzV0CbRIvJxXI0R6Vv4bjiCSCSkM41nrgubHxU6wMI5wuSsNE0xiTGZ7QgaUSC6r9dHnrAlWtMkZhpGxJg5bq74kUC63nIrCdApupXvcy8T9vkJiw6adMxomhkqwWhQlHJkLZ42jMFCWGzy3BRDF7KyJTrDAxNp6SDcFbf3mTdK9rXqNWf6hXWs08jiJcwCVcgQc30IJ7aEMHCEzhGV7hzRHOi/PufKxaC04+cw5/4Hz+AAk/jY8=</latexit>

< 1%
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Gravitational self-force

Formulation:
• Have several methods to calculate GSF (Teukolsky equation, Lorenz gauge).
• Correction to the scatter angle formula valid for GSF in large BH rest frame.
• Need additional corrections to move to centre-of-mass (CoM) frame.

Calculation:
• Current methods not applicable to hyperbolic GSF calculation:
• Most bound GSF codes cannot be easily extended to the unbound case.
• Hyperbolic time-domain code has growing modes for spin ±2 Teukolsky equation.
• Hyperbolic frequency-domain code currently only formulated for the scalar case.

• Hyperbolic time-domain code with hyperboloidal slicing [with R. Panosso Macedo]:
• Currently only scalar case.
• Relatively easy extension to spin ±2 Teukolsky.
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Scattering in 
Numerical Relativity



The basics of Numerical Relativity

Numerical solving of Einstein’s equations:

Spacetime split into 3-hypersurfaces.

Two types of equations:
• 4 elliptic constraint equations.
• 12 first-order hyperbolic evolution 

equations.
• Plus 4 coordinate gauge degrees of 

freedom.

Scattering with SpEC uses ~104 core hours:
• ~1-2 weeks on a cluster.
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The outputs of Numerical Relativity
Spacetime:
• Curvature scalars.
• Black hole horizons.
• Induced spin.

Dynamics:
• Scattering angle.
• Centre of mass (CoM) 

recoil velocity.

Asymptotics:
• Waveforms.
• Radiated energy and 
• angular momentum.

26Credit: arXiv:2310.18686



Current status of hyperbolic NR

Two known codebases that can produce NR scattering simulations:
• Einstein toolkit (ETK) [Damour et al ‘14, Hopper et al ‘22, Rettegno et al ‘23, Yeong-Boket et al ‘23]:
• Equal mass, non-spinning – 48
• Equal mass, aligned spin – 34

• Spectral Einstein Code (SpEC):
• Equal mass, non-spinning – 10
• Equal mass, aligned spin – 2
• Unequal mass, non-spinning – 27
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Effective One Body models for scattering

1. EOB Hamiltonian and radiation-reaction (RR) forces built by re-summing PN results:               
(e.g. SEOBNRv5, TEOBResumS)

2. Expanded or resummed PM potential from mass-shell constraint:

Fix coefficients of PM expanded w by matching to PM expanded scattering angle.
The potential w contains both conservative and dissipative information from the scattering angle
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p2r = p21(E)� J2

r2
+ w(E, J, r)

Uses PM-expanded w.
[Damour & Rettegno ’23, Rettegno et al ‘24] 

Uses PM-resummed w from SEOB-PM 
Hamiltonian, that reduces to the test-body limit.

[Buonanno, Jakobson & Mogull ‘24]
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Extracting the scattering angle from NR

Only have trajectory for finite values for radius.
Can expand azimuthal angle as a function of radius:

Fit polynomial to NR data on ingoing and outgoing legs of orbit to extrapolate to infinity:

Vary the range and order of the fit gives the dominant error on the scattering angle.
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Current status of hyperbolic NR

Two known codebases that can produce NR scattering simulations:
• Einstein toolkit (ETK) [Damour et al ‘14, Hopper et al ‘22, Rettegno et al ‘23, Yeong-Boket et al ‘23]:
• Equal mass, non-spinning – 48
• Equal mass, aligned spin – 34

• Spectral Einstein Code (SpEC):
• Equal mass, non-spinning – 10
• Equal mass, aligned spin – 2
• Unequal mass, non-spinning – 27

31

<latexit sha1_base64="bCsELjzlwBP5/aFlGBlF1Ew9YQk="></latexit>

E : Energy

J : Angular momentum

q :=
m1

m2
> 1



Equal mass comparison:
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SpEC data from [Long et al (in prep)]ETK data from [Rettegno et al ’23]

Comparison with SEOB-4PM [Buonanno et al ‘23], w4PM [Damour & Rettegno ’23, and 
SEOBNRv5 (with quasi-circular RR forces) [Ramos-Buades et al ‘23]:
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Comparison with SEOB-4PM [Buonanno et al ‘23], w4PM [Damour & Rettegno ’23, and 
SEOBNRv5 (with quasi-circular RR forces) [Ramos-Buades et al ‘23]:

Equal mass comparison:
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ETK data from [Rettegno et al ’23]
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SpEC due 
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Equal mass comparison:
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ETK data from [Rettegno et al ’23] SpEC data from [Long et al (in prep)]

NR codes are in agreement with each other. 
Remarkable agreement with EOB models.

Comparison with SEOB-4PM [Buonanno et al ‘23], w4PM [Damour & Rettegno ’23, and 
SEOBNRv5 (with quasi-circular RR forces) [Ramos-Buades et al ‘23]:
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Challenges for unequal masses

Simulations are in initial CoM frame.

Length of orbits:
• Get a shorter trajectory for increasing mass 

ratio.
• Extracting angle of larger BH unfeasible.
• Have more data to extract angle of smaller 

BH .

Centre of mass recoil:
• Asymmetric emission causes a CoM ‘kick’.
• CoM recoil not in current PM/EOB models.
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Current status of hyperbolic NR

Two known codebases that can produce NR scattering simulations:
• Einstein toolkit (ETK) [Damour et al ‘14, Hopper et al ‘22, Rettegno et al ‘23, Yeong-Boket et al ‘23]:
• Equal mass, non-spinning – 48
• Equal mass, aligned spin – 34

• Spectral Einstein Code (SpEC):
• Equal mass, non-spinning – 10
• Equal mass, aligned spin – 2
• Unequal mass, non-spinning – 27
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Unequal mass comparison:
Rescaled energy and angular momentum:

Slices of constant          correspond to the 
geodesic limit as 

To compare to PM/EOB:
• Ensure the same angle definition.
• Account for CoM recoil.
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<latexit sha1_base64="aWByfD2TozX7Hn7ftl+xs9wpn0k="></latexit>

j :=
J

µM

� :=
E

M

=
p

1 + 2⌫(� � 1)

� :=
1p

1� v2

<latexit sha1_base64="unnBXDU4VJPEctR1J3/n4tQxWqk="></latexit>

M := mA +mB

µ :=
mAmB

M

⌫ :=
µ

M

<latexit sha1_base64="dSMZtUKYwBMBkJnr5fwNCh68KTs=">AAACKnicbZDLSsNAFIYn9VbrLSqu3ASL0EIJSSm1G6HixmUFe4E2lMl00o6dScLMRCkh4Ku4VZ/GXXHrc4iTtgvb+sPAz3/OnHP43JASIS1rqmU2Nre2d7K7ub39g8Mj/fikJYKII9xEAQ14x4UCU+LjpiSS4k7IMWQuxW13fJvW20+YCxL4D3ISYofBoU88gqBUUV8/K/SGkDFYeixeF2zTKpcqZq3Y1/OWac1krBt7YfJgoUZf/+kNAhQx7EtEoRBd2wqlE0MuCaI4yfUigUOIxnCIu8r6kGHhxLPzE+NSJQPDC7h6vjRm6d8fMWRCTJirOhmUI7FaS8P/at1IejUnJn4YSeyj+SIvooYMjJSFMSAcI0knykDEibrVQCPIIZKK2NKWdDYXnkiW04hKwoPnJKeA2at41k2rbNpVs3pfyddvXubosuAcXIACsMEVqIM70ABNgEAMXsEbeNc+tE9tqn3NWzPaAvcpWJL2/Qv8maZD</latexit>

(�, j) = (1.02, 4.8)

<latexit sha1_base64="2mJ7xlzF+RomJxDQM3Qf+XhYyiI=">AAACHXicbVBJSwMxGM3Urdat6tFLsAgVpMyI1B4LXjxWsAu2Q8mkmTaaZUgyShn6L7yqv8abeBX/jJhp52BbHwQe731bXhAxqo3rfju5ldW19Y38ZmFre2d3r7h/0NIyVpg0sWRSdQKkCaOCNA01jHQiRRAPGGkHD1ep334kSlMpbs04Ij5HQ0FDipGx0l25N0Sco7P7036x5FbcKeAy8TJSAhka/eJPbyBxzIkwmCGtu54bGT9BylDMyKTQizWJEH5AQ9K1VCBOtJ9ML57AE6sMYCiVfcLAqfq3I0Fc6zEPbCVHZqQXvVT8z+vGJqz5CRVRbIjAs0VhzKCRMP0+HFBFsGFjSxBW1N4K8QgphI0NaW5LOlvpUE/m1ZgZquTTpGAD8xbjWSat84pXrVRvLkr1WhZdHhyBY1AGHrgEdXANGqAJMBDgGbyAV+fNeXc+nM9Zac7Jeg7BHJyvXwryowY=</latexit>

(�, j)
<latexit sha1_base64="n6xJpsIXwCAooHPbl59Ud99COs8=">AAACJnicbZDLSgMxFIYz9VbrbapLN8EiuCozIrXLghuXFewF2lIyaaYNzSRDcsZShnkUt+rTuBNx55OI6WVhW38I/PznnJzDF8SCG/C8Lye3tb2zu5ffLxwcHh2fuMXTplGJpqxBlVC6HRDDBJesARwEa8eakSgQrBWM72b11hPThiv5CNOY9SIylDzklICN+m6xK5Ou5sMREK3VBHvlvlvyyt5ceNP4S1NCS9X77k93oGgSMQlUEGM6vhdDLyUaOBUsK3QTw2JCx2TIOtZKEjHTS+enZ/jSJgMcKm2fBDxP/06kJDJmGgW2MyIwMuu1WfhfrZNAWO2lXMYJMEkXi8JEYFB4xgEPuGYUxNQaQjW3t2I6IppQsLRWtsz+1iY02WqaCOCWWFawwPx1PJumeV32K+XKw02pVl2iy6NzdIGukI9uUQ3dozpqIIom6Bm9oFfnzXl3PpzPRWvOWc6coRU537/0XaaZ</latexit>

⌫ ! 0.



Future work in NR
Comparison between NR and PM/EOB scattering angles for unequal masses.

Expand the NR parameter space:
• More unequal masses.
• More extreme energies/angular momenta.
• More extreme spins.
• Generic/precessing spins.

Waveform comparisons.
CoM recoil calculations.
Comparison to/extraction of the GSF correction to the scattering angle.

What is useful to the scattering amplitude community?
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Summary

Scalar field toy model:
• Energy absorption appears at lower PM order in scalar toy model.
• Numerical self-force results agree to high order with PM results in the weak field.
• Higher numerical precision is needed to reliably extract higher-order PM.

Scattering in Numerical Relativity:
• Have ~100 NR scattering simulations.
• Equal mass, non-spinning results from different codes agree with each other.
• Equal mass, non-spinning Effective One Body agrees with NR to within a few percent.
• Starting to expand parameter space by adding spin and using unequal masses.
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