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Quantum field theory in backgrounds | 5

Classical vacuum

⇒

Quantum Field Theory
vacuum

Oue et al., 2021
Shaltout et al., Science 364 (2019)



Examples | 6

S : = 1
2

∫
dDx

√
−g

[
|(∇ − A(x))ϕ(x)|2 + H2(x)|ϕ(x)|2

]
.

(one-loop) Effective action → Γ = Log Det [Q] , Q := −(∇ − A)2 + V (x).

• Casimir effect (Bordag’s book)

• Semiclassical gravity:
• Hawking’s radiation
• black hole’s quantum hair (Calmet et

al., 2023)
• gravitational chiral gap (Flachi et al.,

2014)
• · · ·

• Strong-field QED (Fedotov et al., 2022):

• birrefringence (Mignani et al., 2017,
star polarimetry);

• Creation of light pseudoscalars (Masso
et al., 2004);

• Schwinger effect (Domcke et al., 2020,
axion inflation);

• · · ·



Pair creation

• How many?

• Where?

• When?

• How?

...
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For small fields (a and b are used to parametrize the higher-order contributions to the Lagrangian. )

L = 1
2 (E2 − c2B2) + a(E2 − c2B2)2 + b(E · B)2 + · · · ,



LbL scattering | 10

• (g-2) experiments
• Lamb-shift
• Akhmadaliev et al. (2002, photon splitting Bi4Ge3O12)
• ATLAS Collaboration (2017, Pb-Pb collisions)
• PVLAS experiment (1995, . . . )
• Optical polarimetry of a neutron star (Mignani et al., 2017)
• DeLLight experiment (IJCLab, running)



Scales

ω2/m2
e = O(10−6),

E 2/E 2
c = (10−8),

Ec : = m2
e

e
≈ 1.3 × 1018 V/m.

L = 1
2 (E2 − c2B2) + a(E2 − c2B2)2 + b(E · B)2 + · · · ,

where a and b are used to parametrize the higher order contributions to the Lagrangian. The latter will be kept
arbitrary in our analysis; however, keep in mind that the EH case corresponds to

bEH

7
= aEH :=

2α2
QED

45m4
ϵ2

0ℏ3

c5 .

Born-Infeld, axions, etc.



Scattering

Leff : = 1
2

[
Ex · (ϵ0I + δϵ) · Ex − Bx ·

(
µ−1

0 I −
δµ

µ2
0

)
· Bx

]
+ Ex · δΨ · Bx ,

where we have defined the vacuum polarization tensors

δϵij : = 2
[
2a(E2

L − B2
Lc2)δij + bBL

i BL
j + 4aEL

i EL
j
]
,

δΨij : = 2(bEL · BLδij + bBL
i EL

j − 4ac2BL
j EL

i ),
δµij

µ2
0

: = 2
[
2ac2(B2

Lc2 − E2
L)δij + 4ac4BL

i BL
j + bEL

i EL
j
]

= δϵij {Ei ↔ c Bi }.

Maxwell eqs. =⇒

□D = ∇ × [∇ × (D − E)] + ∂t [∇ × (H − B)] = Jeff =⇒ intense fields, energies as large as possible.



Ex = XFEL ∼ keV, EL = high power optical lasers ∼ eV; for plane waves Effects

A ≈ 8π2FE1E2ω2
outδ3(kout − kin − k1 + k2),

where F(e1, e2, ein, eout, n1, n2, nin, nout) is a purely algebraic expression of the four polarization vectors eI and
propagation direction unit vectors nI = kI /ωI .

(Heinzl et al. 2006 )

F = 16a(ein · e1)(eout · e1)
+ 4bein · (nin × e1) eout · (nin × e1) .

⇓
Birefringence



• For small fields (a and b are used to parametrize the higher-order contributions to the Lagrangian. )

L = 1
2 (E2 − c2B2) + a(E2 − c2B2)2 + b(E · B)2 + · · · .

• For large fields, trigonometric function in the denominator!



On the heat kernel | 15

Consider the Euclidean effective action

Γ = −
∫ ∞

0

dτ

τ

∫
dd x K(x , x ; τ),

where we have introduced the heat kernel

K(x , x ′; τ) = e−τQ(x , x ′; τ), Q := −(∇ − A)2 + V (x),

=
∞∑
n=0

ϕ∗
n e−τλn ϕn, Qϕn = λnϕn (1)

which satisfies the PDE (+ appropriate initial condition)

[∂τ + Q]K(x , x ′; τ) = 0.

Can one hear the shape of a drum?



The Schwinger–DeWitt expansion seems natural; if M is the mass, σ = dist2/2,

K(x , x ′; τ) = 1
(4π)D/2 e−τM2− σ(x,x′ )

2τ Ω̃(x , x ′; τ),

where Ω̃ in general has an asymptotic expansion in terms of geometric invariants:

Ω̃(x , x ′; τ) =:
∞∑
j=0

aj (x , x ′)τ j−D/2.

Examples (scalar field):

a0(x , x ′) = 1, a1(x , x) = V (x) + R(x).



Heat kernel resummations | 17

First consider a Yukawa coupling. We can resum an infinite tower of invariants (SFV et al., 2023):

KY = {V , tr
[
(∇αβV )j

]
, ∇αV (∇αβV )j ∇βV , j ≥ 0}.

The proof is based on an expansion beyond the Schwinger-DeWitt Ansatz:

KY (x , x ′; τ) = : 1
(4π)d/2

e−τV (x ′)− 1
4

σ̃µA−1
µν

(x ′ ;τ)σ̃ν −C(x ′ ;τ)

det1/2 (τ−1A(x ′; τ))
ΩY (x , x ′; τ),

where Aµν , C depend on V ; σ̃ is a deformed square root of Synge’s function (distance).

ΩY (x , x ; τ) then does not depend on KY .



The diagonal reads

KY (x , x ; τ) = e
−τV +∇αV

[
γ−3

(
γτ−2 tanh( 1

2 γτ)
)]

αβ

∇β V

(4π)d/2 det1/2
(

(γτ)−1sinh(γτ)
) ΩY (x , x ; τ),

γ2
αβ : = 2∇αβV ,

Γ ∝
∫ ∞

0

dτ

τ
K(x , x ; τ).

Wick-rotating to Minkowski, depending on the features of V , the effective action might acquire an imaginary part
(nontrivial vacuum persistence amplitude).



A corollary is a (generalization and) proof of the conjecture in Navarro-Salas and Pla, 2020:

“in (S)QED, d = 4 the invariants F µνFµν and F µν F̃µν appear only in the prefactor of the effective action”.

The proof goes as follows (in the Fock–Schwinger gauge)

[∂τ − ∇2 + 2Aµ(x)∇µ + VEM(x)]KEM(x , x ′; τ) = 0,

where the effective scalar potential is given by

VEM(x) : = ∇µAµ − AµAµ,

and one then resums (at the local level in the HK; derivatives are enclosed in Ω)

KEM = {(F n)µ
µ, n ≥ 0}.
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Gravitational pair creation | 21

The gravitational case is not an exception;
just more involved. Let us consider not
strong fields, but weak, rapidly varying
ones.

It has recently proposed that in this sce-
nario a new type of Hawking radiation is
generated [Wondrak et al., 2024]; com-
ments by Navarro-Salas and Pla, Akhme-
dov, Schubert et al, . . .

[Wondrak et al. 2024]



Using a Avramidi–Barvinsky–Vilkovisky resummation for the heat kernel, the effective action one gets is [SFV et al.
2024]

Γ(2)
E := 1

2(4π)D/2

∫
dDx √g

[
σ2β(1)(□E )σ2 − 2σ2β(2)(□E )R + ξ

(
σ2β(1)(□E )R + Rβ(1)(□E )σ2

)
+R

(
ξ2β(1)(□E ) − 2ξβ(2)(□E ) + β(4)(□E )

)
R + Rµνβ(3)(□E )Rµν

]
+ · · · .

The form factors involve nonanalytic functions,

β(i)(□E ) := (−1)
D
2

2Γ
(

D
2 − 1

) ∫ 1

0
dz f (i)(z)

(
m2 − γ□E

) D
2

−2
{

log
(

m2−γ□E
µ2

)
, D even,

(−1)− 1
2 π , D odd,

(µ is a scale of mass dimensions introduced by dimensional regularization, f (i)(z) polynomials in z, γ := 1−z2

4 ).



Wick-rotating, the probability of pair creation is

P = π1−D/2

2Γ
(

D
2 − 1

) ∫
dDp

(4π)D Θ
(

−p2 − 4m2
)

×
(

α(1)σ2 (−p) σ2 (p) + α(2)R (−p) σ2 (p) + α(3)R (−p) R (p) + α(4)Rµν (−p) Rµν (p)
)

,

where the α(i) functions are defined as

α(1) : =
∫ zmax

0
dz

(
−m2 − γp2

) D
2

−2
,

...

The mass threshold arises from the analytic structure present in the resummation!



We can do better. In D = 4 the electric and magnetic parts of the Weyl tensor can be defined as [Matte 1953]Eij = 1
4

ϵabi ϵcdj Cabcd ,

Bij = −
1
2

ϵiabC0j
ab ,

Using this decomposition, the D = 4 massless pair production probability can be rewritten as

P = 1
240π

∫
d4p

(2π)4 Θ
(

−p2
)[15

2

(
ξ −

1
6

)2
R (−p) R (p) + E ij (−p) Eij (p) − Bij (−p) Bij (p)

]
.

This is the analog of the usual QED textbook formula for the imaginary part of effective action, depending on the
invariant |Fµν |2 = |E (−p) |2 − |B (−p) |2.

Exercise for the participants: Θ(−p2)(|Eij |2 − |Bij |2) ≥ 0.
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Assisted pair creation | 26

Actually we can catalyze the effect by using a mix of strong and rapidly varying potentials (mixed Toms–Parker and
Barvinsky–Vilkovisky resummations).
For a Yukawa potential [Torgrimsson et al. 2017],

V (x) = V (x) + ϵ V(x) ,

The diagonal heat kernel can be written in terms of a generating functional (with higher derivatives of V ) [SFV et
al., to appear],

K(T ) =
∫

dD x̄ e−TV e
−

∫
t

Lint

(
− δ

δη(t)

)
Z [η](x̄ ; T )

∣∣∣∣
η=∂V

.

while the expansion of Z is in powers of V:

Z = Z0 + ϵZ1 + ϵ2Z2 + . . . .

For an arbitrary order the computation is tractable in the worldline formalism:

Zn[η](x̄ ; T ) = (−1)n

∫ [
n∏

j=1

d̂qj Ṽ(q1)

]∫
t1···

∮
Ds e

−i
∑n

l=1
ql ·x̄−

∫
t

ṡ2
4

+sµsν Ωµν +sµηµ+isµ

∑n

i=1
qµ

i δ(τ−ti )
.



Example: “Constant field strength” + Gaussian pulse;

V0(x) = v2 x2
0 + m2 , v = const , V(x) = ω2

π
e−ω2x2

0 .

We get a modified analytic structure

Γ(1)
M = −

Vol(D−1)ϵωM

2(4π)
D
2

∫ ∞

0

dT

T
(D−1)

2

e−m2T

sin (vMT + i0)

(
1

ω2
M

+ cot (vMT )
vM

− i0
)− 1

2

.



Exponential enhancement e−m̄2T̄ ∗ ; Dimensionless variables ω̄ := ω

v1/2
M

, m̄ := m
vM

.

Im Γ(1)
M =

πVol(D−1)

2(2π)D vM
(D−1)

2 ϵe−m̄2T̄ ∗
ω̄

∫ π−T̄ ∗

0
dT

e−m̄2T

sin
(

T + T̄ ∗
)

×
∣∣ω̄−2 + cot(T + T̄ ∗)

∣∣− 1
2 Φ

(
−e−πm̄2

,
D − 1

2
,

T + T̄ ∗

π

)
,
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Outlook | 30

• Towards detection of the Schwinger effect: spectrum, real fields, . . .

• What can we say about G(x , x ′)? (Locally-constant field approximation in SFQED and further
resummations).

• Trace anomaly [Chernodub ’23]? gravitational waves?

• Fermions and torsion? Paper coming.

• Self-interacting fields?

• Mixed backgrounds: gauge, gravitational . . . .

...


