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TABLE 9: As in Table 4, but for new unconventional states in the cc̄ and bb̄ regions, ordered by mass. For X(3872), the values
given are based only upon decays to ⇡+⇡�J/ . X(3945) and Y (3940) have been subsumed under X(3915) due to compatible
properties. The state known as Z(3930) appears as the �c2(2P ) in Table 4. See also the reviews in [81–84]

State m (MeV) � (MeV) JPC Process (mode) Experiment (#�) Year Status

X(3872) 3871.52±0.20 1.3±0.6 1++/2�+ B ! K(⇡+⇡�J/ ) Belle [85, 86] (12.8), BABAR [87] (8.6) 2003 OK

(<2.2) pp̄ ! (⇡+⇡�J/ ) + ... CDF [88–90] (np), DØ [91] (5.2)

B ! K(!J/ ) Belle [92] (4.3), BABAR [93] (4.0)

B ! K(D⇤0D̄0) Belle [94, 95] (6.4), BABAR [96] (4.9)

B ! K(�J/ ) Belle [92] (4.0), BABAR [97, 98] (3.6)

B ! K(� (2S)) BABAR [98] (3.5), Belle [99] (0.4)

X(3915) 3915.6± 3.1 28±10 0/2?+ B ! K(!J/ ) Belle [100] (8.1), BABAR [101] (19) 2004 OK

e+e� ! e+e�(!J/ ) Belle [102] (7.7)

X(3940) 3942+9
�8 37+27

�17 ??+ e+e� ! J/ (DD̄⇤) Belle [103] (6.0) 2007 NC!

e+e� ! J/ (...) Belle [54] (5.0)

G(3900) 3943± 21 52±11 1�� e+e� ! �(DD̄) BABAR [27] (np), Belle [21] (np) 2007 OK

Y (4008) 4008+121
� 49 226±97 1�� e+e� ! �(⇡+⇡�J/ ) Belle [104] (7.4) 2007 NC!

Z1(4050)
+ 4051+24

�43 82+51
�55 ? B ! K(⇡+�c1(1P )) Belle [105] (5.0) 2008 NC!

Y (4140) 4143.4± 3.0 15+11
� 7 ??+ B ! K(�J/ ) CDF [106, 107] (5.0) 2009 NC!

X(4160) 4156+29
�25 139+113

�65 ??+ e+e� ! J/ (DD̄⇤) Belle [103] (5.5) 2007 NC!

Z2(4250)
+ 4248+185

� 45 177+321
� 72 ? B ! K(⇡+�c1(1P )) Belle [105] (5.0) 2008 NC!

Y (4260) 4263± 5 108±14 1�� e+e� ! �(⇡+⇡�J/ ) BABAR [108, 109] (8.0) 2005 OK

CLEO [110] (5.4)

Belle [104] (15)

e+e� ! (⇡+⇡�J/ ) CLEO [111] (11)

e+e� ! (⇡0⇡0J/ ) CLEO [111] (5.1)

Y (4274) 4274.4+8.4
�6.7 32+22

�15 ??+ B ! K(�J/ ) CDF [107] (3.1) 2010 NC!

X(4350) 4350.6+4.6
�5.1 13.3+18.4

�10.0 0,2++ e+e� ! e+e�(�J/ ) Belle [112] (3.2) 2009 NC!

Y (4360) 4353± 11 96±42 1�� e+e� ! �(⇡+⇡� (2S)) BABAR [113] (np), Belle [114] (8.0) 2007 OK

Z(4430)+ 4443+24
�18 107+113

� 71 ? B ! K(⇡+ (2S)) Belle [115, 116] (6.4) 2007 NC!

X(4630) 4634+ 9
�11 92+41

�32 1�� e+e� ! �(⇤+
c ⇤

�
c ) Belle [25] (8.2) 2007 NC!

Y (4660) 4664±12 48±15 1�� e+e� ! �(⇡+⇡� (2S)) Belle [114] (5.8) 2007 NC!

Yb(10888) 10888.4±3.0 30.7+8.9
�7.7 1�� e+e� ! (⇡+⇡�⌥(nS)) Belle [37, 117] (3.2) 2010 NC!

no D⇤0-mass constraint, and measured a mass value of
3875.2 ± 0.7+0.3

�1.6 ± 0.8 MeV.) Belle [95] fit to a conven-
tional Breit-Wigner signal shape convolved with a Gaus-
sian resolution function. BABAR [96] fit the data to an
ensemble of MC samples, each generated with di↵erent
plausible X masses and widths and assuming a purely
S-wave decay of a spin-1 resonance. The BABAR X mass
from D⇤0D̄0 decays is more than 3 MeV larger than the
world average from ⇡+⇡�J/ , which engendered specu-
lation that the D⇤0D̄0 enhancement might be a di↵erent
state than that observed in ⇡+⇡�J/ , but the smaller
value observed by Belle in D⇤0D̄0 seems to make that
possibility unlikely. The two X mass measurements us-

ing D⇤0D̄0 decays are inconsistent by 2.2�, and are 1.8�
and 4.7� higher than the ⇡+⇡�J/ -based mass. How-
ever, important subtleties pointed out by Braaten and
co-authors [121, 122] appear to explain at least qualita-
tively why masses extracted in this manner are larger
than in ⇡+⇡�J/ .

Measuring theX mass with theD⇤0D̄0 decay is consid-
erably more challenging than with ⇡+⇡�J/ for several
reasons [121, 122]. If conceived as a bound or virtual
D⇤0D̄0 state [123], the X lineshape in this decay mode
is determined by the binding energy, the D⇤0 natural
width, and the natural width of the X itself, which is
at least as large as the D⇤0 width [121]. Because the

Quarkonium Working Group - 2010 S. Olsen - 2015
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need to determine a bound, e.g, 

proton decay.
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 In Summary, lattice QCD finds no evidence of a    
stable            tetraquark 2b2b̄
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Thank you! 

Thank You to Raul Briceno for slide template 
and pretty graphics!
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Individual Wick Contraction Correlator Data
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Lattice QCD Methodology

1. Take Euclidean QCD and discretise it on a Finite-Volume Lattice of length     
and spacing    

L

a

Complication:   -quarks do not fit on current lattices!!

Has Expansion Parameter 
N.B.: Matching Coefficients Need to be Calculated in 
Lattice Perturbation Theory

Solution: Use a Non-Relativistic Effective Field Theory to simulate the   -
quarks

v2 ⇠ 0.1

b

b
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1. Take Euclidean QCD and discretise it on a Finite-Volume Lattice of length     
and spacing    

2. Get one of these: 

3. Buy one of these: 

4. Numerically evaluate the Feynman Path Integral (the first-principles      
approach to QFT)
5. Do all the computations/analysis
6. Pay the Electricity Bill….
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4. Numerically evaluate the Feynman Path Integral (the first-principles 
approach to QFT)

Lattice QCD Methodology

hOi = 1

Z

Z
DUD D ̄e�SO[U, ,  ̄]

⇡ 1

N

NX

i=1

O[G(i)]

where the integral is approximated as a sum over 
configurations           distributed according to the 
probability density: 

{G(i)}

exp(�SYM )

Y
det(D +mq)
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Fierz Relations

Table 1: Fierz relations in the

¯b¯bbb system relating the two-meson and the

diquark-antidiquark bilinears.

JPC
Diquark-AntiDiquark Two-Meson

0

++
¯

3c ⇥ 3c � 1
2 |0;⌥⌥i+

p
3
2 |0; ⌘b⌘bi

0

++
6c ⇥ ¯

6c

p
3
2 |0;⌥⌥i+ 1

2 |0; ⌘b⌘bi
1

+�
¯

3c ⇥ 3c
1p
2
(|1;⌥⌘bi+ |1; ⌘b⌥i)

2

++
¯

3c ⇥ 3c |2;⌥⌥i
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Correlator Data With Harmonic Oscillator

Add to the NRQCD Hamiltonian the harmonic oscillator scalar 
potential 

This would bind a hypothetical compact tetraquark more, relative to 

the lowest threshold, and hence this hypothetical tetraquark would 
show up more easily in our calculation 

�HHO =
mb!

2

2
|x� x0|2
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FIG. 14. The lattice ⌘
b

energy M(!)
⌘

b

+3!/2 when including
the harmonic oscillator potential with M(! = 0)

⌘

b

subtracted
compared to the model predictions as discussed in the text.
(color online)
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First, Figure 13 shows the e↵ective masses, as defined in
Eq. (16), of the ⌘b when including the harmonic oscilla-
tor. Also overlaid are the e↵ective masses when removing
the 1 + e�2!t dependence to enable a better comparison
with the data when no harmonic oscillator is included.
As can be seen, the dip in the harmonic oscillator ef-
fective masses is from this additional time dependence.
Physically, this can be understood to be due to the b-
quarks travelling non-relativistically and so it takes time
for the harmonic oscillator to have an e↵ect.

The ⌘b correlator data when including the harmonic
oscillator potential is fit to the functional form given by
Eq. (24) in order to extract the lowest energy eigenstate
M(!)⌘

b

+3!/2 from the asymptotic behaviour. We show
the fitted result overlaid on the e↵ective mass plot in Fig-
ure 13. As before, the long plateau indicates that the
ground state will be extracted accurately. To compare
to the potential model predictions, we subtract the ⌘b
mass with no harmonic oscillator included (M(! = 0)⌘

b

)
and then plot the energy di↵erences against !, as shown
in Figure 14. Good qualitative agreement between the
lattice results and the potential model predictions is ob-
served.

For the b̄b̄bb system, we show the 0++ e↵ective masses
on Set 3 in Figure 15. It is evident that the 0++ and
the ⌘b data contains more noise when a harmonic oscil-
lator potential is included. While fitting the data to the
form in Eq. (25) can be performed, it is not necessary as
the purpose of this exploratory work is to determine if

a stable tetraquark exists when ! 6= 0. As can be seen,
there is no fall below the 2⌘b threshold for any value of
!. Similar behaviour is seen with the data on Set 1.

We show the e↵ective masses for the individual Direct1
and Xchange2 Wick contractions of the 2⌘b ! 2⌘b corre-
lator in Figure 16. As before, the e↵ective masses of the
individual Wick contractions drop below the 2⌘b thresh-
old, even though importantly, when added together to
yield the full correlator shown in Figure 15a the e↵ective
mass is always above threshold. As this was also seen
in the pure NRQCD data shown in Sec. IV, it may be a
problematic feature of models that utilise a phenomeno-
logically motivated four-body potential for this system.

To conclude this section, despite adding an auxiliary
potential into the QCD interactions that should push a
near threshold tetraquark candidate increasingly lower
we find no indication of any state below the 2⌘b threshold.
The conclusions of this section then agree with those of
Sec. IV.

VI. DISCUSSION AND CONCLUSIONS

In this work we have studied the low-lying spectrum
of the b̄b̄bb system using the first-principles lattice non-
relativistic QCD methodology in order to search for a
stable tetraquark state below the lowest non-interacting
bottomonium-pair threshold in three di↵erent channels:
the 0++ which couples to the 2⌘b and 2⌥, the 1+�

which couples to ⌥⌘b and the 2++ which couples to 2⌥.
In Section III we describe our numerical methodology.
Four gluon ensembles were employed with lattice spac-
ings ranging from a = 0.06 � 0.12 fm, and one ensem-
ble which has physical light-quark masses. All ensembles
have u, d, s and c quarks in the sea.

In Sec. IV we present the majority of the results in this
work. Here, we determine the lowest energy eigenstate
of the b̄b̄bb system with the quantum numbers 0++, 1+�

and 2++ using an over-constrained S-wave colour/spin
basis (arising from Fierz relations between the diquark-
antidiquark and two-meson systems as shown in Table
II). We do not observe any state below the lowest non-
interacting bottomonium-pair threshold in any channel,
as can be seen in Figures 5, 6, 7 and 8, and a summary
of our results from this section is given in Figure 9.

In Sec. V, to ensure the robustness of our conclu-
sions, we performed an exploratory calculation of a novel
method which added an auxiliary scalar potential into the
QCD interactions with the objective of pushing a near
threshold tetraquark increasingly lower than the thresh-
old. This would give a more distinct and cleaner signal
for its presence in our calculation. The harmonic oscil-
lator was found to be a suitable central scalar potential.
For the ⌘b-meson with this potential, we first verified
agreement between the non-perturbative lattice calcu-
lations and a potential model (as shown in Figure 14)
and then used this potential model as a general guide
to choose multiple appropriate values of the potential

The single and two-
particle correlators get 

modified in the presence 
of the HO 
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 No indication of a new bound state 
despite the addition of the scalar 
potential!!!



1.36
1.41
1.46

50
0

M
eV

a0.09fm
Ns32

(’hhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhh’,)

2Mlat
hb

2Mlat
hb

Eeff,‡
hb (t)

Eeff
hb

(t)

1.09
1.13
1.17

35
0

M
eV

0.75
0.78
0.81

15
0

M
eV

0 20 40 60 80 100
t/a

0.63
0.66
0.69

w
=

75
M

eV

1.36
1.41
1.46

50
0

M
eV

a0.09fm
Ns32

(’hhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhh’,)

2Mlat
hb

2Mlat
hb

Eeff,‡
hb (t)

Eeff
hb

(t)

1.09
1.13
1.17

35
0

M
eV

0.75
0.78
0.81

15
0

M
eV

0 20 40 60 80 100
t/a

0.63
0.66
0.69

w
=

75
M

eV

Individual Wick Contraction Correlator Data HO
D1 : 2⌘b ! 2⌘b

X2 : 2⌘b ! 2⌘b



Bottomonium Elastic Scattering States in FV 

“only a discrete number of modes 
can exist in a finite volume”

Spatially Periodic Box: 

pi 2
2⇡

L
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km 2 (�Ns/2 + 1, . . . , , Ns/2) in units of (2⇡/aNs). In
turn, for Ptot = 0, Eq. (A2) becomes a sum over back-
to-back hadronic states which have values of the discrete
momenta that are equal in magnitude but opposite in di-
rection. One can expand the two-particle energy using a
non-relativistic dispersion relation, appropriate since we
are using NRQCD, as

E(X2) =
q

M2
1 + |k|2 +

q

M2
2 + |k|2 (A3)

⇡ MS
1 + MS

2 +
|k|2
2µr

(A4)

where we have defined the static, kinetic and reduced
masses by MS , MK and µr = MK

1 MK
2 /(MK

1 + MK
2 )

respectively. In a finite-volume there will be an addi-
tional contribution to Eq. (A4) dependent on the infinite-
volume scattering phase shift, which will be discussed
further below. Eq. (A4) also illustrates the density of
back-to-back states on our ensembles. As an exam-
ple, examining the a = 0.09 fm ensemble, and taking
M⌘

b

= 9.399(2) GeV from the PDG [4], the smallest al-
lowed |k|2/2µr ⇡ 20 MeV or 0.0092 in lattice units with
all other back-to-back states separated by multiples of
this value. Consequently, due to the bottomonium mass
being large compared to the smallest allowed momentum,
adjacent back-to-back states are su�ciently close in en-
ergy that fitting the momentum states as a discrete sum
would require a vast set of correlators projected onto each
separate |k|2/2µr (with the methodology used in [35]).
Practically, this would be overly computationally expen-
sive and instead, the fact that the states with k 6= 0 are
related by the dispersion relation (and are not indepen-
dent as the sum would assume) should be included.

This can be achieved by first expanding the non-
perturbative coe�cient ZX2(k) as a polynomial in
|k|2/µ2

r, as dictated by rotational symmetry and by en-
suring the Taylor coe�cients have the same dimension,
then keeping all terms needed to a certain precision. Af-
ter this the correlator can be written as

C(t) =
X

X2

e�(MS

1

+MS
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where going from the first to the second line we have
replaced the finite sum by an integral. Taking the limits
of the integral to ±1 and performing the integrals over k
analytically yields the fit function given in Eq. (7). Once
it is shown that it is possible to replace the finite sum
by the indefinite integral within our statistical precision
then it is valid to use the above fit function with our
data.

To do so, using spherical coordinates in Eq. (A6), we

FIG. 18. The integrands of the moments given in Eq. (A8)
at multiple times. The crosses represent the discrete finite-
volume momentum contributions on the coarse (Set 1) en-
semble as discussed in the text. Due to the Gaussian time
dependence, the integrand peak moves towards the origin for
larger times. (color online)

define the quantities that we need to compare as
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The integrands of both are shown diagrammatically in
Figure 18, where it is observed that due to the Gaus-
sian time-dependence the peaks of the integrand move
towards the origin with larger t. As such, one objective
is to choose a large enough t̂ such that a su�cient major-
ity of the integrand is within the maximum momentum
⇡/a. We can replace the discrete finite-volume fit func-
tion with it’s infinite-volume counterpart if the relative
di↵erence between them is less than our statistical errors.
Specifically if
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turn, for Ptot = 0, Eq. (A2) becomes a sum over back-
to-back hadronic states which have values of the discrete
momenta that are equal in magnitude but opposite in di-
rection. One can expand the two-particle energy using a
non-relativistic dispersion relation, appropriate since we
are using NRQCD, as

E(X2) =
q

M2
1 + |k|2 +

q

M2
2 + |k|2 (A3)

⇡ MS
1 + MS

2 +
|k|2
2µr

(A4)

where we have defined the static, kinetic and reduced
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respectively. In a finite-volume there will be an addi-
tional contribution to Eq. (A4) dependent on the infinite-
volume scattering phase shift, which will be discussed
further below. Eq. (A4) also illustrates the density of
back-to-back states on our ensembles. As an exam-
ple, examining the a = 0.09 fm ensemble, and taking
M⌘

b

= 9.399(2) GeV from the PDG [4], the smallest al-
lowed |k|2/2µr ⇡ 20 MeV or 0.0092 in lattice units with
all other back-to-back states separated by multiples of
this value. Consequently, due to the bottomonium mass
being large compared to the smallest allowed momentum,
adjacent back-to-back states are su�ciently close in en-
ergy that fitting the momentum states as a discrete sum
would require a vast set of correlators projected onto each
separate |k|2/2µr (with the methodology used in [35]).
Practically, this would be overly computationally expen-
sive and instead, the fact that the states with k 6= 0 are
related by the dispersion relation (and are not indepen-
dent as the sum would assume) should be included.

This can be achieved by first expanding the non-
perturbative coe�cient ZX2(k) as a polynomial in
|k|2/µ2

r, as dictated by rotational symmetry and by en-
suring the Taylor coe�cients have the same dimension,
then keeping all terms needed to a certain precision. Af-
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where going from the first to the second line we have
replaced the finite sum by an integral. Taking the limits
of the integral to ±1 and performing the integrals over k
analytically yields the fit function given in Eq. (7). Once
it is shown that it is possible to replace the finite sum
by the indefinite integral within our statistical precision
then it is valid to use the above fit function with our
data.

To do so, using spherical coordinates in Eq. (A6), we

FIG. 18. The integrands of the moments given in Eq. (A8)
at multiple times. The crosses represent the discrete finite-
volume momentum contributions on the coarse (Set 1) en-
semble as discussed in the text. Due to the Gaussian time
dependence, the integrand peak moves towards the origin for
larger times. (color online)
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The integrands of both are shown diagrammatically in
Figure 18, where it is observed that due to the Gaus-
sian time-dependence the peaks of the integrand move
towards the origin with larger t. As such, one objective
is to choose a large enough t̂ such that a su�cient major-
ity of the integrand is within the maximum momentum
⇡/a. We can replace the discrete finite-volume fit func-
tion with it’s infinite-volume counterpart if the relative
di↵erence between them is less than our statistical errors.
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momenta that are equal in magnitude but opposite in di-
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are using NRQCD, as

E(X2) =
q

M2
1 + |k|2 +

q

M2
2 + |k|2 (A3)

⇡ MS
1 + MS

2 +
|k|2
2µr

(A4)

where we have defined the static, kinetic and reduced
masses by MS , MK and µr = MK

1 MK
2 /(MK

1 + MK
2 )

respectively. In a finite-volume there will be an addi-
tional contribution to Eq. (A4) dependent on the infinite-
volume scattering phase shift, which will be discussed
further below. Eq. (A4) also illustrates the density of
back-to-back states on our ensembles. As an exam-
ple, examining the a = 0.09 fm ensemble, and taking
M⌘

b

= 9.399(2) GeV from the PDG [4], the smallest al-
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all other back-to-back states separated by multiples of
this value. Consequently, due to the bottomonium mass
being large compared to the smallest allowed momentum,
adjacent back-to-back states are su�ciently close in en-
ergy that fitting the momentum states as a discrete sum
would require a vast set of correlators projected onto each
separate |k|2/2µr (with the methodology used in [35]).
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sive and instead, the fact that the states with k 6= 0 are
related by the dispersion relation (and are not indepen-
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where going from the first to the second line we have
replaced the finite sum by an integral. Taking the limits
of the integral to ±1 and performing the integrals over k
analytically yields the fit function given in Eq. (7). Once
it is shown that it is possible to replace the finite sum
by the indefinite integral within our statistical precision
then it is valid to use the above fit function with our
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Carlo method practically di�cult due to the slowly vary-
ing stability condition combined with the fact that a long
evolution time (greater than 8 fm) is necessary.

In conclusion: we find no evidence of a b̄b̄bb
tetraquark with a mass below the lowest non-interacting
bottomonium-pair thresholds in the 0++, 1+� or 2++

channels. We give a constraint in Eq. (21) that future
phenomenological models must satisfy if such QCD states
are postulated. For the 0++ channel, we use this con-
straint to estimate how small the non-perturbative over-
lap of the hypothetical tetraquark (onto a particular op-
erator) would need to be, relative to the 2⌘b, so that
it was not observed within our statistical precision. A
1�, 3� and 5� exclusion plot of the parameter space is
shown in Figure 11, and discussed in Sec. IV. As we have
propagation times longer than 8 fm and statistically pre-
cise data, we can exclude all but the most finely-tuned
parameter space. Our lattice results then rule out the
phenomenological models discussed above that predict a
tetraquark below the lowest bottomonium-pair thresh-
olds which have a value of non-perturbative overlap that
is excluded by Fig. 11. A comparison of these results
with ours is shown in Figure 17.

Further studies of possible heavy tetraquark channels
that include orbital angular momentum either between
the mesons in the tetraquark or between the quarks in the
meson could be performed with the methodology used
here15. Similarly one could also study whether stable
c̄c̄cc, b̄c̄bc or b̄b̄cc tetraquarks exist or not. Additionally,
two-hadron systems receive a finite-volume energy shift
which depends on the infinite-volume scattering ampli-
tude which is non-trivial to parameterise. Here we do
not calculate these finite-volume energy shifts. Doing so
in a more extended study would allow statements to be
made about the existence of resonant tetraquark states
above the lowest thresholds, that likely do exist in nature.
Quantifying these shifts would be an exciting avenue for
future work.

Finally, recent work based on heavy-quark symmetry
[6] and phenomenological arguments [52] indicates that a
JP = 1+ b̄b̄ud tetraquark will be stable in QCD. In fact,
by extracting a potential from the lattice in the static
heavy-quark limit and solving the Schrodinger equation
[53–55] also finds binding in this channel. Initial lattice
calculations hint that such a state exists [56] but calcu-
lations are di�cult because of a signal-to-noise problem
for heavy-light states [57]. Lattice QCD calculations in
this direction are essential for a conclusive first-principles
statement to be made and to give further motivation for

15 It should be noted that although we focused on S-wave com-
binations of quarks, the channels we study also exclude certain
combinations of orbital angular momentum from producing a
bound tetraquark. For example, the 0++ overlaps with 2⌥ in an
orbital angular momentum D-wave configuration. If this state
produced a low-lying bound tetraquark it would also show up in
our calculation.

a targeted experimental search for these tetraquark con-
figurations of nature.
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Appendix A: Two-Point Correlator Fit Functions

Here we derive the non-relativistic two-particle con-
tribution to the correlator on our ensembles. To begin,
the correlator is given in Eq. (5). For clarity, the i, j
subscripts are dropped. The completeness relation for a
two-hadron system is [58]
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where |X2
(P
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,k)i = |M1(k)M2(Ptot�k)i is a two-hadron

state (with quantum numbers suppressed) and to avoid
superfluous notation, we will also set Ptot = 0. A key
di↵erence from the one-hadron system is the internal
relative momentum, k, which contributes an additional
three-integral. Substituting the completeness relation
Eq. (A1) into the correlator Eq. (5) and performing the
momentum conserving integrals yields

C(t) =
X

X2

Z

d3k

(2⇡)3
ZX2(k)2e�E(X2)t (A2)

where ZX2(k) is a non-perturbative coe�cient.
However, on a discrete finite-volume the above inte-

gral over elastic states is replaced by a finite sum with
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km 2 (�Ns/2 + 1, . . . , , Ns/2) in units of (2⇡/aNs). In
turn, for Ptot = 0, Eq. (A2) becomes a sum over back-
to-back hadronic states which have values of the discrete
momenta that are equal in magnitude but opposite in di-
rection. One can expand the two-particle energy using a
non-relativistic dispersion relation, appropriate since we
are using NRQCD, as

E(X2) =
q

M2
1 + |k|2 +

q

M2
2 + |k|2 (A3)

⇡ MS
1 + MS

2 +
|k|2
2µr

(A4)

where we have defined the static, kinetic and reduced
masses by MS , MK and µr = MK

1 MK
2 /(MK

1 + MK
2 )

respectively. In a finite-volume there will be an addi-
tional contribution to Eq. (A4) dependent on the infinite-
volume scattering phase shift, which will be discussed
further below. Eq. (A4) also illustrates the density of
back-to-back states on our ensembles. As an exam-
ple, examining the a = 0.09 fm ensemble, and taking
M⌘

b

= 9.399(2) GeV from the PDG [4], the smallest al-
lowed |k|2/2µr ⇡ 20 MeV or 0.0092 in lattice units with
all other back-to-back states separated by multiples of
this value. Consequently, due to the bottomonium mass
being large compared to the smallest allowed momentum,
adjacent back-to-back states are su�ciently close in en-
ergy that fitting the momentum states as a discrete sum
would require a vast set of correlators projected onto each
separate |k|2/2µr (with the methodology used in [35]).
Practically, this would be overly computationally expen-
sive and instead, the fact that the states with k 6= 0 are
related by the dispersion relation (and are not indepen-
dent as the sum would assume) should be included.

This can be achieved by first expanding the non-
perturbative coe�cient ZX2(k) as a polynomial in
|k|2/µ2

r, as dictated by rotational symmetry and by en-
suring the Taylor coe�cients have the same dimension,
then keeping all terms needed to a certain precision. Af-
ter this the correlator can be written as
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where going from the first to the second line we have
replaced the finite sum by an integral. Taking the limits
of the integral to ±1 and performing the integrals over k
analytically yields the fit function given in Eq. (7). Once
it is shown that it is possible to replace the finite sum
by the indefinite integral within our statistical precision
then it is valid to use the above fit function with our
data.

To do so, using spherical coordinates in Eq. (A6), we

FIG. 18. The integrands of the moments given in Eq. (A8)
at multiple times. The crosses represent the discrete finite-
volume momentum contributions on the coarse (Set 1) en-
semble as discussed in the text. Due to the Gaussian time
dependence, the integrand peak moves towards the origin for
larger times. (color online)
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The integrands of both are shown diagrammatically in
Figure 18, where it is observed that due to the Gaus-
sian time-dependence the peaks of the integrand move
towards the origin with larger t. As such, one objective
is to choose a large enough t̂ such that a su�cient major-
ity of the integrand is within the maximum momentum
⇡/a. We can replace the discrete finite-volume fit func-
tion with it’s infinite-volume counterpart if the relative
di↵erence between them is less than our statistical errors.
Specifically if
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km 2 (�Ns/2 + 1, . . . , , Ns/2) in units of (2⇡/aNs). In
turn, for Ptot = 0, Eq. (A2) becomes a sum over back-
to-back hadronic states which have values of the discrete
momenta that are equal in magnitude but opposite in di-
rection. One can expand the two-particle energy using a
non-relativistic dispersion relation, appropriate since we
are using NRQCD, as

E(X2) =
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1 + |k|2 +
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masses by MS , MK and µr = MK

1 MK
2 /(MK
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respectively. In a finite-volume there will be an addi-
tional contribution to Eq. (A4) dependent on the infinite-
volume scattering phase shift, which will be discussed
further below. Eq. (A4) also illustrates the density of
back-to-back states on our ensembles. As an exam-
ple, examining the a = 0.09 fm ensemble, and taking
M⌘

b

= 9.399(2) GeV from the PDG [4], the smallest al-
lowed |k|2/2µr ⇡ 20 MeV or 0.0092 in lattice units with
all other back-to-back states separated by multiples of
this value. Consequently, due to the bottomonium mass
being large compared to the smallest allowed momentum,
adjacent back-to-back states are su�ciently close in en-
ergy that fitting the momentum states as a discrete sum
would require a vast set of correlators projected onto each
separate |k|2/2µr (with the methodology used in [35]).
Practically, this would be overly computationally expen-
sive and instead, the fact that the states with k 6= 0 are
related by the dispersion relation (and are not indepen-
dent as the sum would assume) should be included.

This can be achieved by first expanding the non-
perturbative coe�cient ZX2(k) as a polynomial in
|k|2/µ2

r, as dictated by rotational symmetry and by en-
suring the Taylor coe�cients have the same dimension,
then keeping all terms needed to a certain precision. Af-
ter this the correlator can be written as
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where going from the first to the second line we have
replaced the finite sum by an integral. Taking the limits
of the integral to ±1 and performing the integrals over k
analytically yields the fit function given in Eq. (7). Once
it is shown that it is possible to replace the finite sum
by the indefinite integral within our statistical precision
then it is valid to use the above fit function with our
data.

To do so, using spherical coordinates in Eq. (A6), we

FIG. 18. The integrands of the moments given in Eq. (A8)
at multiple times. The crosses represent the discrete finite-
volume momentum contributions on the coarse (Set 1) en-
semble as discussed in the text. Due to the Gaussian time
dependence, the integrand peak moves towards the origin for
larger times. (color online)
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The integrands of both are shown diagrammatically in
Figure 18, where it is observed that due to the Gaus-
sian time-dependence the peaks of the integrand move
towards the origin with larger t. As such, one objective
is to choose a large enough t̂ such that a su�cient major-
ity of the integrand is within the maximum momentum
⇡/a. We can replace the discrete finite-volume fit func-
tion with it’s infinite-volume counterpart if the relative
di↵erence between them is less than our statistical errors.
Specifically if
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km 2 (�Ns/2 + 1, . . . , , Ns/2) in units of (2⇡/aNs). In
turn, for Ptot = 0, Eq. (A2) becomes a sum over back-
to-back hadronic states which have values of the discrete
momenta that are equal in magnitude but opposite in di-
rection. One can expand the two-particle energy using a
non-relativistic dispersion relation, appropriate since we
are using NRQCD, as

E(X2) =
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respectively. In a finite-volume there will be an addi-
tional contribution to Eq. (A4) dependent on the infinite-
volume scattering phase shift, which will be discussed
further below. Eq. (A4) also illustrates the density of
back-to-back states on our ensembles. As an exam-
ple, examining the a = 0.09 fm ensemble, and taking
M⌘

b

= 9.399(2) GeV from the PDG [4], the smallest al-
lowed |k|2/2µr ⇡ 20 MeV or 0.0092 in lattice units with
all other back-to-back states separated by multiples of
this value. Consequently, due to the bottomonium mass
being large compared to the smallest allowed momentum,
adjacent back-to-back states are su�ciently close in en-
ergy that fitting the momentum states as a discrete sum
would require a vast set of correlators projected onto each
separate |k|2/2µr (with the methodology used in [35]).
Practically, this would be overly computationally expen-
sive and instead, the fact that the states with k 6= 0 are
related by the dispersion relation (and are not indepen-
dent as the sum would assume) should be included.

This can be achieved by first expanding the non-
perturbative coe�cient ZX2(k) as a polynomial in
|k|2/µ2

r, as dictated by rotational symmetry and by en-
suring the Taylor coe�cients have the same dimension,
then keeping all terms needed to a certain precision. Af-
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where going from the first to the second line we have
replaced the finite sum by an integral. Taking the limits
of the integral to ±1 and performing the integrals over k
analytically yields the fit function given in Eq. (7). Once
it is shown that it is possible to replace the finite sum
by the indefinite integral within our statistical precision
then it is valid to use the above fit function with our
data.

To do so, using spherical coordinates in Eq. (A6), we

FIG. 18. The integrands of the moments given in Eq. (A8)
at multiple times. The crosses represent the discrete finite-
volume momentum contributions on the coarse (Set 1) en-
semble as discussed in the text. Due to the Gaussian time
dependence, the integrand peak moves towards the origin for
larger times. (color online)
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The integrands of both are shown diagrammatically in
Figure 18, where it is observed that due to the Gaus-
sian time-dependence the peaks of the integrand move
towards the origin with larger t. As such, one objective
is to choose a large enough t̂ such that a su�cient major-
ity of the integrand is within the maximum momentum
⇡/a. We can replace the discrete finite-volume fit func-
tion with it’s infinite-volume counterpart if the relative
di↵erence between them is less than our statistical errors.
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turn, for Ptot = 0, Eq. (A2) becomes a sum over back-
to-back hadronic states which have values of the discrete
momenta that are equal in magnitude but opposite in di-
rection. One can expand the two-particle energy using a
non-relativistic dispersion relation, appropriate since we
are using NRQCD, as
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1 MK
2 /(MK

1 + MK
2 )

respectively. In a finite-volume there will be an addi-
tional contribution to Eq. (A4) dependent on the infinite-
volume scattering phase shift, which will be discussed
further below. Eq. (A4) also illustrates the density of
back-to-back states on our ensembles. As an exam-
ple, examining the a = 0.09 fm ensemble, and taking
M⌘

b

= 9.399(2) GeV from the PDG [4], the smallest al-
lowed |k|2/2µr ⇡ 20 MeV or 0.0092 in lattice units with
all other back-to-back states separated by multiples of
this value. Consequently, due to the bottomonium mass
being large compared to the smallest allowed momentum,
adjacent back-to-back states are su�ciently close in en-
ergy that fitting the momentum states as a discrete sum
would require a vast set of correlators projected onto each
separate |k|2/2µr (with the methodology used in [35]).
Practically, this would be overly computationally expen-
sive and instead, the fact that the states with k 6= 0 are
related by the dispersion relation (and are not indepen-
dent as the sum would assume) should be included.

This can be achieved by first expanding the non-
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where going from the first to the second line we have
replaced the finite sum by an integral. Taking the limits
of the integral to ±1 and performing the integrals over k
analytically yields the fit function given in Eq. (7). Once
it is shown that it is possible to replace the finite sum
by the indefinite integral within our statistical precision
then it is valid to use the above fit function with our
data.

To do so, using spherical coordinates in Eq. (A6), we

FIG. 18. The integrands of the moments given in Eq. (A8)
at multiple times. The crosses represent the discrete finite-
volume momentum contributions on the coarse (Set 1) en-
semble as discussed in the text. Due to the Gaussian time
dependence, the integrand peak moves towards the origin for
larger times. (color online)
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The integrands of both are shown diagrammatically in
Figure 18, where it is observed that due to the Gaus-
sian time-dependence the peaks of the integrand move
towards the origin with larger t. As such, one objective
is to choose a large enough t̂ such that a su�cient major-
ity of the integrand is within the maximum momentum
⇡/a. We can replace the discrete finite-volume fit func-
tion with it’s infinite-volume counterpart if the relative
di↵erence between them is less than our statistical errors.
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Bottomonium Elastic Scattering States in FV 

When does the two-body scattering states look like a 
continuum within stat. precision?
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After 1 fm!!


