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Two ways to approach electron-proton dynamics:
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When does background field theory end and

perturbation theory on a trivial vacuum begin?



The breakdown of the background field theory is

signaled by the importance of corrections that:

* enter as powers of 4 = m, /my,

* encode heavy particle “wobble”

* are perturbatively calculable

As in HQET or NRQCD, we integrate out the
heavy state, but we also keep all orders in o data!



Schwarzschild metric describes the O(1") limit.
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Schwarzschild metric describes the O(1") limit.
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Schwarzschild metric describes the O(1") limit.
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All orders in coupling is rare in perturbative QFT
but commonplace in classical GR.



Probe geodesics also encode the O(1") limit.
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Probe geodesics also encode the O(1") limit.
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Flat space perturbation theory builds the metric
and probe geodesics. Let’s do the opposite.
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Probe geodesics also encode the O(1") limit.

x(1) ~ ?* ®\‘{® &{?ﬁ

Flat space perturbation theory builds the metric
and probe geodesics. Let’s do the opposite.

e

flat space loops +—  metric + geodesic

G

(hard) (this talk ) (easy)



Our goal: to maximally leverage all-orders-in-G
classical results to flat space perturbation theory.

exact background n everything
answer field method else

( Schwarzschild metric,

A , (“recoil operator”)
geodesic trajectories )

Obviously this is just a reshuffling of perturbation
theory. But metrics + geodesics nicely encode
loop integrand contributions automatically’



Classical solutions implement integral reduction.
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Classical solutions implement integral reduction.
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1. Electromagnetism



To warmup, take EM with a light + heavy particle,

10 1 e
SeM = Jd“ __ZFZ_ +- Z min _—Exlz—zl-x’l.’Aﬂ_

i=L,H

where we fix charge-to-mass-ratios z; = g;/m; to
maximally parallel GR. The SF parameter is:



Expand about a ©(1") background and trajectory:

O(27) O(2°)
po_ o 7 _ A
X, =X, + 0x] A,=A,+04,
closed-form trajectory  deflection ~ 1/r photon

From full theory to background field theory:

SEM[éA’ 5XL, 5XH] > SBF[éA, 5’XL]

integrate out

heavy particle!



Now consider some explicit OSF backgrounds.

* heavy trajectory X (1) = ult

_ g
« EM field Aﬂ(x) il S.t. 1= \/(uHx)2 — x?
Arr

* light trajectory  X/(7) s.t. )_C’Z(T) -z, F*(x)x;, =0



Perturbative contributions from EM field:

_ LpMpUy ~ LpMpUy
A, (x) = - - A(p)=———8yp)
drr p

What about the self-energy contributions?
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Perturbative contributions from EM field:

_ LpMpUy ~ LpMpUy
A, (x) = - - A(p)=———8yp)
drr p

What about the self-energy contributions?

iqr
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Terms in the action relevant to O(1') are given by:

SEM = mHJdT —%556%{ — ZHﬁng?{éFﬂy(xH) + ...
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with O(1") current J/(x) = ZLmLJdT 54 (x — XX/



Terms in the action relevant to O(1') are given by:

(Gaussian in oxy

_ _ ;'~ 1 ¢.2 [T = "
SEM = mHJdT '?. SO0Xp — 20X, XpoF, (Xy) |

4 1 U =y
+Jd x |~ 30F,,5F" — 6A,J}

with O(1") current J/(x) = ZLmLJdT 54 (x — XX/



Integrating out ox;; yields the “recoil operator”.

mHJdT _—gaxl%l ~ 20X}y X410F,, (%)

vVyy

1
1 = _ - _
Srecoil — _EZI%ImHJ'deHéFaﬂ(xH)ExgéFﬂﬂ(xH)

6F,, = F, —F, =0,6A,—0,0A,



In summary, the EFT action for 1SF dynamics is

Serr = St Siecoil

— 4| 1 v o
Sgr = Jd x | =5 OF,,5F" = AT}

2

Zgym . N _
Srecoil = H2 = JdeHéF aﬂ(xH)EleéFﬂﬂ(xH)




In summary, the EFT action for 1SF dynamics is

Serr = St Siecoil
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In summary, the EFT action for 1SF dynamics is

SEFT Sgr + Siecoil

1SF contribution to
conservative radial action



In summary, the EFT action for 1SF dynamics is

SEFT Sgr + Siecoil

all orders in a
from trajectory

/
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conservative radial action



The EFT Feynman rules for EM are given by:

Ay
o 2
p
propagator
% — )\szH/dTe_ipiLfv‘z
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0
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The EFT Feynman rules for EM are given by:

Ay
P2

propagator
probe trajectory

/ encodes integrand

— —IPT [, =M
—)\szH/dTe PrLx'

source

0
¥ '(::) NV — ZZ?{mH (Ule UHp2)Oau1(uH7pl)OaM2 ('U/H,pQ)

(ump1)(uEp2)

recoil

O (u,p) = n*(up) — u*p®



Starting from the EM light particle trajectory...

expansion in

oo

zf =Y 1z, <«—— fine structure
k=0 constant o



Starting from the EM light particle trajectory...

T =) 7
k=0
~, T V1 —v?
Ty = b + —ly + i,
v v
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v
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Starting from the EM light particle trajectory...

Ty =) T
k=0
proper time
sy T TV 1 — v? domain
To = b + —Ufy + A
v v
B = &(asinh Rk — TOQ()T) gu> l
B — 2 asAinhA?a% N 7 — ’Uzatan%,alz _ 2fasinh 7 + fo(%)2(z"-v2Aatan7A_ 12— 1)gu
UTO(T) 2’0\/ 1 — 22 2 7"0(7-)
Ty = zp/b P = (02— 1)/ P(F) =1+ 72
our —uUg wu  OUH — UL 1




...then by applying simple identities such as

nh(3) 1 1 1 1
asinh(z) = — ~
d; \ 7o(7) 60]72

yields EM integrands terms from trajectories:
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...then by applying simple identities such as

nh(3) 1 1 1 1
asinh(z) = — ~
d; \ 7o(7) 60]72

yields EM integrands terms from trajectories:

Lo oo
/

freedom here!




11. General Relativity



Now consider GR with a light + heavy particle,

Sar = 16ﬂG Jd“x,/ gR — Z Jdrx”x 8, (%)

i=L,H

after gauge fixing the einbein to one. As before,
mass ratio defines the SF expansion parameter:



Expand about a ©(1") background and trajectory:

0(2%) O(27)
po— zH Z _ =
X=X, +ox, Suw = 8w+ 08y
probe geodesic deviation =~ Schwarzschild graviton

From full theory to background field theory:

Sgrlog, 0x;, 0xy] >~ Spplog, ox; ]

integrate out

heavy particle!



Now consider some explicit OSF backgrounds.

o - M () = M
heavy trajectory X (1) = u,t

H
| NIV V0 Y
* metric gﬂy(x) = f,(r) m ()2 J+(7) U, Uy
+
Jo(r) = 1% %

* light trajectory  X/(7) s.t. )_C’Z(T) + I aﬁ()_cL))._cg)._cg =0



Perturbative terms from Schwarzschild metric:
gﬂl/(x) — ﬂluy + }7/,w(x)

— rS 1 FS 2
y//tl/(x) — 7(;7,MV — zuHﬂtu) + g 7 (37]/,ty -+ uH,utu) -+ ...

Arrg

p2

7/4y(p) — (;/],uy o zquutu)é(qu)

2
27

V7

(377/41/ + uH,utu)é(qu) + e



Terms in the action relevant to O(1') are given by:

Y s _ )
Scr = mH[dT _—Eéx%{ + o X xp ol ) (Xy) +

+ Jd4x \/—2 |0(5g)— %5&”7_”5

with O(1") current T’If” (x) = mLJdT



Terms in the action relevant to O(1') are given by:

(Gaussian in 5xH

_ RRPYS. pEH 5 ‘
SGr = mH[dT ~0Xp + 5xHxH p/w(xH)

+ Jd4x \/—2 |0(5g)— %5&”7_”2”

with O(1") current T’z” (x) = mL[dT



Integrating out ox;; yields the “recoil operator”.

1 .. . _
mHJdT _—Eéx%{ + 5x§x‘éxH5FpW(xH)_

vVyy

recoill —

1
1 o = — ~y = —
S = —EmHJdrxng(SF”aﬁ(xH)Exzxzérm,é(xf])

= 1
ol puv = Fp/w -1 ppy = E(aﬂégvp T ()U(Sgﬂp B ()pég/w)



In summary, the EFT action for 1SF dynamics is

Serr = St Siecoil

SBF = Jd4x\/?§ _@(55,2)_%5&”7/5

1
Srecoil o EmH J dr X )_C 5Fﬂaﬁ(xH ) X, 5 /4}/5(’)_CH )

T



In summary, the EFT action for 1SF dynamics is

5 EFT

SBF = Jd4x\/?§ _@(5g2)—%58ﬂy7_7£y_

1
Srecoil o EmH J dr X )_C 5Fﬂaﬂ(xH ) X, 5 ﬂyé()_CH )

T

— SBF + Srecoil

recall that

g//w()_CH) — 7]/41/
in dim reg

v



In summary, the EFT action for 1SF dynamics is

Serr = St Siecoil



In summary, the EFT action for 1SF dynamics is

Serr = St Siecoil
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to propagator



In summary, the EFT action for 1SF dynamics is

SEFT Sgr + Siecoil

1SF diagrams for
conservative radial action



In summary, the EFT action for 1SF dynamics is
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In summary, the EFT action for 1SF dynamics is

SEFT Sgr + Siecoil

all orders in G from

Schwarzschild prop

7N

1SF diagrams for I

conservative radial action 1 orders in G

from trajectory



The EFT Feynman rules for GR are given by:

+ PM corrections

NNANNNNAN

— 32miG (77#,0771/0 + Mo Mvp 77W77pa)
D? 2 2
propagator

_ —IPT [, =M SV
—)\mH/dTe TrTT

SOUurce

impy 0(ugpr + upDs)
_ (k11 (O H2v2 |
’V\f\@’v\fV 5 (um, p1)O 2 (um, p2)

(urpr)(ump2)

recoil

O (u,p) = s((u'n"* + u’n**)(up) — u u’p®)

D | =



Loop integrands via GR light particle trajectory:

o expansion in
zf =Y z¢ <«—— Schwarzschild
k=0 radius 7y



Loop integrands via GR light particle trajectory:

Tp =) Ty
k=0
T TvV1 — 02
:?;gzb“+;a’;,+ . Uy
. rs (V2 + 1) Po(7F) 4 wwn  v(W?*+1)asinh 7
T = ™ ( — ; b* + vasinh 7uk; + N ul
b (r_5)2 3viatan? v (v? —1)asinh? o
2 \b? 2 270 (7) 7
N (/1 —v2%v (v? + 1) asinh 7 N 270 (v2 + 1)* + 3 (v + 4) v3atan 7 ”
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Loop integrands via GR light particle trajectory:

e i » rewrite as worldline propagators
- ¢ 1 1 1
k=0 * A . A
asinh 7 = a—f(%asmh7' = 5 ((1 n %2)1/2)

~ T ?\/1—v2
B = btk + /
(V)

A . v—|-17“ () » v (v* + 1) asinh 7
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ot (T_S)2 3v3atan 7 v (v* — 1) asinh 7 M
2 — bu? 2 sz(%) "
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111. Perturbative Calculations



We use this EFT to compute old and new results
for the conservative radial action in EM and GR.

la) O(a”) in EM (electric charges)

1b) O(a”) in EM (dyons)

2a) O(G”) in GR (spinless masses)

2b) O(G?) in GR + ¢ + A, (spinless masses)

2¢) O(G?) in GR + EM (RN, DCSG, EGB)



We use this EFT to compute old and new results
for the conservative radial action in EM and GR.

la) O(a”) in EM (electric charges) « check

2a) O(G”) in GR (spinless masses) « check



We use this EFT to compute old and new results
for the conservative radial action in EM and GR.

119) O (053) in EM (dyons) — new!

2b) O(G?) in GR + ¢ + A, (spinless masses) < new!

2¢) O0(G?) in GR + EM (RN, DCSG, EGB) « new!



Example: O(a’) in EM (electric charges)

o N
15D = XNempr, (€> o) (o)

1(1,2>_/\2 2.2 3 / e P1P)05 (ypr (py + po))(urpy)d(urps) (1 N o?(p1p2) )
P1:P2

= —Z[2gm
EM o “L“H"""H pIp3 (urp1)(unp2)

= \mpr,

Te T
b2y/o2—-1

; 5(‘1 —P1 — P2 — P3)5(UHP2)5(ULP1)
I(l’?’):—mm 2(22 3/ e ®5(urag)d(u
e = —(mame)*(znzL) S (urrq)d(uLg) P23 (uap1)2(ugpa)?

X (= (p10s) (2p3)0° — 3° (wrp1) (urp2)o® + (paps) (unpr)’o + (pips)(urps)’o
+ (upz) (unpr)® + (unp) (unps)®)

s (rc)22(04—302+3)
= L'e b 3(0_2 - 1)5/2 )




Example: O(a’) in EM (electric charges)

. , 7—1 .
189 — Xmpr, (3) 7&(0)  «——  (i)-SF and (j)-PM
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Example: O(G°) in GR (spinless masses)

iy z_ re\i ! i
60 = Nmurs () 26 (@)

Ts 37‘(‘(50‘2 — 1)

1(1’2) —
b 4+v/0? — 1

GR. = AMLTg

@ b 12 (02 — 1)%? 2(0%—1)

7L _ oy ('rs)2 (0 (360°% — 1140* + 1320% — 55)  (40* — 1202 — 3) arccosh a)
= AMLTs
b

In this EFT it is relatively easy to add additional
fields to GR, including spectator scalars / vector
matter, or gravitational axion / dilaton.



Example: O(G”) in GR + ¢ + A, (spinless masses)

S = | d'2y/78 [ £ Vo7 + 1eRP— 1P| -, | e [vdx) + 24,0005

8 o2

13 rsre\ 0 (20* — 0% — 14 £ (602 — 3))
Iscalar — )‘mLTS ( b2 ) 6 (0_2 - 1>3/2

I(li«g) — _\irrs (’I‘cp) (7!'0’ —1+4€)

702 (m) ( m 30° — 1 )
vector LTS 8 \/OT
rsra\ (o (80* —280?% +23) (202 + 1) arccosho
) 32 T 2
12 (62 — 1) (02 —1)




Conclusions

We derive an EFT for SF corrections to probe
dynamics by integrating out a heavy particle.

Using Schwarzschild and geodesic trajectories, we
mine any order in G data for loop integrands.

We pertorm several old and new calculations of
the conservative radial action in EM and GR.



Thank You!



