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Precision era of fundamental physics

LIGO Hanford

Frequency (Hz)

LIGO Livingston

Two historic breakthroughs in science:

e Higgs bosons from the LHC (2012)
e Gravitational waves from the LIGO (2016)

e High-energy and gravitational physics entered a precision eral!

Modern techniques from Higgs physics are playing a crucial role in precision GW physics!

>
>

A
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Gravitational waves from binary coalescences

ﬁiral merger ringdown

|

U (©Antelis & Moreno 2016

Merger: Numerical Relativity Ringdown: black hole perturbation theory

Inspiral: the interaction between two bodies is weak

GM
V2NT<<1

> Analytic perturbation methods work: post-Newtonian/Minkowskian, EOB...

» QFT methodology, combined with modern loop techniques, shown great power.
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Effective Field Theory

fjf)GQ

® The gravitational two-body problem

SwL = Z [— %/ dt guxI'x{ + - }

=12

Sgr = d*x vV—9gR+-

16G

® |n the inspiral phase

9uv = Nuv + V321G huu

e Effective action for binary systems Goldberger-Rothstein 2004

l eiSefF[Xa(T)] — /Dh/.u/ eiSWL+iSGR
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Effective Field Theory

® EFT description

{ e!Seiilxa(T)] — / Dhy, o' SwitiSer

® Post-Minkowskian expand in powers of G
L= Lo+ GL1+G Lo+ Lo=— Z,- e

The equations of motion for trajectories:

d 9L,
m’“:‘”WZG"<aX EE) AT n) e

® Physical observables:

o [0 (9L,
Ap = pf(+00) = pj(—o0) = = ;G/_ dT,(aXy)

1
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Effective Field Theory

® Worldlines as sources in path integral:

[ JVAVAVAVAVAVAVAVAVAVAVAY

e Hilbert-Einstein: Lug = Lpp + Lppn + Lopnp + - -

— L X K

® (Classical physics: we use the saddle-point approximation in path integrals.

Y AP HA

® Enjoy the advantages of pure classical physics and quantum field theoretic methods.
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Effective Field Theory

The in-in effective action is obtained by performing a closed-time-path integral

o/ Seff[Xa.1.Xa.2] :/’Dhlth ! (SerlMm]=Scr[ho]+Swi [ xa1]=Swi[h2,x5.2])

It is convenient to use the Keldysh basis

1 1
h,, = E(hluu + hopw) Xop = E(Xgl +X502)
h,tjl/ = hluu — h2;w X;— - Xs,cl - XgQ

for which the matrix of (classical) propagators for the metric field becomes

j 0 _Aadv(X o )/)
_Aret(X - y) 0

The worldline equations of motion:

d 0Seft, int [ Xa, -]
§— /1' — 1 g 2 !
gy (7) N ox/_(T)

> Se int[Aa
Apt :—n“”/ d’7'6 H’U 1G]
—00 ox/_(1) |pL

PL

Physical Limit (PL): x5 — 0, x5+ — X,.
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Effective Field Theory

® In practise, Feynman rules are still simple in the physical limit!

e Worldline source: __mm / ik
1k 5 Mo, dr etz
N H H . m ikx( ;1.0 oV ol Vo
® Variation of worldline: | A = ~oir € (zk o L L m”)
Pl
® \/ariation of effective action: 2304.01275
8Ser+] ¢ _ +®\</
oz PL
5Seff &Y/ /ji\ W
6Seff
51‘17
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Effective Field Theory

® In practise, Feynman rules are still simple in the physical limit!

e Worldline source: ik{r _ _237; /dmik.%%y
Pl

® Variation of worldline: Mi = —23\7; eik'z(zkax”x ik EnMCEY — g ik g nmju)
Pl

® \/ariation of effective action: 2304.01275

8Snla] | + + + +
oxi_ lpp,

P X
oA BRI K
R LA

7/24
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Effective Field Theory

e Impulse at O(G") 2304.01275
40 5(q-1)5(g- o) -l 5(£;-uy) NE(q,u,)
A“w/dDe Py, e
Pi d &t /11 (£i-up—10)¥ ) D1DyD5 - - -

» Graviton propagators:

1 1 1

D (@xip—i2 E+i0

> Cut: always one delta function 6(4;-u,) for each loop

» Kinematics: g-u, =0, u>=1, uy-u, =7 = single scale 7y to all orders

e Multi-loop technology from collider physics can be used to solve gravitational problems!
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Collider physics toolbox

Post-Minkowskian Loop Integrals at O(G")

0(¢;-u 1
/ H dDe ?) a 1 2
(4i-up,— i0)% | D*D3? - - -
® Reverse Unitarity: replace the delta-function by the cut-propagator Anastasiou-Melnikov 2002

| 1 1
k.- — - N '
5( | Ua) 27.” (k/..ua—/o k,"Ua"_IO)

Then standard loop-integral techniques can be applied straightforwardly!

® |[BP reduction: any integral = a linear combination of a small number of basis integrals

= by )

» Publicly-available programs: Reduze, FIRE, LiteRed, Kira, FiniteFlow
» New developments: NeatIBP, FIRE6.5, Kira3
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Collider physics toolbox

e Differential equations:

df(x, _ 241
%:A(x,e)f(x,e) D=4-—2¢ 'yzxz—)t
® Canonical form Henn 2013
- dg(x, .
g=T-f — M:e/\//(x)g(x,e)
dx
® \We can solve iteratively.
X
gix.e) =Y g0 9900 = [ Mgt e de + gb
k X0
e M is rational in x:
2 dt
G(ay, ..., an, z) = G(ay, ..., ant), G(;z)=1
0 t—a;
® Boundary constants gy can be computed in PN limit using :
potential: ¢ ~ (v, 1) radiation: £* ~ (v, v) Beneke-Smirnov 1997
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Elliptic differential equations

e The majority of 4PM integrals can be solved in terms of

e Elliptic integrals appear in post-Minkwskian gravity for the first time.

1—x2 14-x2 3
fl(X) 2X(1—&)-<X2) 4X(—1i_i<x2) (1—X2))(<1+X2) fl(X)
d 1-x2 3(1+x2) 6
dx LX) | = | - 2x(1—xx2) — =) () f(x) | +O(e)
1— 2 1 2 1—4 2 4
fs(x) ) _zx(1+fx2) _x(l—xg)(—{—):—XQ) fs(x)

It can then be written as a third-order differential equation:

d3 6x d? 1—4x2+7x* d 1+ x?

dx3 1—x2dx2  x2(1—x2)2 dx x3(1-x?) flx) =0

It is easy to find the three solutions:

xK? (1—x?), x K(1—x?)K(x?), x K?(x?)

Complete elliptic integrals: K(x)

:/1 dt
Jo V(1= t2) (1 — xt?)
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Elliptic differential equations ®

With the knowledge of leading-¢ solutions, one may transform the elliptic diagonal block into

d ~
&g’(x, €) =€ Dei(x) g(x,€) + . ..
with

4(1—|—X2) 2

( T 3x(1-x2) X(l—X2)7{<2(1—X2) 0 \

B = 2(14+110x%+x* )K2(1-x2) 4(1+x2) 72
ell = 3m2x(1-x2) T 3x(1-x2) X(1—xK2(1—x2)
16(14x2) (1-18x+x2) (14+18x+x2)K*(1-x2)  2(1+110x%+x*)K2(1-x2) 4(14x2)
K 27m2x(1—x2) 3m2x(1—x2) T 3x(1-x2) )

e Elliptic integrals appear in the transformation matrix: found by INITIAL

e Higer O(¢€): lterated integrals involving elliptic kernels.
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Method of Regions ,

e Regions: classical soft regions contains potential and radiation regions Bencke-Smirnov 1997

potential: &% ~ (w,€) ~ (v, 1)|q|

radiation: # ~ (w,€) ~ (v, v)|q|
e A 4PM example:

5(€1u1) 5(€2u1) (5(@3712)
tr0a0s 0103 (L2—q)? (L3—q)2 (1—02)2 (L2 —L3)2 (£3—L1)?

Relabeling ky = €3—41, ko = £,—43, £ = {3, we found 2304.01275
pot (ppp) : ki~ (v.1)lgl. ko~ (v.1)lq], £~ (v,1)q|
tradV(rpp) : ki~ (v, Vg, ko~ (v, Dlgl, £~ (v, 1)]q]
1rad®(prp) = ki~ (v, Dlal, ke~ (v.V)lal, £~ (v,1)q|
rad2 (rrp) : ki ~ (v, v)|q|, ko~ (v,v)lql, £~ (v,1)|q]

Confirmed using asy2.m in Feynman parameterization.
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Method of Regions ®

5(51 °U1) 5(f2 -ul) 5(£3U2)
oty 1105 (L2—q)2 (L3—q)? (L1—La2)? (L2—L5)? (L3—11)?

Expanding around each region we have
1

= o e RPN €= a7 = T T

+0(v3)

. 1 Vd 2 Jd
Hiid = /U(2 [£2] [82] [(ko+£—q)[(£ - q)?] [k%]Q /k1 k2 (£7)2 + O(viy)

. 1 Vd 2 Vd
i = / ti [(€— k)2 ] [(€— 9)?] [(€ — q)? [K3)? /k gy O

2d—6

- 1 Vv 204
loraa = /l[ez] [82] [(£— g)]2 /k1k2 [(ki + k2)?] [k% — (47)?] [k% — (47)?] +O(vy ™)

e These integrals can be straightforwardly evaluated through direct integration.
e All regions added up leads to a finite result, in particular IR divergences cancel.
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Inspiral dynamics at NNNLO

: 4y.
The full impulse at O(G*): 2106.08276 2112.11296 2210.05541 2304.01275
4
N G . b i yub—uf . yuy —ub
P NNNLO ™ |p|4 b|b| 1 ¥2—1 2 ¥2 -1
G _ _ 3hamomi(mi+m3) | mimiamj | 3hsK3(wz)  3hsK(ws)E(w,) i 21hswsB*(wn)  TPhisVee | 3vhio(Lio(w2) — 4Lia(y/W2)) N
T 64v3, 4 43 4v3, 8v3, 4(v+1) w2, 7.
+log(va) ‘s 3Malog(*5)  3yhoslog(wi) + m2m? hso hes _ 3vao(haoLin(ws) + 2wshsslis(—ws)) f /
2v3 Voo 2v4 48vS 7687 wsv2 64ws WO/
4 3Mmalog(F)log(ws) | vhslog(wy) | 3vhaalog(ws)log(wa) — hasl0g(F) | hss log(2) — hsrlog(ws) + 2vhss log(y) _ Yhs log(wa) \
4Vao 8wiv2 8vd 32v3 16v7, »
N
R hsg hss  vhaglog(wi) — 2vhsolog(ws) +37°his log®(w1) _ hailog(*§) n 3ylog(wy) (5ha6 log(2) + 8hi1z log(ws)) ok
1217929708 T 488, 16v5 32v 8v2, 8V, J
. . \ /
hsslog(ws) — Yhsolog(y)  hszlog(2) — 3(hizwslin(wa) — 2hasLis(—ws) + his log®(ws) — holog?(2))  3h7log(2) log(ws) N /Q
— + + - N
4v3 2v3, 8v3 8V Voo //\,’
<
o =2 2hesmizs | 9MIMmE,\ o (4vher  8yhalog(wi) | 16haslog(wi) _ 8hs AN
! 1 vS 32v2 12 308, %3 v3, 3v3 \Q
: (Lis(2) — #Lia(y/72)) — Yy (Lis(—1f) + 210g(7) v
on2h,  2h h 4yhgs  3hag(Lin(wy) — 4Li — yha (Lip(— 21 [
I 1 46 5 3 60 Y Nag 3g(LI2(W2 2(\/ W2 Yha1 (Liz(—w?) + 2log(y) log(w1)) W
2=~ mm (32\/30 e ) HMRm 2056008 3u8, T 16v4 Ay
n 3vhs1 (2Lix(—w1) + log(w) log(ws)) n hea log(wa) | 327%has log®(ws) 4 8(2halog(2) — harlog(wi)) log(wa)  32hyglog(ws) | mha .
8v4, 672079V, VL Vi 3v3, 192v4 i
_\_
/
R hsg  ho(Lia(=wg) + 2log(v) log(w1)) 4 haz(Lia(wz) — ALia(v/W2))  hao(2Liz(—wi) + log(wi) log(ws)) N é
271 144097v5, 8v4 32v4 avh I
~ 0
_ helog(wa)  1692hiy log*(wa)  32yhas log®(ws) | 16vhslog(wy)  32hxlog(2)log(ws) _ m2his _ 2hse \b
480788 v 78 5v3 v 48vi  45v8 \///
&

With Y = U1 - s, Voo = /72— 1, wp =7y — Vo, Wo = % ws =y + 1, h; = polynomial in 7.
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Inspiral dynamics at NNNLO

The full impulse at O(G*): 2106.08276 2112.11296 2210.05541

G* p* yub—ut yul—u¥
u _ 2 1 1 2

AP |nio = W(Cbm+cl 21 T 2 —1 )

e We obtained the full dynamics of binary inspirals at O(G*) for the first time.

e Conservative part agrees perfectly with Amplitudes’ derivations.
Bern-Parra-Martinez-Roiban-Ruf-Shen-Solon-Zeng 2021

e Perfect agreement with the state-of-the-art PN computations
Cho-Dandapat-Gopakumar 2021  Cho 2022 Bini-Geralico 2021 2022  Bini-Damour 2022

e \Very recently two new calculations confirmed our results.

Damgaard-Hansen-Planté-Vanhove 2023 (exponentiation of amplitudes)

Jakobsen-Mogull-Plefka-Sauer-Xu 2023 (worldline QFT)
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Local-in-time part ®

® The full result cannot be used to describe generic elliptic-like motion due to nonlocal-in-time
effects. Damour-Jaranowski-Schafer 2014 Galley-Leibovich-Porto-Ross 2015 Cho-Kalin-Porto 2021

® The nonlocal-in-time radial action takes the form

GE [ dwdE 42
(nloc) _ _~ = __| et
s =50 [ Sraion (e

E and % are the total energy and emitted GW flux in the center-of-mass frame. Renormal-
ization scale u can be arbitrarily chosen, 4e27e follows the PN conventions.

® For scattering, the deflection angle is given by

X _ & -
o o Zr_GMQl/’ I =Gmew
PM expansion
x _ 09 10g 10 (GMY'
2—2( —i—xb Iogr>(b N

n=1

52\/1—|—2u(fy—1)
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Local-in-time dynamics

e The integrand can be built from 3PM diagrams.

p, .y O(£1-1n1)0(Lo- 1) log(w?)
/dﬁld “ [€1-wo][€o-wn]  [€3][€3][(L1+£2—q)?] (41— q)?][(£2—q)?]

with

myn + mo U
= k- com k =£41+4r— , com —
w u 1+H€>—q, U Vs

e Integral family:

o, o, 0(€1-u1)0(€a 1) 1 1
IREELEE i w2 BB —a G- e—a)

» |IBP can be done using LiteRed and FiniteFlow: 17 Mls Q= my/m

_ _ _ v y2-1 _
> MPLs: {x, 1=x}U{y, 14y, y—1, y—1X 1421Xy 42} Q1= oy = Y= (y 4y 1)

» Complete elliptic integrals and iterated integrals of the elliptic integrals.
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Iterated integrals of elliptic kernels

o [terated integrals:

(hy, ho, ..., hn; z) ::/ dtll(hy, ..., hy; t)
0

The following set appears in the result

{1 @), 1@ £:Q), ”(m 5Q). “(qm"m)}

with
f(q) = NEPIKA+ 9/x) - K(=g/x) K1 + gx)
a@="2 f@=an@. A= 20
1 — X 1-¢° fi(q)
fe = 0y) — —x0
1 e V@0 @+1/%)

> The combination of complete elliptic integrals in f; has a simple PN expansion (x — 1).

> All fi's have (at most) simple poles = easy to evaluate in SF expansion (Q — 0).
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Iterated integrals of elliptic kernels

EllipticK[-Q x] EuipticK[E] B EuipticK[-S] EllipticK[1 + Q x]
2= F[1] = - a

T
In[3):= Series[f[1], {Q, 0, 5}] // Collect[#, {Q, _Log}, Simplify] &

~1+x2 (1+x?) Log[x]

8 x 8 x

+

, (21 (-1+x%)  (9+4x*+9x*) Log[x]
[ 256 x2 128 x2

out[3]= Lng[XJ +Q [

3072 x3 512 x3

0 [185+9x2—9x4—185x6 (25+9x%+9x*+25x%) Log[x]

+Q5

+

o 35 (-533-32x*+32x%+533x%) (1225 + 400 x> + 324 x* + 400 x° + 1225 x*) Log[x]
393216 x* 32768 x*

307503 + 19775 x2 + 3600 x* - 3600 x® - 19775 x8 - 307503 x1® (3969 + 1225 x> + 900 x* + 900 x® + 1225 x* + 3969 x*°) Log[x]

7 864320 x° 131072 x°

in[4]:= Integrate[%, Q] // Collect[#, {Q, _Log}, Simplify] &

. 2 1 2 L
0ut[4]=%QLog[x]+Q2 [, 1 X 7( +x?) Log[x]

+

.
256 x? 384 x?

s [T (-1+x*)  (9+4x*+9x*) Loglx]
16 x 16 x [

12288 x3 2048 x3

o* [185+9x2—9x4—185x6 (25 +9 x> +9x*+ 25 x°%) Log[x]

+Q6

+

s (7 (-533-32x%+32x%+533x%) (1225 +400 x> + 324 x* + 400 x® + 1225 x®) Log[x]
393216 x* 163 840 x*

47185920 x> 786 432 x°

[307 503 + 19775 x2 + 3600 x* - 3600 x® - 19775 x® - 307503 x® (3969 + 1225 x* + 900 x* + 900 x°® + 1225 x® + 3969 x'°) Log[x]
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Strategy Il: SF expansion

e Integral family:

/dDeldng(el'Ul)é(fz'Uz) log(w?)

[£1-wo][€2-un] - [€5][65] (41 +£2—q)][(£1— )] [(£2—q)?]

We first rewrite it as

2
logw? = log ((k “111%’( ”2> ) — log ((€2-th + Q€1 1)") — 2log(1 + Q).

We can expand in Q = my/m

log ((£o-tn + Q@l-u2)2) = log ((Zg-ul)z) — 22 (—1)" (ﬂl'uzQ)

n Zg-ul

> We factorised out the mass dependency Q (or v)
> Ordinary 2-loop PM integrals, but with high powers for linear propagators
> FIRE6.5 (GFLINT @ LiteRed) works weel to O(Q°)
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Scattering angle °

[ ]
Nonlocalin-time contribution to the scattering angle:

L (4)og 2 v+1 arccosh(vy)
T Xb(nloc) — —2uX2(7Y) = W hs + hg log N hio o
1 (4)nse) v 72 hy v+1  hsarccosh(7y) v—1
il S A ST hslog 2+~
wrxbm'oc) (ny—l)2 L Vy2—1 15109 2 + V2 —1 109 8

1 hg log(2 h —1 1

+ hg log? % + hrarccosh(7y)? + 3log( )azrcc;)s ) + hg log 78 log 7_2|_
/Y —_—

hio log %aFCCOSh(”}’) -1 arccosh?(y) + 4Lir(y/v2—1 — )
+ hyilio——+ hpo

1 Y1 Jr—1

® \We obtained exact-v (iterated elliptic integrals) and SF-expanded (30SF) versions.

h; coefficients can found from the ancillary files in 2403.04853
® The result is in perfect agreement with the 6PN result in Bini-Damour-Geralico 2007.11239
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Bound dynamics

e The total bound Hamiltonian up to 4PM:

Qell _ o Cito) | x= Gito) | A2 (¥ — 1) | P
4PM = Z o + Z o + 37 T% Xoelog {
=1 i=1

Ca(loc) is reported here for the first time.

e Using the 6PN results (WW;-only) in [2007.11239], we obtained an improved bound Hamiltonian

3rt T2¢

‘ - ~6PN(e?) ~2(8— 1 ~4PN(e?) 22y F 132

Yell 2 B Ci(loc) 402 (y* — 1) F
A (PP ) =E+) —50+ X2¢(7) log <esz)
=1

e We find agreement with the l:/glFl’N(4Pl\/|) in Khalil-Buonanno-Steinhoff 2204.05047
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Conclusion & Outlook

Modern techniques from collider physics have already proven useful to solve the
gravitational two-body problem.

We have developed an efficient framework and obtained the full results at NNNLO,
including conservative and dissipative parts, local /nonlocal separations.
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Conclusion & Outlook °

Modern techniques from collider physics have already proven useful to solve the
gravitational two-body problem.

We have developed an efficient framework and obtained the full results at NNNLO,
including conservative and dissipative parts, local /nonlocal separations.

Going to NNNNLO (5PM)

® Nonlocal conservative dynamics
3-loop integrals (SF expand) FIRE6.5

e 2SF (1SF, Mogull's talk)
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