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Near conformal dynamics

I For certain sets of Nc and Nf , some gauge theories might flow
into an IR-fixed point (Banks-Zaks theory, 1982):

<latexit sha1_base64="8N4R8FJzQCq/yQew4Q2+fpFZ69o="></latexit>

E ⇡ ⇤⇤

α∗ = α(Λ∗)

I Near the IR fixed point (E ≈ Λ∗), the theory is approximately
conformal. If the scale symmetry is broken spontaneously at
ΛSB near IR fixed point, the theory will rest very close to the
conformal edge, since β(α) ≈ 0, until fermions are decoupled.
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Near conformal dynamics

I Walking behavior of gauge coupling:

<latexit sha1_base64="8N4R8FJzQCq/yQew4Q2+fpFZ69o="></latexit>

E ⇡ ⇤⇤

<latexit sha1_base64="1do0uZx9YYDH3BpFjVxvQWDu1ms="></latexit>↵⇤

<latexit sha1_base64="rOD+Sy4izs0zB6wS3y8nXOujXDs="></latexit>

M

m = Λ∗e
−

∫
dα
β(α)
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Near conformal dynamics

I The near conformal dynamics may be realized in a deformed
BZ theory, having the dynamical generation of fermion mass.

↵
↵⇤•

�(↵)

⇤SB

M•
•

↵c

(Near Conformal)

�(↵c) ⇡ 0
<latexit sha1_base64="z3bZNRqd3n4zb6DFO95CvoZcguc=">AAACAHicbVBNS8NAEN3Ur1q/oh48eAkWoV5KUgU9Fr14rGA/oAlhst20SzfZZXcjltKLf8WLB0W8+jO8+W/ctjlo64OBx3szzMyLBKNKu+63VVhZXVvfKG6WtrZ3dvfs/YOW4pnEpIk547ITgSKMpqSpqWakIySBJGKkHQ1vpn77gUhFeXqvR4IECfRTGlMM2kihfeRHREPFByYGEOIzH4SQ/NEN7bJbdWdwlomXkzLK0QjtL7/HcZaQVGMGSnU9V+hgDFJTzMik5GeKCMBD6JOuoSkkRAXj2QMT59QoPSfm0lSqnZn6e2IMiVKjJDKdCeiBWvSm4n9eN9PxVTCmqcg0SfF8UZwxR3NnmobTo5JgzUaGAJbU3OrgAUjA2mRWMiF4iy8vk1at6p1Xa3cX5fp1HkcRHaMTVEEeukR1dIsaqIkwmqBn9IrerCfrxXq3PuatBSufOUR/YH3+ADVilig=</latexit>

for ↵c ⇡ ↵⇤
<latexit sha1_base64="c+8tFP/wyv7fZ9KV0gvAOJqsuNg=">AAACAHicbVDLSsNAFJ34rPUVdeHCTbAI4qKkWnzsim5cVrAPaEK4mU7aoZPMMDMRS+jGX3HjQhG3foY7/8YkDaLWAxfOnHMvc+/xBaNK2/anMTe/sLi0XFopr66tb2yaW9ttxWOJSQtzxmXXB0UYjUhLU81IV0gCoc9Ixx9dZX7njkhFeXSrx4K4IQwiGlAMOpU8c9cBJobgYQeEkPy+eB55ZsWu2jmsWVIrSAUVaHrmh9PnOA5JpDEDpXo1W2g3AakpZmRSdmJFBOARDEgvpRGERLlJfsDEOkiVvhVwmVakrVz9OZFAqNQ49NPOEPRQ/fUy8T+vF+vg3E1oJGJNIjz9KIiZpbmVpWH1qSRYs3FKAEua7mrhIUjAOs2snIdwkeH0++RZ0j6u1k6q9Zt6pXFZxFFCe2gfHaIaOkMNdI2aqIUwmqBH9IxejAfjyXg13qatc0Yxs4N+wXj/AgFils4=</latexit>

I The theory can be slightly deformed or αc ≈ α∗ in the large
nf limit or introducing additional interactions (DKH 2018).
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Near Conformal Window

I Conformal windows from the beta-function of SU(N)
(Rytov+Sannino 2007) or from the anomalous dimensions of
ψ̄ψ (Kim+DKH+Lee, PRD ’20)
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Spectrum Near Conformal Window

I SU(3) with Nf = 4, 8 (LSD collaboration 2019)
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Near conformal dynamics

I How the IR scale M is related to the intrinsic scale of the
deformed BZ theory?

I We may deform it by breaking chiral symmetry spontaneously,
having the critical coupling for the chiral symmetry breaking
αc ≈ α∗.
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Near conformal dynamics

I Because β(αc) ≈ 0, one expects the dynamical mass
M � ΛSB, very different from QCD, where M ∼ ΛSB .

↵
↵⇤•

�(↵)

⇤SB

M•
•

↵c

⇤SB

µ
<latexit sha1_base64="b8x75uSHASyzNV8/2IKvNvG15tw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWw0+LgFvXiMaB6QLGF2MpsMmZldZmaFsOQTvHhQxKtf5M2/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29tg5jRWiLhDxUXR9rypmkLcMMp91IUSx8Tjv+5Dr1Ow9UaRbKezONqCfwSLKAEWysdNcX8aBccatuBrRIajmpQI7moPzRH4YkFlQawrHWvZobGS/ByjDC6azUjzWNMJngEe1ZKrGg2kuyU2foyCpDFITKljQoU39OJFhoPRW+7RTYjPVfLxX/83qxCS68hMkoNlSS+aIg5siEKP0bDZmixPCpJZgoZm9FZIwVJsamU8pCuExx9v3yImmfVGun1fptvdK4yuMowgEcwjHU4BwacANNaAGBETzCM7w43HlyXp23eWvByWf24Rec9y92eI4O</latexit>

↵(µ)
<latexit sha1_base64="1YXSHmLh5LSZN5g159QIKfqoTow=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAh1U1ItPnZFNy4r2AckoUymk3boPMLMRCihn+HGhSJu/Rp3/o2TNIhaD1w4nHMv994Txoxq47qfztLyyuraemmjvLm1vbNb2dvvapkoTDpYMqn6IdKEUUE6hhpG+rEiiIeM9MLJTeb3HojSVIp7M41JwNFI0IhiZKzk+YjFY1TzeXIyqFTdupsDLpJGQaqgQHtQ+fCHEiecCIMZ0tpruLEJUqQMxYzMyn6iSYzwBI2IZ6lAnOggzU+ewWOrDGEklS1hYK7+nEgR13rKQ9vJkRnrv14m/ud5iYkug5SKODFE4PmiKGHQSJj9D4dUEWzY1BKEFbW3QjxGCmFjUyrnIVxlOP9+eZF0T+uNs3rzrlltXRdxlMAhOAI10AAXoAVuQRt0AAYSPIJn8OIY58l5dd7mrUtOMXMAfsF5/wLJK5ER</latexit>

↵c
<latexit sha1_base64="c3mYqWBcERx6jiDRcnzW3b1r2eQ=">AAAB73icbVDJSgNBEK2JW4xb1KOXxiB4CjMaXG5BLx4jmAWSIdR0epImPYvdPUIY8hNePCji1d/x5t/YkwyixgcFj/eqqKrnxYIrbdufVmFpeWV1rbhe2tjc2t4p7+61VJRIypo0EpHseKiY4CFraq4F68SSYeAJ1vbG15nffmBS8Si805OYuQEOQ+5zitpInR6KeIR92i9X7Ko9A1kkTk4qkKPRL3/0BhFNAhZqKlCprmPH2k1Rak4Fm5Z6iWIx0jEOWdfQEAOm3HR275QcGWVA/EiaCjWZqT8nUgyUmgSe6QxQj9RfLxP/87qJ9i/clIdxollI54v8RBAdkex5MuCSUS0mhiCV3NxK6AglUm0iKs1CuMxw9v3yImmdVJ3Tau22Vqlf5XEU4QAO4RgcOIc63EADmkBBwCM8w4t1bz1Zr9bbvLVg5TP78AvW+xcZwpAm</latexit>
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M<latexit sha1_base64="oq2klfr3Cc/BSBiOqlayHZ3SVCw=">AAAB6HicbVDLSsNAFJ3UV62vqks3g0VwVRItPnZFN26EFuwD2lAm05t27GQSZiZCCf0CNy4UcesnufNvnKRB1HrgwuGce7n3Hi/iTGnb/rQKS8srq2vF9dLG5tb2Tnl3r63CWFJo0ZCHsusRBZwJaGmmOXQjCSTwOHS8yXXqdx5AKhaKOz2NwA3ISDCfUaKN1LwdlCt21c6AF4mTkwrK0RiUP/rDkMYBCE05Uarn2JF2EyI1oxxmpX6sICJ0QkbQM1SQAJSbZIfO8JFRhtgPpSmhcab+nEhIoNQ08ExnQPRY/fVS8T+vF2v/wk2YiGINgs4X+THHOsTp13jIJFDNp4YQKpm5FdMxkYRqk00pC+Eyxdn3y4ukfVJ1Tqu1Zq1Sv8rjKKIDdIiOkYPOUR3doAZqIYoAPaJn9GLdW0/Wq/U2by1Y+cw++gXr/Qu+J40J</latexit>
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Miransky-BKT scaling

I The dynamical mass M of χSB is argued to be given by the
Miransky-BKT Scaling (cf. complex CFT):

M(α) = ΛSB(αc) exp

(
− π√

α− αc

)
(α > αc)

I The theory is almost scale-invariant for M < E < ΛSB,
exhibiting walking dynamics, since β(α) ≈ 0.

⇤SB

µ
<latexit sha1_base64="b8x75uSHASyzNV8/2IKvNvG15tw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWw0+LgFvXiMaB6QLGF2MpsMmZldZmaFsOQTvHhQxKtf5M2/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29tg5jRWiLhDxUXR9rypmkLcMMp91IUSx8Tjv+5Dr1Ow9UaRbKezONqCfwSLKAEWysdNcX8aBccatuBrRIajmpQI7moPzRH4YkFlQawrHWvZobGS/ByjDC6azUjzWNMJngEe1ZKrGg2kuyU2foyCpDFITKljQoU39OJFhoPRW+7RTYjPVfLxX/83qxCS68hMkoNlSS+aIg5siEKP0bDZmixPCpJZgoZm9FZIwVJsamU8pCuExx9v3yImmfVGun1fptvdK4yuMowgEcwjHU4BwacANNaAGBETzCM7w43HlyXp23eWvByWf24Rec9y92eI4O</latexit>

↵(µ)
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↵⇤<latexit sha1_base64="xYP3cPU0YH7i03uhe+B/IvT6YIc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisYD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6G7mt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYu+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDGz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqal1XPrXoPV5XabR5HEU7gFM7Bg2uowT3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8AqjWPtQ==</latexit><latexit sha1_base64="xYP3cPU0YH7i03uhe+B/IvT6YIc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisYD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6G7mt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYu+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDGz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqal1XPrXoPV5XabR5HEU7gFM7Bg2uowT3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8AqjWPtQ==</latexit><latexit sha1_base64="xYP3cPU0YH7i03uhe+B/IvT6YIc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisYD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6G7mt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYu+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDGz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqal1XPrXoPV5XabR5HEU7gFM7Bg2uowT3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8AqjWPtQ==</latexit><latexit sha1_base64="xYP3cPU0YH7i03uhe+B/IvT6YIc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvXisYD+gDWWy3bRLN5t0dyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6G7mt56Y0jyWj2aSMD/CgeQhp2is1O6iSIbYu+iVK27VnYOsEi8nFchR75W/uv2YphGThgrUuuO5ifEzVIZTwaalbqpZgnSEA9axVGLEtJ/N752SM6v0SRgrW9KQufp7IsNI60kU2M4IzVAvezPxP6+TmvDGz7hMUsMkXSwKU0FMTGbPkz5XjBoxsQSp4vZWQoeokBobUcmG4C2/vEqal1XPrXoPV5XabR5HEU7gFM7Bg2uowT3UoQEUBDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8AqjWPtQ==</latexit>

↵(M)
<latexit sha1_base64="DWTjxFL2oFTD54MHfNQ69MEBWp8=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRixehgv2QNpTJdtMu3WzC7kYoob/CiwdFvPpzvPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKsoaNBaxageomeCSNQw3grUTxTAKBGsFo5up33piSvNYPphxwvwIB5KHnKKx0mMXRTLEyt1Zr1R2q+4MZJl4OSlDjnqv9NXtxzSNmDRUoNYdz02Mn6EynAo2KXZTzRKkIxywjqUSI6b9bHbwhJxapU/CWNmShszU3xMZRlqPo8B2RmiGetGbiv95ndSEV37GZZIaJul8UZgKYmIy/Z70uWLUiLElSBW3txI6RIXU2IyKNgRv8eVl0jyvem7Vu78o167zOApwDCdQAQ8uoQa3UIcGUIjgGV7hzVHOi/PufMxbV5x85gj+wPn8AfGbj9Q=</latexit><latexit sha1_base64="DWTjxFL2oFTD54MHfNQ69MEBWp8=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRixehgv2QNpTJdtMu3WzC7kYoob/CiwdFvPpzvPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKsoaNBaxageomeCSNQw3grUTxTAKBGsFo5up33piSvNYPphxwvwIB5KHnKKx0mMXRTLEyt1Zr1R2q+4MZJl4OSlDjnqv9NXtxzSNmDRUoNYdz02Mn6EynAo2KXZTzRKkIxywjqUSI6b9bHbwhJxapU/CWNmShszU3xMZRlqPo8B2RmiGetGbiv95ndSEV37GZZIaJul8UZgKYmIy/Z70uWLUiLElSBW3txI6RIXU2IyKNgRv8eVl0jyvem7Vu78o167zOApwDCdQAQ8uoQa3UIcGUIjgGV7hzVHOi/PufMxbV5x85gj+wPn8AfGbj9Q=</latexit><latexit sha1_base64="DWTjxFL2oFTD54MHfNQ69MEBWp8=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRixehgv2QNpTJdtMu3WzC7kYoob/CiwdFvPpzvPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKsoaNBaxageomeCSNQw3grUTxTAKBGsFo5up33piSvNYPphxwvwIB5KHnKKx0mMXRTLEyt1Zr1R2q+4MZJl4OSlDjnqv9NXtxzSNmDRUoNYdz02Mn6EynAo2KXZTzRKkIxywjqUSI6b9bHbwhJxapU/CWNmShszU3xMZRlqPo8B2RmiGetGbiv95ndSEV37GZZIaJul8UZgKYmIy/Z70uWLUiLElSBW3txI6RIXU2IyKNgRv8eVl0jyvem7Vu78o167zOApwDCdQAQ8uoQa3UIcGUIjgGV7hzVHOi/PufMxbV5x85gj+wPn8AfGbj9Q=</latexit><latexit sha1_base64="DWTjxFL2oFTD54MHfNQ69MEBWp8=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRixehgv2QNpTJdtMu3WzC7kYoob/CiwdFvPpzvPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKsoaNBaxageomeCSNQw3grUTxTAKBGsFo5up33piSvNYPphxwvwIB5KHnKKx0mMXRTLEyt1Zr1R2q+4MZJl4OSlDjnqv9NXtxzSNmDRUoNYdz02Mn6EynAo2KXZTzRKkIxywjqUSI6b9bHbwhJxapU/CWNmShszU3xMZRlqPo8B2RmiGetGbiv95ndSEV37GZZIaJul8UZgKYmIy/Z70uWLUiLElSBW3txI6RIXU2IyKNgRv8eVl0jyvem7Vu78o167zOApwDCdQAQ8uoQa3UIcGUIjgGV7hzVHOi/PufMxbV5x85gj+wPn8AfGbj9Q=</latexit>

M<latexit sha1_base64="oq2klfr3Cc/BSBiOqlayHZ3SVCw=">AAAB6HicbVDLSsNAFJ3UV62vqks3g0VwVRItPnZFN26EFuwD2lAm05t27GQSZiZCCf0CNy4UcesnufNvnKRB1HrgwuGce7n3Hi/iTGnb/rQKS8srq2vF9dLG5tb2Tnl3r63CWFJo0ZCHsusRBZwJaGmmOXQjCSTwOHS8yXXqdx5AKhaKOz2NwA3ISDCfUaKN1LwdlCt21c6AF4mTkwrK0RiUP/rDkMYBCE05Uarn2JF2EyI1oxxmpX6sICJ0QkbQM1SQAJSbZIfO8JFRhtgPpSmhcab+nEhIoNQ08ExnQPRY/fVS8T+vF2v/wk2YiGINgs4X+THHOsTp13jIJFDNp4YQKpm5FdMxkYRqk00pC+Eyxdn3y4ukfVJ1Tqu1Zq1Sv8rjKKIDdIiOkYPOUR3doAZqIYoAPaJn9GLdW0/Wq/U2by1Y+cw++gXr/Qu+J40J</latexit>

·<latexit sha1_base64="DQ+/waNE0TvnoLLT8mAEVayHyOw=">AAAB7HicbVDLSsNAFJ3UV62vqks3g0VwFRJbq+4KblxWsA9oQ5lMJu3QySTM3Agl9BvcuFDErd/hN7jzb5y0VXwduHA4517uvcdPBNfgOO9WYWl5ZXWtuF7a2Nza3inv7rV1nCrKWjQWser6RDPBJWsBB8G6iWIk8gXr+OPL3O/cMqV5LG9gkjAvIkPJQ04JGKnVp0EMg3LFtZ0ZsGNXa9W6e2rIQvm0KmiB5qD81g9imkZMAhVE657rJOBlRAGngk1L/VSzhNAxGbKeoZJETHvZ7NgpPjJKgMNYmZKAZ+r3iYxEWk8i33RGBEb6t5eL/3m9FMJzL+MySYFJOl8UpgJDjPPPccAVoyAmhhCquLkV0xFRhILJp2RCcOyLHPWvl/+S9ontVu3ada3S6L7O4yiiA3SIjpGLzlADXaEmaiGKOLpDD+jRkta99WQ9z1sL1iLCffQD1ssHUyaP1w==</latexit>
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Introduction
Light dilaton at conformal edge

Holographic light dilaton
Conclusion

Miransky-BKT scaling

I In the walking region we have approximate scale invariance
and ladder approximation is good. The BS equation for the
scalar bound-state then becomes

[
P2 + ∂2 +

α/αc

r2

]
χP(x) = 0.

I Since the potential is singular, we need to regularize it:

V (r) =

{
−α/αc

r2 if r ≥ a,

−α/αc

a2 if r ≤ a.
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Introduction
Light dilaton at conformal edge

Holographic light dilaton
Conclusion

Very light dilaton

I For bound states to be the cutoff-independent, we require the
coupling to depend on the cutoff. (DKH+Rajeev ’90)

α(a) = αc +
π2

[ln (aµ)]2
.

I The non-perturbative beta function is then

βnp(α) = a
∂

∂a
α(a) = − 2

π
(α− αc)3/2

I The gap equation has a nontrivial solution with this beta
function for α ≥ αc . (Bardeen et al ’86):

M ' Λ(α) exp

[∫ α

α0

dα

βnp(α)

]
= ΛUV e

− π√
α−αc .
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Introduction
Light dilaton at conformal edge

Holographic light dilaton
Conclusion

Very light dilaton

I Non-perturbative renormalization requires a new scale.

I In the walking region γψ̄ψ ' 1 new marginal operator emerges
and therefore generates the new scale, M � ΛUV

(DKH+Rajeev ’90):

λ

Λ2
UV

(
ψ̄ψ
)2
.
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Introduction
Light dilaton at conformal edge

Holographic light dilaton
Conclusion

Complex CFT

I Suppose the beta-function of the coupling of the marginal
four-Fermi operator is given as (work under progress,
DKH+Im+Lee)

�(�) = � (�� �⇤)
2 � ↵+ �2

⇤
<latexit sha1_base64="ok6hS//Q5c4DiuGkZhECW69Fiag="></latexit>

Marginal deformation of CFT by four-Fermi operator

(� = g, ↵c = �2
⇤, ↵ = ↵⇤)

<latexit sha1_base64="nWJEOxtpAG1w7WwYQ8rrwqINvTk=">AAACHXicbVBLS0JBGJ1rL7PXrZZthiQwEbma9FgIUpuWBvkAr12+O446OPfBzNxAxD/Spr/SpkURLdpE/6ZRb1HZgYHDOefjm++4IWdSWdaHkVhYXFpeSa6m1tY3NrfM7Z26DCJBaI0EPBBNFyTlzKc1xRSnzVBQ8FxOG+7gYuI3bqmQLPCv1TCkbQ96PusyAkpLjlnK2FynO1Du5ewctoGHfXBIOVad7E3xSy3HZvbQMdNW3poCz5NCTNIoRtUx3+xOQCKP+opwkLJVsELVHoFQjHA6TtmRpCGQAfRoS1MfPCrbo+l1Y3yglQ7uBkI/X+Gp+nNiBJ6UQ8/VSQ9UX/71JuJ/XitS3dP2iPlhpKhPZou6EccqwJOqcIcJShQfagJEMP1XTPoggChdaGpawtkEx98nz5N6MV84ypeuSunKeVxHEu2hfZRBBXSCKugSVVENEXSHHtATejbujUfjxXidRRNGPLOLfsF4/wSPbqB+</latexit>

I Conformality is lost when the UV fixed point collides with the
IR fixed point. (Kaplan-Lee-Son-Stephanov, ’09)
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Introduction
Light dilaton at conformal edge

Holographic light dilaton
Conclusion

Complex CFT

I The walking dynamics is complex CFT. (V. Gorbenko, S.
Rychkov, B. Zan 2018)

Near conformal window a new marginal operator rises 

whose coupling   �
<latexit sha1_base64="wfG1ncklv5mHjdUN5d8aRx7yzEk=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRaqu6KblxWsA9oQ5lMJu3QySTMTIQS+hFuXCji1u9x5984SYOo9cDA4ZxzmXuPF3OmtG1/WqWV1bX1jfJmZWt7Z3evun/QVVEiCe2QiEey72FFORO0o5nmtB9LikOP0543vcn83gOVikXiXs9i6oZ4LFjACNZG6g25ifp4VK3ZdTsHWiZOQWpQoD2qfgz9iCQhFZpwrNTAsWPtplhqRjidV4aJojEmUzymA0MFDqly03zdOToxio+CSJonNMrVnxMpDpWahZ5JhlhP1F8vE//zBokOLt2UiTjRVJDFR0HCkY5QdjvymaRE85khmEhmdkVkgiUm2jRUyUu4ytD8PnmZdM/qznm9cdeota6LOspwBMdwCg5cQAtuoQ0dIDCFR3iGFyu2nqxX620RLVnFzCH8gvX+BVXfj7U=</latexit>

M = ⇤exp


�
I

C

d�

�(�)

�
= ⇤exp

� ⇡p
↵�↵c

<latexit sha1_base64="gzkA39uzVcnk3B0Miyv5Ca7eFp4="></latexit>

Re �
<latexit sha1_base64="2+rpdy9gt+k/0NEqqw48sJ8lPC0=">AAACF3icbVC7SgNBFJ2Nrxhfq2JlMxgFq7CbRsEmaGOpYmIgu4TZyU0yZHZ2mbkrhiUfYmmrH2EntpZ+gz/hJKYwxgMDh3PumXs5USqFQc/7dAoLi0vLK8XV0tr6xuaWu73TMEmmOdR5IhPdjJgBKRTUUaCEZqqBxZGEu2hwMfbv7kEbkahbHKYQxqynRFdwhlZqu3uHAcID5jcwCs5oIG2yww7bbtmreBPQeeJPSZlMcdV2v4JOwrMYFHLJjGn5XophzjQKLmFUCjIDKeMD1oOWpYrFYMJ8cv6IHlmlQ7uJtk8hnai/EzmLjRnGkZ2MGfbNX28s/ue1MuyehrlQaYag+M+ibiYpJnTcBe0IDRzl0BLGtbC3Ut5nmnG0jZVmvjJZCjrMld1Usu34f7uYJ41qxfcq/nW1XDuf9lQk++SAHBOfnJAauSRXpE44yckTeSYvzqPz6rw57z+jBWea2SUzcD6+AZD+n08=</latexit><latexit sha1_base64="2+rpdy9gt+k/0NEqqw48sJ8lPC0=">AAACF3icbVC7SgNBFJ2Nrxhfq2JlMxgFq7CbRsEmaGOpYmIgu4TZyU0yZHZ2mbkrhiUfYmmrH2EntpZ+gz/hJKYwxgMDh3PumXs5USqFQc/7dAoLi0vLK8XV0tr6xuaWu73TMEmmOdR5IhPdjJgBKRTUUaCEZqqBxZGEu2hwMfbv7kEbkahbHKYQxqynRFdwhlZqu3uHAcID5jcwCs5oIG2yww7bbtmreBPQeeJPSZlMcdV2v4JOwrMYFHLJjGn5XophzjQKLmFUCjIDKeMD1oOWpYrFYMJ8cv6IHlmlQ7uJtk8hnai/EzmLjRnGkZ2MGfbNX28s/ue1MuyehrlQaYag+M+ibiYpJnTcBe0IDRzl0BLGtbC3Ut5nmnG0jZVmvjJZCjrMld1Usu34f7uYJ41qxfcq/nW1XDuf9lQk++SAHBOfnJAauSRXpE44yckTeSYvzqPz6rw57z+jBWea2SUzcD6+AZD+n08=</latexit><latexit sha1_base64="2+rpdy9gt+k/0NEqqw48sJ8lPC0=">AAACF3icbVC7SgNBFJ2Nrxhfq2JlMxgFq7CbRsEmaGOpYmIgu4TZyU0yZHZ2mbkrhiUfYmmrH2EntpZ+gz/hJKYwxgMDh3PumXs5USqFQc/7dAoLi0vLK8XV0tr6xuaWu73TMEmmOdR5IhPdjJgBKRTUUaCEZqqBxZGEu2hwMfbv7kEbkahbHKYQxqynRFdwhlZqu3uHAcID5jcwCs5oIG2yww7bbtmreBPQeeJPSZlMcdV2v4JOwrMYFHLJjGn5XophzjQKLmFUCjIDKeMD1oOWpYrFYMJ8cv6IHlmlQ7uJtk8hnai/EzmLjRnGkZ2MGfbNX28s/ue1MuyehrlQaYag+M+ibiYpJnTcBe0IDRzl0BLGtbC3Ut5nmnG0jZVmvjJZCjrMld1Usu34f7uYJ41qxfcq/nW1XDuf9lQk++SAHBOfnJAauSRXpE44yckTeSYvzqPz6rw57z+jBWea2SUzcD6+AZD+n08=</latexit><latexit sha1_base64="2+rpdy9gt+k/0NEqqw48sJ8lPC0=">AAACF3icbVC7SgNBFJ2Nrxhfq2JlMxgFq7CbRsEmaGOpYmIgu4TZyU0yZHZ2mbkrhiUfYmmrH2EntpZ+gz/hJKYwxgMDh3PumXs5USqFQc/7dAoLi0vLK8XV0tr6xuaWu73TMEmmOdR5IhPdjJgBKRTUUaCEZqqBxZGEu2hwMfbv7kEbkahbHKYQxqynRFdwhlZqu3uHAcID5jcwCs5oIG2yww7bbtmreBPQeeJPSZlMcdV2v4JOwrMYFHLJjGn5XophzjQKLmFUCjIDKeMD1oOWpYrFYMJ8cv6IHlmlQ7uJtk8hnai/EzmLjRnGkZ2MGfbNX28s/ue1MuyehrlQaYag+M+ibiYpJnTcBe0IDRzl0BLGtbC3Ut5nmnG0jZVmvjJZCjrMld1Usu34f7uYJ41qxfcq/nW1XDuf9lQk++SAHBOfnJAauSRXpE44yckTeSYvzqPz6rw57z+jBWea2SUzcD6+AZD+n08=</latexit>

Im �
<latexit sha1_base64="HGInXbYy1dHaY6B1Hf5FMs5oD2k=">AAACF3icbVDLSsNAFJ3Ud3xFxZWbwSq4Kkk3Cm5EN7pTsLXQhDKZ3OrQySTM3Igl9ENcutWPcCduXfoN/oTT2oW1Hhg4nHPP3MuJcykM+v6nU5mZnZtfWFxyl1dW19a9jc2myQrNocEzmelWzAxIoaCBAiW0cg0sjSXcxL2zoX9zD9qITF1jP4coZbdKdAVnaKWOt70XIjxgeZEOwmMaSptM2F7Hq/o1fwQ6TYIxqZIxLjveV5hkvEhBIZfMmHbg5xiVTKPgEgZuWBjIGe+xW2hbqlgKJipH5w/ovlUS2s20fQrpSP2dKFlqTD+N7WTK8M789Ybif167wO5RVAqVFwiK/yzqFpJiRodd0ERo4Cj7ljCuhb2V8jumGUfbmDvxlSly0FGp7CbXthP87WKaNOu1wK8FV/Xqyem4p0WyQ3bJAQnIITkh5+SSNAgnJXkiz+TFeXRenTfn/We04owzW2QCzsc3j0yfTg==</latexit><latexit sha1_base64="HGInXbYy1dHaY6B1Hf5FMs5oD2k=">AAACF3icbVDLSsNAFJ3Ud3xFxZWbwSq4Kkk3Cm5EN7pTsLXQhDKZ3OrQySTM3Igl9ENcutWPcCduXfoN/oTT2oW1Hhg4nHPP3MuJcykM+v6nU5mZnZtfWFxyl1dW19a9jc2myQrNocEzmelWzAxIoaCBAiW0cg0sjSXcxL2zoX9zD9qITF1jP4coZbdKdAVnaKWOt70XIjxgeZEOwmMaSptM2F7Hq/o1fwQ6TYIxqZIxLjveV5hkvEhBIZfMmHbg5xiVTKPgEgZuWBjIGe+xW2hbqlgKJipH5w/ovlUS2s20fQrpSP2dKFlqTD+N7WTK8M789Ybif167wO5RVAqVFwiK/yzqFpJiRodd0ERo4Cj7ljCuhb2V8jumGUfbmDvxlSly0FGp7CbXthP87WKaNOu1wK8FV/Xqyem4p0WyQ3bJAQnIITkh5+SSNAgnJXkiz+TFeXRenTfn/We04owzW2QCzsc3j0yfTg==</latexit><latexit sha1_base64="HGInXbYy1dHaY6B1Hf5FMs5oD2k=">AAACF3icbVDLSsNAFJ3Ud3xFxZWbwSq4Kkk3Cm5EN7pTsLXQhDKZ3OrQySTM3Igl9ENcutWPcCduXfoN/oTT2oW1Hhg4nHPP3MuJcykM+v6nU5mZnZtfWFxyl1dW19a9jc2myQrNocEzmelWzAxIoaCBAiW0cg0sjSXcxL2zoX9zD9qITF1jP4coZbdKdAVnaKWOt70XIjxgeZEOwmMaSptM2F7Hq/o1fwQ6TYIxqZIxLjveV5hkvEhBIZfMmHbg5xiVTKPgEgZuWBjIGe+xW2hbqlgKJipH5w/ovlUS2s20fQrpSP2dKFlqTD+N7WTK8M789Ybif167wO5RVAqVFwiK/yzqFpJiRodd0ERo4Cj7ljCuhb2V8jumGUfbmDvxlSly0FGp7CbXthP87WKaNOu1wK8FV/Xqyem4p0WyQ3bJAQnIITkh5+SSNAgnJXkiz+TFeXRenTfn/We04owzW2QCzsc3j0yfTg==</latexit><latexit sha1_base64="HGInXbYy1dHaY6B1Hf5FMs5oD2k=">AAACF3icbVDLSsNAFJ3Ud3xFxZWbwSq4Kkk3Cm5EN7pTsLXQhDKZ3OrQySTM3Igl9ENcutWPcCduXfoN/oTT2oW1Hhg4nHPP3MuJcykM+v6nU5mZnZtfWFxyl1dW19a9jc2myQrNocEzmelWzAxIoaCBAiW0cg0sjSXcxL2zoX9zD9qITF1jP4coZbdKdAVnaKWOt70XIjxgeZEOwmMaSptM2F7Hq/o1fwQ6TYIxqZIxLjveV5hkvEhBIZfMmHbg5xiVTKPgEgZuWBjIGe+xW2hbqlgKJipH5w/ovlUS2s20fQrpSP2dKFlqTD+N7WTK8M789Ybif167wO5RVAqVFwiK/yzqFpJiRodd0ERo4Cj7ljCuhb2V8jumGUfbmDvxlSly0FGp7CbXthP87WKaNOu1wK8FV/Xqyem4p0WyQ3bJAQnIITkh5+SSNAgnJXkiz+TFeXRenTfn/We04owzW2QCzsc3j0yfTg==</latexit>
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Very light dilaton

I When χSB occurs at α = αc or at ΛSB, generating massless
pions, the scale symmetry is also spontaneously broken.

0 6= 3
〈
ψ̄ψ
〉

=
〈
[D, ψ̄ψ]

〉

I In the chirally broken phase therefore we should also have light
dilaton, associated the spontaneously broken scale symmetry,

〈0|Dµ(x) |D(p)〉 = −ifpµe−ip·x ,

where the dilatation current Dµ = xνθµν , if the scale anomaly
is small |〈θµµ〉| ∼ M4 � Λ4

SB, which is the salient feature of
near conformal window, unlike QCD.
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Very light dilaton

I Consider WT identity:

0 =

∫

x
∂µ 〈0|TDµ(x)θνν (y) |0〉 = 〈0|[D, θνν ] |0〉+

∫

x
〈0|T∂µDµ(x)θνν |0〉

I Partially conserved dilatation current (PCDC) hypothesis:

⇡ �✓⌫⌫ (x) ✓⌫⌫ (y)
✓⌫⌫ (x) ✓⌫⌫ (y)

f 2m2
D = −4

〈
θµµ
〉
≈ −16 Evac ∼ M4 ∼ m4

dyn .

I The scale anomaly is given by the dynamical mass at IR, m4
dyn

(Gusynin+Miransky ’89; 2302.08112 and to appear)
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PCDC and Very light dilaton

I Very light dilaton from quasi-conformal UV sector (f ∼ ΛSB):

m2
D = −4 〈θνν 〉

f 2
∼ M4

f 2
� M2 .

I By Miransky scaling, the dynamical mass or the IR scale is

M = ΛSB(αc) exp

(
− π√

α− αc

)
.

I The dilaton mass mD ∼ M2

f � M if f � M.

I By the holography we find (Cruz Hojas+DKH+Im+Jarvinen,
JHEP ’23)

mD = c1M ·
√
ν or f ∼ M√

ν
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3. Holographic light dilaton

2302.08112
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Holographic dilaton

I Consider a holographic dual of near conformal gauge theory:

S = Sg[gµν , φ] + Sm[gµν , φ,X ] ,

where φ and X are dual to Tr
(
G 2
µν

)
and qq̄, respectively.

Sg =
1

2κ2

∫
d5x
√−g

[
R − gMN∂Mφ∂Nφ+ V (φ)

]
+ SGH

ds2 = e2A(r)
(
dr2 − dt2 + dx2

)
, (rUV < r < rIR) ,

Sm = − 1

2κ2Nc

∫
d5x
√−g Tr

[
gMN∂MX †∂NX −mX (r)2X †X

]
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Holographic dilaton

I Near the conformal edge, the scaling dimension of qq̄ is
∆IR = 2± iν (ν � 0). The 5d mass then violates the BF
bound,

m2
X = −4− ν2 < −4 .

I The background solution is then

X (r) = mqr + σr3 , (r < ruv)

X (r) = X0

(
r

ruv

)2

sin

(
ν log

r

ruv
+ α

)
, (ruv < r < rir)
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Holographic dilaton

I For the UV boundary conditions, we match two solutions
smoothly to get

tanα = ν
σr3

uv + mqruv
σr3

uv −mqruv
,

X0 =
σr3

uv + mqruv
sinα

,

where we see that the phase α ∼ O(ν) for mq ≈ 0..

I For the IR boundary conditions, we impose

AX (rir) + BrirX ′(rir) = 0 ,
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Holographic dilaton

I We now consider small fluctuations. Among them relevant
ones are

ψ =
1

6

(
hµµ −

∂µ∂ν

∂2
hµν

)

and for the scalars

φ(z , x) = φ̄(z)+ϕ(z , x) , Xij(z , x) = δij X̄ (z)+δijχ(z , x) .
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Holographic dilaton

I The relevant gauge invariant combination is

ξ = ψ − A′

X̄ ′
χ

I Solving the equations of motion, we get in the probe
approximation

ξ(r) =
C1<[Jiν(ωr)] + C2<[Yiν(ωr)]

2 sin(ν ln r
ruv

+ α) + ν cos(ν ln r
ruv

+ α)
.
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Holographic dilaton

I From the UV and IR boundary conditions that parametrize
the theory near the conformal edge one finds

ω2r2
ir = 4

A
B tβ + ν

(
tβ

1+ ν
2
tβ−α

tβ−α− ν
2
− 1
)

2tβ + ν + (tβ + ν)
(
A
B + ν

1+ ν
2
tβ−α

tβ−α− ν
2

)

where β is defined as

rir
ruv
≡ e(π−β)/ν .
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Holographic spectrum

I We find that a light dilaton exists if A = 0, namely for
Neunmann IR boundary condition:

ω = r−1
ir

√
ν .

I The dilaton can be parametrically lighter than all other
hadrons which are O

(
z−1
ir

)
. (2302.08112 and to appear)
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conclusion

Conclusion

I Near conformal dynamics shows the Miransky-BKT scaling

M(α) = ΛSB(αc) exp

(
− π√

α− αc

)
(α > αc)

I The marginal four-Fermi interaction derives the BZ theory
into a complex CFT (DKH+Im+Lee to appear).

λ

Λ2
SB

(
ψ̄ψ
)2

; β(λ) = −(λ− λ∗)2 − α− αc

I The holographic analysis shows (2302.08112 and to appear),
since 〈θµµ〉 ∼ M4 (Gusynin+Miransky ’89)

mD = c1M ·
√
ν or f ∼ M · ν−1/2
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