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Standard cosmology analysis
1. Measure the summary statistics 

• e.g. 2-pt function/power spectrum 
2. Develop a theoretical prediction for that summary statistics 

• perturbation theory and/or N-body simulation 
3. Construct an analytic likelihood with covariance 

• usually assumed to be Gaussian 
4. Run MCMC to infer the posterior distribution
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But... which summary statistics?
• The power spectrum is no longer sufficient for galaxy clustering. 

• Higher-order statistics? (or any other summary statistics?) 
‣ Hard to measure, and evaluating their covariance is challenging 

‣ In principle, there are infinite series of n-pt functions. 

• What is the optimal way to analyze non-Gaussian random field? 
‣ Field-level inference
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Field-level inference
• Cosmology inference without data compression 

• Compare the observation with theory at each voxel (or Fourier mode) 
‣ In principle, all available information can be extracted.
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The posterior of the field-level inference
• The field-level posterior of cosmological parameters    given the data     : 

• The prior of the initial conditions: Gaussian with diagonal covariance in 
Fourier space 

• Assume the likelihood form to be Gaussian 

• We need a forward-model of galaxy clustering at field level 
‣ Lagrangian EFT of LSS
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Challenge: Marginalization over the ICs
• Explicit (or numerical) marginalization over the initial conditions 

‣ We have to evaluate the extremely high dimensional integral w.r.t. the 
ICs 

‣ The dims of the integral                     

• Common practice: compress the data to summary statistics
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Hamiltonian Monte Carlo (HMC)

• The technique initially developed in the lattice QCD 
‣ use the gradient information to sample efficiently 
‣ need the gradient of likelihood w.r.t. parameters
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Field-level inference in practice
• We want to numerically evaluate 

‣ Infer the cosmological parameters and the initial conditions 
simultaneously
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Implementation details
• Lagrangian EFT of LSS: a differentiable simulator 

‣ Not so computationally expensive (accelerated by GPUs) 

‣ Easy to take a derivatives w.r.t. initial random fields as well as biases 
‣ Auto-grad library (e.g. JAX)  
‣ Possible to be extended to use differentiable N-body (Hybrid-EFT) 

• Sampling method: No-U-Turn Sampler(NUTS) 
‣ adaptive mass matrix & step sizes 

• Written in JAX (python), running on GPUs (Nvidia A100)

Modi++20e.g. FlowPM(Modi++20), pmwd(Li++22) 
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A sanity check: Gaussian random field
• Model:  

‣ parameters: 

•   

•   

• In the Gaussian case, the power spectrum 
should be lossless.

Gaussian
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Non-linear (non-Gaussian) example
• Model: Zeldovich + quadratic Lagrangian bias in redshift space 
‣   
‣ params: 

•   

• The mock is generated with the same  
model but with high resolution             . 

• Sampling takes about ~ a week. 

•               ,
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Where does the information come from?
• The mock is not “real”; The cubic and 
higher order bias params are all set to zero 

• The linear and quadratic bias params        
-> P + B 
‣ The higher order correlation functions 
can be solely used for cosmology 

• Not sure if this is the case in the “real” 
world.

Preliminary
c.f. Nguyen+ 24



Effective shot noise from large b2
• “Renormalization of the shot noise” 

• Large b2 -> apparently large shot noise 

• Two mocks: 
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Large b2 vs small b2
• The constant piece in  
‣ Power spectrum: absorbed into the shot noise (i.e. treat it as a noise) 
‣ Field level: treat it as a signal (up to       or        )

Preliminary

Preliminary

<latexit sha1_base64="gMbp6vwg7cluhv8+K7CMFl3z9/Q=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjyIVLAf2C4lm2bb0CS7JFmhLP0XXjwo4tV/481/Y7bdg7Y+GHi8N8PMvCDmTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKWjRBHaJBGPVCfAmnImadMww2knVhSLgNN2ML7O/PYTVZpF8sFMYuoLPJQsZAQbKz2O+2lPCXR3O+2XK27VnQEtEy8nFcjR6Je/eoOIJIJKQzjWuuu5sfFTrAwjnE5LvUTTGJMxHtKupRILqv10dvEUnVhlgMJI2ZIGzdTfEykWWk9EYDsFNiO96GXif143MeGlnzIZJ4ZKMl8UJhyZCGXvowFTlBg+sQQTxeytiIywwsTYkEo2BG/x5WXSOqt6tWrt/rxSv8rjKMIRHMMpeHABdbiBBjSBgIRneIU3RzsvzrvzMW8tOPnMIfyB8/kDM3KQoA==</latexit>

kNL

<latexit sha1_base64="bvc3WUfV/zOELdohQ0zDpcNMpUQ=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuCqJSHVZ7EY3UsFeoI1hMp20Q2cmYWYihFBfxY0LRdz6IO58G6dpFlr9YeDjP+dwzvxBzKjSjvNllVZW19Y3ypuVre2d3T17/6CrokRi0sERi2Q/QIowKkhHU81IP5YE8YCRXjBtzeu9ByIVjcSdTmPicTQWNKQYaWP5dnV6nw0lh9etmZ/DTTrz7ZpTd3LBv+AWUAOF2r79ORxFOOFEaMyQUgPXibWXIakpZmRWGSaKxAhP0ZgMDArEifKy/PgZPDbOCIaRNE9omLs/JzLElUp5YDo50hO1XJub/9UGiQ4vvIyKONFE4MWiMGFQR3CeBBxRSbBmqQGEJTW3QjxBEmFt8qqYENzlL/+F7mndbdQbt2e15mURRxkcgiNwAlxwDprgCrRBB2CQgifwAl6tR+vZerPeF60lq5ipgl+yPr4BVE+UlQ==</latexit>

kICNy

<latexit sha1_base64="CVg/299edxfXq1G3vHpNhaIAV2Y=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyUpUl0W3eiugn1AE8NkMmmHTiZhZiKU0J0bf8WNC0Xc+gvu/BunbQRtPXC5h3PuZeYeP2FUKsv6MgpLyyura8X10sbm1vaOubvXlnEqMGnhmMWi6yNJGOWkpahipJsIgiKfkY4/vJz4nXsiJI35rRolxI1Qn9OQYqS05JmHmYMRg9djL3MCwhS6q/30cWV44pllq2pNAReJnZMyyNH0zE8niHEaEa4wQ1L2bCtRboaEopiRcclJJUkQHqI+6WnKUUSkm03vGMNjrQQwjIUuruBU/b2RoUjKUeTryQipgZz3JuJ/Xi9V4bmbUZ6kinA8eyhMGVQxnIQCAyoIVmykCcKC6r9CPEACYaWjK+kQ7PmTF0m7VrXr1frNablxkcdRBAfgCFSADc5AA1yBJmgBDB7AE3gBr8aj8Wy8Ge+z0YKR7+yDPzA+vgERiZjO</latexit>

I�2�2(k)

<latexit sha1_base64="87EKjr4bdllW/gZ5NQohj4SpHZw=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQhJAEqYIIVTcuK9gHNDVMppN26EwSZiZKCfkIN/6KGxeKuHXhzr9x+lho64GBwznncueeIGFUKtv+NgoLi0vLK8XV0tr6xuaWub3TkHEqMKnjmMWiFSBJGI1IXVHFSCsRBPGAkWYwuBr5zXsiJI2jWzVMSIejXkRDipHSkm8eeZL2OPKzizMY+C48h65l53eZJzhM4gcicqgTHNqW4/pm2bbsMeA8caakDKao+eaX141xykmkMENSth07UZ0MCUUxI3nJSyVJEB6gHmlrGiFOZCcbH5XDA610YRgL/SIFx+rviQxxKYc80EmOVF/OeiPxP6+dqvC0k9EoSRWJ8GRRmDKoYjhqCHapIFixoSYIC6r/CnEfCYSV7rGkS3BmT54nDddyKlbl5rhcvZzWUQR7YB8cAgecgCq4BjVQBxg8gmfwCt6MJ+PFeDc+JtGCMZ3ZBX9gfP4A/p2cSA==</latexit>

�power
A;b2=2.0 ⇠ 0.12

<latexit sha1_base64="FYAiotdPbUtFNERBHc29IU+TOqo=">AAACFXicbVBLSwMxGMz6rPVV9eglWAQPWnaLtoIIVS8eK9gHdNclm6ZtaJJdkqxSlv0TXvwrXjwo4lXw5r8xfRy0dSBkmJmP5JsgYlRp2/625uYXFpeWMyvZ1bX1jc3c1nZdhbHEpIZDFspmgBRhVJCappqRZiQJ4gEjjaB/NfQb90QqGopbPYiIx1FX0A7FSBvJzx26inY58pOLMxj4RXgOj+zCSXqXuJLDKHwgMoUmwqFdsMt+Lm+uEeAscSYkDyao+rkvtx3imBOhMUNKtRw70l6CpKaYkTTrxopECPdRl7QMFYgT5SWjrVK4b5Q27ITSHKHhSP09kSCu1IAHJsmR7qlpbyj+57Vi3Tn1EiqiWBOBxw91YgZ1CIcVwTaVBGs2MARhSc1fIe4hibA2RWZNCc70yrOkXiw4pULp5jhfuZzUkQG7YA8cAAeUQQVcgyqoAQwewTN4BW/Wk/VivVsf4+icNZnZAX9gff4AfPichg==</latexit>

�power
A;b2=�0.5 ⇠ 0.07

<latexit sha1_base64="MO+aJZlifNog9dQmbxMIHK9n9JQ=">AAACFXicbVBLSwMxGMzWV62vVY9egkXwoGW3ahVEqHrxWME+oK1LNs22oUl2SbJCWfZPePGvePGgiFfBm//G9HHQ1oGQYWY+km/8iFGlHefbyszNLywuZZdzK6tr6xv25lZNhbHEpIpDFsqGjxRhVJCqppqRRiQJ4j4jdb9/PfTrD0QqGoo7PYhIm6OuoAHFSBvJsw9ainY58pLLc+h7RXgBD53CSXqftCSHASWsk0IT4dApOEeenTfXCHCWuBOSBxNUPPur1QlxzInQmCGlmq4T6XaCpKaYkTTXihWJEO6jLmkaKhAnqp2MtkrhnlE6MAilOULDkfp7IkFcqQH3TZIj3VPT3lD8z2vGOjhrJ1REsSYCjx8KYgZ1CIcVwQ6VBGs2MARhSc1fIe4hibA2ReZMCe70yrOkViy4pULp9jhfvprUkQU7YBfsAxecgjK4ARVQBRg8gmfwCt6sJ+vFerc+xtGMNZnZBn9gff4ANqqcWQ==</latexit>

�field
A;b2=�0.5 ⇠ 0.03

<latexit sha1_base64="cmUfFyqTgYifyjgJCXZpfu+Vojg=">AAACFHicbVDNS8MwHE3n15xfVY9egkMQhNJOmYIIUy8eJ7gPWGdJ03QLS9qSpMIo/SO8+K948aCIVw/e/G/MPg66+SDk8d77kfyenzAqlW1/G4WFxaXlleJqaW19Y3PL3N5pyjgVmDRwzGLR9pEkjEakoahipJ0IgrjPSMsfXI/81gMRksbRnRompMtRL6IhxUhpyTOPXEl7HHnZ5Tn0vQq8gBXLzu8zV3AYUsKCHOoEh7ZlH3tmWV9jwHniTEkZTFH3zC83iHHKSaQwQ1J2HDtR3QwJRTEjeclNJUkQHqAe6WgaIU5kNxsvlcMDrQQwjIU+kYJj9fdEhriUQ+7rJEeqL2e9kfif10lVeNbNaJSkikR48lCYMqhiOGoIBlQQrNhQE4QF1X+FuI8Ewkr3WNIlOLMrz5NmxXKqVvX2pFy7mtZRBHtgHxwCB5yCGrgBddAAGDyCZ/AK3own48V4Nz4m0YIxndkFf2B8/gC+Xpwf</latexit>

�field
A;b2=2.0 ⇠ 0.03



Byproduct: the reconstruction of ICs
• The real part of the initial Gaussian field               at 

• Can be useful for cross-correlations

<latexit sha1_base64="Rmr7pmwnvi2AxqkWsES+ZzqctG4="></latexit>

kz = kF
<latexit sha1_base64="wvtL0aQtxFGrBXTZl7fnLrQwH80="></latexit>

Re[�IC(k)]



Questions
• Noise property at field-level:  
‣ No successful example of the full field-level inference to the “real” N-
body (without putting a prior on the noise parameter by hand) 

• Likelihood for the field-level inference 
‣ Gaussian likelihood would not be a good approximation for realistic 
mock 

• In general, does really the field-level outperform the n-pt function 
analysis? (in the perturbative regime)
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Summary
• Galaxy clustering offers a lot of cosmological information, although 
information is diluted to the non-Gaussian part of the galaxy density field. 
‣ need to go beyond the power spectrum 

• Field-level inference is an optimal (i.e. lossless) analysis method to extract 
cosmology from non-Gaussian random field 
‣ Differentiable forward model at field-level & Hamiltonian Monte Carlo 
‣ If we can use the information in higher-order terms/correlation function 
only for cosmology, the field-level gives better results (as expected) 

‣ For the large b2 case, the field-level can be better than the power 
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Backups



Zeldovich + linear bias



Full posterior for b2 = -0.5



Full posterior for b2 = 2.0



Reconstructed ICs in position space



Equivalence of Fourier and configuration space likelihood

• Parseval’s theorem: 
‣   

• Configuration-space likelihood would 
be useful for e.g. the density-
dependent noise
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