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What will this talk be about?

A set of tools to compute String Theory amplitudes on AdS

More specifically:

Scattering of four massless closed strings (gravitons) on AdS5 × S5.

Flat space review.

AdS curvature corrections (efficiently).
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Scattering amplitudes

Scattering Amplitudes

Probability that two particles/strings colliding (with momenta p1, p2)
result into two other particles (with momenta p3, p4).
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P4

= A(g , s, t, u)

A(g , s, t, u) depends on:

The particles you are scattering (their masses, polarisations, etc)
The parameters of your theory g .
The momenta of the particles being scattered:

s = −(p1 + p2)2, t = −(p1 − p3)2, u = −(p1 − p4)2
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Four-graviton amplitude - Flat space

4pt graviton amplitude in string theory in flat space

The parameters of the theory are gs and α′.
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The amplitude depends on the momenta pi and polarisations εi of
the (external) gravitons.

SUSY fixes the dependence on the polarisations:

A(gs , α
′, pi , εi ) = pref (εi , pi )︸ ︷︷ ︸

simple prefactor

×A(gs , α
′, s, t, u)︸ ︷︷ ︸

we focus on this
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String theory scattering amplitudes

The computation organises in a genus expansion

+ + ...+

A(genus 0)(α′, s, t, u)+g2
s A

(genus 1)(α′, s, t, u)+g4
s A

(genus 2)(α′, s, t, u)+· · ·

In flat space we can use the world-sheet theory to compute these
amplitudes:

A(genus 0)(α′, s, t, u) ∼
∫
CP1

|z |2α′s−2|1− z |2α′t−2d2z

Note: already at genus-one the expressions are tremendously
complicated!
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Four-graviton amplitude - Flat space

Leading order in gs : Virasoro-Shapiro amplitude

AVS(α′, s, t, u) = α′3
Γ(−α′s)Γ(−α′t)Γ(−α′u)

Γ(1 + α′s)Γ(1 + α′t)Γ(1 + α′u)

Crossing symmetric (s + t + u = 0)

Poles due to the exchange of particles (of mass m = 2
√
n/α′ and

spin `)

AVS(α′, s, t, u) ∼ P`(t, u)

α′s − n
Regge behaviour

AVS(α′, s, t, u) ∼ s−2+α′ t
2 , for large |s|

Low energy expansion (powers of α′)

AVS(α′, s, t, u) ∼ 1

s t u︸︷︷︸
sugra

+ 2ζ(3)α′3 + 2ζ(5)α′5(s2 + t2 + u2) + · · ·︸ ︷︷ ︸
stringy corrections
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VS and single-valued periods

Less appreciated: only odd ζ-values appear in the α′ expansion.

ζ(n) =
∞∑
k=1

1

kn

Zeta values (MZV) can be defined in terms of polylogarithms
evaluated at z = 1

Lin(z) =
∑
k=1

zk

kn
→ Lin(1) = ζ(n)

While these series converge for |z | < 1, polylogarithms can be
analytically continued to the whole complex plane:

Li1(z) = − log(1− z), Lin(z) =

∫ z

0
Lin−1(t)

dt

t

However these functions are not single-valued.
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VS and single-valued periods

Unique map from multi-valued to single-valued polylogarithms

Lin(z)
SV−−→ Ln(z , z̄)

Such that the ’weight’ and differential relations are preserved.

If we evaluate single-valued polylogarithms at z = z̄ = 1, we only
get a subset of the usual zeta values.

L2(1) = 0, L3(1) = 2ζ(3)

More generally

ζ(2n + 1) are single-valued X
But ζ(2n) are not 7

Important message

The α′ expansion of the VS amplitude contains only single-valued zetas.
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Virasoro Shapiro on AdS

Can we compute string amplitudes on curved space-time?

One of the biggest challenges of string theory is to understand it
on curved backgrounds.

No world-sheet theory to compute amplitudes in general.

The highly symmetric case AdS5 × S5 is particularly interesting, as
here we have powerful tools!

Can we compute the AdS Virasoro-Shapiro amplitude?

i.e. tree-level amplitude for four gravitons in string theory on AdS5×S5.
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AdS/CFT

String amplitudes on AdS ↔ Correlators of local operators
in the CFT at the boundary.
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A(gs , α
′, s, t, u)↔ 〈O(x1)O(x2)O(x3)O(x4)〉
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AdS/CFT

String theory on AdS5 × S5 ↔ 4d N = 4 SYM
(gs ,R) (gYM ,N)

gs ≈
1

N
,

R2

α′
=

√
g2
YMN ≡

√
λ
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Correlators in N = 4 SYM
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Genus expansion
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Stringy corrections to sugra
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Graviton on AdS

<latexit sha1_base64="v9pclniZuiwWTSs/KFXMKiSl5uY=">AAAB/nicbVDLSgMxFM3UV62vqrhyEyyCqzojoi4LblyVCvYBbSmZ9LYNzWSG5I60DAV/xY0LRdz6He78GzNtF9p6IHA451zuzfEjKQy67reTWVldW9/Ibua2tnd29/L7BzUTxppDlYcy1A2fGZBCQRUFSmhEGljgS6j7w9vUrz+CNiJUDziOoB2wvhI9wRlaqZM/8s7LtIUwwoTCKGIqTU46+YJbdKegy8SbkwKZo9LJf7W6IY8DUMglM6bpuRG2E6ZRcAmTXCs2EDE+ZH1oWqpYAKadTM+f0FOrdGkv1PYppFP190TCAmPGgW+TAcOBWfRS8T+vGWPvpp0IFcUIis8W9WJJMaRpF7QrNHCUY0sY18LeSvmAacbRNpazJXiLX14mtYuid1X07i8LpfK8jiw5JifkjHjkmpTIHamQKuEkIc/klbw5T86L8+58zKIZZz5zSP7A+fwBwiWVaw==</latexit>

1/N expansion
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1/� corrections

<latexit sha1_base64="ni8X8WHa+s3xEI/qh2yWW+Q9vso=">AAACF3icbZA9SwNBEIb3/DZ+RS1tFqNgddwFUbEK2Fj5gUaFJIS5zZwu7t0eu3NiOPIvbPwrNhaK2Grnv3ETU/g11cP7zjAzb5QpaSkIPryR0bHxicmp6dLM7Nz8Qnlx6czq3AisC620uYjAopIp1kmSwovMICSRwvPoeq/vn9+gsVKnp9TNsJXAZSpjKYCc1C77TcJbKtaKpgDFD3vt6touP3EMhusMDZB2EPOOTHxe7bXLlcAPBsX/QjiEChvWUbv83uxokSeYklBgbSMMMmoVYEgKhb1SM7eYgbiGS2w4TCFB2yoGf/X4ulM6PHYXxDolPlC/TxSQWNtNIteZAF3Z315f/M9r5BTvtAqZZjlhKr4WxbnipHk/JPetQUGq6wCEke5WLq7AgCAXZcmFEP5++S+cVf1wyw+PNyu1g2EcU2yFrbINFrJtVmP77IjVmWB37IE9sWfv3nv0XrzXr9YRbzizzH6U9/YJz6OeeQ==</latexit>O2: Scalar operator of dim. 2
<latexit sha1_base64="JvLUKzA39ikyQ9kXqS5Ayr3GZQw=">AAACDnicbVC7SgNBFJ31GeNr1dJmMARsDLsiahmwsZII5gHJEmYnd5Mhsw9m7ophyRfY+Cs2ForYWtv5N06SLTTxVIdz7uXec/xECo2O820tLa+srq0XNoqbW9s7u/befkPHqeJQ57GMVctnGqSIoI4CJbQSBSz0JTT94dXEb96D0iKO7nCUgBeyfiQCwRkaqWuXOwgPmImI4gCoRgVanyBEOlY0TCWKRAKOu3bJqThT0EXi5qREctS69lenF/M0hAi5ZFq3XSdBL2MKBZcwLnZSDQnjQ9aHtqERC0F72TTOmJaN0qOB+SCII6RT9fdGxkKtR6FvJkOGAz3vTcT/vHaKwaVnsiapSchnh4JUUozppBvaEwo4ypEhjCthfqV8wBTjaBosmhLc+ciLpHFacc8r7u1ZqXqT11Egh+SIHBOXXJAquSY1UiecPJJn8krerCfrxXq3PmajS1a+c0D+wPr8AXXunQw=</latexit>

in the stress-tensor multiplet

Consider 〈O2(x1)O2(x2)O2(x3)O2(x4)〉 in a 1/N expansion.
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4d N = 4 SYM - 4p correlator

Conformal symmetry + susy:

〈O2(x1)O2(x2)O2(x3)O2(x4)〉 = pref × G(U,V )

U =
x2

12x
2
34

x2
13x

2
24
,V =

x2
14x

2
23

x2
13x

2
24

Tree-level amplitude → leading non-trivial term in the 1/N
expansion:

G(U,V ) = Gdisc(U,V )︸ ︷︷ ︸
disconnected

+
1

N2
Gtree(U,V )︸ ︷︷ ︸
tree−level

+ · · ·

Complicated function of λ. We keep the full dependence.

Gtree(U,V ) = G(sugra)(U,V )︸ ︷︷ ︸
computed 22 years ago

+
G(1)(U,V )

λ3/2
+
G(2)(U,V )

λ5/2
+ · · ·

︸ ︷︷ ︸
we want the whole tower
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The right language: Mellin space

Gtree(U,V )→Mtree(s, t, u), with s + t + u = 4.

Gtree(U,V ) =

∫ i∞

−i∞
dsdtUsV t Γ(s, t, u)︸ ︷︷ ︸

prefactor

Mtree(s, t, u)︸ ︷︷ ︸
VS amplitude in AdS5 × S5

1 Crossing symmetric.
2 Exchanged operators lead to simple poles:

Mtree(s, t) = C 2
∆,`

∞∑
m=0

Q`,m(u, t)

s − (∆− `)− 2m
+ regular

3 Regge limit

Mtree(s, t) ∼ s−2, for large |s| and Re(t) < 2

4 Low energy expansion

Mtree(s, t) =
1

(s − 2)(t − 2)(u − 2)
+ stringy corrections on AdS
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AdS Virasoro-Shapiro around flat space

5 Flat space limit (large s, t, λ with s/
√
λ, t/
√
λ fixed) → usual VS.

Consider Mtree(s, t) around flat space

Mtree(s, t) = A(0)(s, t)︸ ︷︷ ︸
VS in flat space

+
α′

R2
A(1)(s, t) +

α′2

R4
A(2)(s, t) + · · ·︸ ︷︷ ︸

curvature corrections

Where each bit admits a low energy expansion

A(0)(s, t) =
1

s t u
+ 2ζ(3)α′3 + 2ζ(5)α′5(s2 + t2 + u2) + · · ·

A(1)(s, t) =
s2 + t2 + u2

(s t u)2︸ ︷︷ ︸
gravity on AdS

+α1α
′4 + α2α

′6(s2 + t2 + u2) + · · ·︸ ︷︷ ︸
unknown coefficients

Key assumption: unknown coefficients are also single-valued zetas!
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AdS Virasoro-Shapiro around flat space

Very powerful when supplemented with the correct structure of poles!

While A(0)(s, t) has single poles, corrections are more complicated:

A(1)(s, t) ∼ r
(0)
n (t)

(α′s − n)4
+

r
(1)
n (t)

(α′s − n)3
+ · · ·

This follows from the AdS-propagator around flat-space (and also
the dispersive sum rules). In general

Mtree(s, t) = A(0)(s, t)︸ ︷︷ ︸
simple poles

+
α′

R2
A(1)(s, t)︸ ︷︷ ︸
quartic poles

+
α′2

R4
A(2)(s, t)︸ ︷︷ ︸

seventh order poles

+ · · ·
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AdS Virasoro-Shapiro amplitude

Poles + Single-valuedness + World-sheet intuition

⇓
Proposal order by order

A(0)(s, t) =

∫
CP1

d2z |z |2α′s−2|1− z |2α′t−2

A(1)(s, t) =

∫
CP1

d2z |z |2α′s−2|1− z |2α′t−2 W3(z , z̄)︸ ︷︷ ︸
SV polylogs of weight 3

A(2)(s, t) =

∫
CP1

d2z |z |2α′s−2|1− z |2α′t−2 W6(z , z̄)︸ ︷︷ ︸
SV polylogs of weight 6

...

Also consistent with soft graviton theorems.
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AdS Virasoro-Shapiro amplitude

At a given order only a finite number undetermined coefficients and
the structure of poles is already very constraining.

We fixed A(0)(s, t),A(1)(s, t),A(2)(s, t) fully by our procedure!

From the answer we can read of a wealth of CFT-data, e.g. there
is an intermediate operator with

∆K = 2λ1/4 − 2 +
2

λ1/4
+

1/2− 3ζ(3)

λ3/4
+ · · ·

But this is the Konishi operator!

<latexit sha1_base64="g0CSInjcsYmYF0HHgDh/JdBp4hM=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLgxpVUsA9oQ5lMbtqhk0mYmQgl9CPcuFDErd/jzr9x2mahrQcGDuecy9x7glRwbVz32ymtrW9sbpW3Kzu7e/sH1cOjtk4yxbDFEpGobkA1Ci6xZbgR2E0V0jgQ2AnGtzO/84RK80Q+mkmKfkyHkkecUWOlTl/YaEgH1Zpbd+cgq8QrSA0KNAfVr36YsCxGaZigWvc8NzV+TpXhTOC00s80ppSN6RB7lkoao/bz+bpTcmaVkESJsk8aMld/T+Q01noSBzYZUzPSy95M/M/rZSa68XMu08ygZIuPokwQk5DZ7STkCpkRE0soU9zuStiIKsqMbahiS/CWT14l7Yu6d1X3Hi5rjfuijjKcwCmcgwfX0IA7aEILGIzhGV7hzUmdF+fd+VhES04xcwx/4Hz+AEJZj48=</latexit>

�

<latexit sha1_base64="3ffNQLsqdoLNhhCWgPH1d9qpk8c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rGgB09SwX5AG8pmu2nXbnbD7kQoof/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxPBDXret1NYWV1b3yhulra2d3b3yvsHTaNSTVmDKqF0OySGCS5ZAzkK1k40I3EoWCscXU/91hPThiv5gOOEBTEZSB5xStBKze4NE0h65YpX9WZwl4mfkwrkqPfKX92+omnMJFJBjOn4XoJBRjRyKtik1E0NSwgdkQHrWCpJzEyQza6duCdW6buR0rYkujP190RGYmPGcWg7Y4JDs+hNxf+8TorRVZBxmaTIJJ0vilLhonKnr7t9rhlFMbaEUM3trS4dEk0o2oBKNgR/8eVl0jyr+hdV//68UrvL4yjCERzDKfhwCTW4hTo0gMIjPMMrvDnKeXHenY95a8HJZw7hD5zPH2Ygjw4=</latexit>

�

<latexit sha1_base64="xZjECXn80Mv1BMvC4XeIUzRa+1I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF0/Sgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWatb65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV77LqNS8q9bs8jiKcwCmcgwdXUIdbaEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AIG1jMg=</latexit>

2

<latexit sha1_base64="fMdJ/p5W7xwFnGH6REZXsbEUR0M=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARBKHOlKIuC25cSQX7gM5YMplMG5pJhiQjlKFu/BU3LhRx61+4829M21lo64HA4ZxzubknSBhV2nG+rcLS8srqWnG9tLG5tb1j7+61lEglJk0smJCdACnCKCdNTTUjnUQSFAeMtIPh1cRvPxCpqOB3epQQP0Z9TiOKkTZSzz6oQo+ZeIjuM/esNoan0MOh0Kpnl52KMwVcJG5OyiBHo2d/eaHAaUy4xgwp1XWdRPsZkppiRsYlL1UkQXiI+qRrKEcxUX42vWAMj40SwkhI87iGU/X3RIZipUZxYJIx0gM1703E/7xuqqNLP6M8STXheLYoShnUAk7qgCGVBGs2MgRhSc1fIR4gibA2pZVMCe78yYukVa245xX3tlau3+R1FMEhOAInwAUXoA6uQQM0AQaP4Bm8gjfryXqx3q2PWbRg5TP74A+szx9Ef5WK</latexit>

2�1/4 + · · ·
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Conclusions

Computing the full AdS VS amplitude seems now within reach!

Single valuedness plays an important role in understanding and
constructing scattering amplitudes in flat space. Now also in AdS!

New connections between standard bootstrap techniques,
localisation, integrability and number theory.

The high energy limit is super interesting [See Maria Nocchi’s
poster].

This has been extended to open strings. [2403.13877].

Using this answer as a guiding principle, can we reproduce this with a
direct World-sheet computation?
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