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[. Heat Kernels



Standard Heat Kernel Method

Flat spacetime

One-loop scalar effective action
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Flat spacetime

One-loop scalar effective action

(1) _i —n 0°5 03
U T2 M Ee@eely) T 66()io) |,
Simple example
5 = [diz] @07 — Jm8 — ()]
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Standard Heat Kernel Method

Flat spacetime

One-loop scalar effective action

s . 528
d(z)dop(y) 0o ()00 (y)
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2 |5
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Simple example
s = [ ]300 - yme* - UGo))]

Q.M. Hamiltonian
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Standard Heat Kernel Method

Flat spacetime

One-loop scalar effective action
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Q.M. Hamiltonian
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Standard Heat Kernel Method

Flat spacetime

One-loop scalar effective action

1) — —% ” %tr (e_tK — e_tKO)
0

_ —%/ddx/ddy/ooo% (x| e Jy) — (z] e Jy)]
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Standard Heat Kernel Method

Flat spacetime

One-loop scalar effective action

1) — —% ” %tr (e_tK — e_tKO)
0

_ —%/ddx/ddy/()m% (x| e Jy) — (z] e Jy)]

Schrodinger equation
0

[—8£ + V(:I:)] (z|e ™ |y) = ~ 5 (z|e ™ |y)
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Standard Heat Kernel Method

Flat spacetime

One-loop scalar effective action

@ — —% ” %tr (e_tK — e_tKO)
0

_ —%/ddx/ddy/ooo% (x| e Jy) — (z] e Jy)]

Schrodinger equation

[—fﬁ + V(m)}&ﬂ G_tﬁw = —% (x| e K 0
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Standard Heat Kernel Method

Flat spacetime

One-loop scalar effective action

1) — —% ” %tr (e_tK — e_tKO)
0

_ —%/ddx/ddy/()m% (x| e Jy) — (z] e Jy)]

Schrodinger equation
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Standard Heat Kernel Method

Flat spacetime

One-loop scalar effective action

1) — —% ” %tr (e_tK — e_tKO)
0

_ —%/dd:c/ddy/ooo% (x| e Jy) — (z] e Jy)]

Schrodinger equation

Jo
0%c — (00)> +V = —
o— (00)° + Y
Small £ expansion
1 d
az4—t(az—y)2—|—§1n47rt—|—At—|—Bt2—|—Ct3—|—(9(t4)
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Standard Heat Kernel Method

Flat spacetime

HaMiDeW coefficients

2

dt e ™ 1 1
(1) d Tv242 (3 2\ 13 4
I /d / (4rt)/? [VH—ZVt —|—6(V (GMV))L‘ +C’)(t)]

Viola Gattus 3



Standard Heat Kernel Method

Flat spacetime

HaMiDeW coefficients

dt e~™t 1
L 1,20
_ /d / A [Vt+2Vt +

S (V= @V)) 6+ o)

Evaluate tintegralindimregin d = 4 — 2¢

: d
1) _ _E/ dx [_ 2\ (—1+d/2) ( _C_Z) 1 o (Catd) 21,2 ( _C_Z)
r s | e | VI(1-35) + 5(-m?) vir(2-3

-+ %(—nﬁ)(-“d)/2 (V3 - (8,3/)2) I‘(S - g)] .
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Standard Heat Kernel Method

Flat spacetime

HaMiDeW coefficients

dt e~™’t 1
1) — _~ d 117,242
I /d / (4rt)/? [Vt—l-ZVt +

é (V?— (0,V)2) ¢ + 0(t4)]

Evaluate tintegralindimregin d = 4 — 2¢

UV divergent

Y d
M — _%/(4‘;)3;/2 ﬂg 2) (=421 1 1—] l: (—m?)= 4+d>/2vzr(2—d)J

e -]
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Standard Heat Kernel Method

Flat spacetime

HaMiDeW coefficients

dt e~ Mt 1
(1) 7 d V _‘72 2

S (V= @V)) 6+ o)

Evaluate tintegralindimregin d = 4 — 2¢

UV divergent

+E(—m2)(4+d)/2v2 1“(2 _ g)]
ov)r(s-3)]

UV finite

m?)(~6+4)/2 (V3 —(

E— E—
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Intuitive Heat Kernel Method

Extracting UV behaviour

Use HK to compute one-loop effective action in z-space

1. Represent In A asintegral over ¢
2. Obtain UV divergences as 1/e-polesin t — 07 limit

3. Solve iteratively a diffusion-type equation in powers of ¢
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Intuitive Heat Kernel Method

Extracting UV behaviour

Use HK to compute one-loop effective action in z-space

1. Represent In A asintegral over ¢

2. Obtain UV divergences as 1/e-polesin t — 07 limit

. . . . . .
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Intuitive Heat Kernel Method

Extracting UV behaviour

Use HK to compute one-loop effective action in z-space

r1. Represent In A as integral over ¢ ]

| 2. Obtain UV divergences as 1/e-polesin ¢t — 07 limit

LS' Use Zassenhaus formula to derive HK coefficients |

S————

exp [t(X +Y)| = exp(tX) exp(tY) exp (— g[x, Y]) exp lg (z[y, X, Y]]+ [X, [X, Y]])] ..

-
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Intuitive Heat Kernel Method

Extracting UV behaviour

Use HK to compute one-loop effective action in z-space

r1. Represent In A as integral over ¢ B
| 2. Obtain UV divergences as 1/e-polesin ¢t — 07 limit
3. Use Zassenhaus formula to derive HK coefficients |

exp [t(X +Y)| = exp(tX) exp(tY) exp (— g[x, Y]) exp lg (z[y, X, Y]]+ [X, [X, Y]])] ..

Fo.for X=-0>-m? andY =-V E|et(82m2)|y> = em
<$|6_t(_62_m2_v)|x’> _ /ddy <£C|l6t(a2+m2)|g} ]

~2102,V] & (2VI[02.VI+02 02, V]]) LO(t) |z')

x (yleVe
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Dim-Reg in Position space ﬁ

Massless Heat Kernel

Massless HK integral

—(xa—xp)?/4t
€ n _ o—2+2n,_—d/2 —d+2+2n d
/ dt (4rt) i t" = 2 s T4 — TR I‘(—1+2—n)
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Dim-Reg in Position space

Massless Heat Kernel

Massless HK integral

—(xa—xp)?/4t d
€ n _ o—242n_—d/2 —d+2+2n
/ dt (Gt t" = 2 T T4 — 3R] I‘(—1+2—n)

Momentum space integral in d dimensions

/ d’k 1 (=1 T(a—d/2) (1)a—d/2
(2m) (k2 — A)>  (4n)42  T(a) A
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Dim-Reg in Position space

Massless Heat Kernel

Massless HK integral

—(za—xp)?/4t d
€ n _ o—2+42n _—d/2 —d+2+2n
/ dt (Gt t" = 2 T T4 — 3R] I‘(—1+2—n)

Momentum space integral in d dimensions

/ d’k 1 (=1 T(a—d/2) (1)a—d/2
(2m) (k2 — A)>  (4n)42  T(a) A

Equivalent position space integral

o 09 (x) . o ja_dse Ll —d/2) 1\ > 4/2
/ &'z e = 171 / ()2 — o) A% (K)
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Dim-Reg in Position space

Massless Heat Kernel

Massless HK integral

—(za—xB)?/4t d
€ n _ o—-24+2n_—d/2 —d+2+2n
/ dt (Gt t" = 2 T T4 — 3R] I‘(—1+2—n)

Momentum space integral in d dimensions

/ d’k 1 (=1 T(a—d/2) (1)a—d/2
(2m) (k2 — A)>  (4n)42  T(a) A

Equivalent position space integral

o 09 (x) . o ja_dse Ll —d/2) 1\ > 4/2
/ P e = 1M / ()2 — o) A% (E)

0<a<?2 vanishes

Vanishing tadpole

- a=1 o =2 —1
condition

o> 2 IR divergent
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Dim-Reg in Position space

Massive Heat Kernel

Massive HK integral

0 Jt e—th*—(z—y)?/4t 1r4 e B
/O t e = (p2)§(@-2m) gl=d/2n p—df2 |5 g n—d/? Ku( /;ﬂlx—yI)
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Dim-Reg in Position space

Massive Heat Kernel

Massive HK integral

oo dt e—tpz—(m—y)2/4t 1(d—on —d/2—m  — T—
/O t e (= (p2)§0@-20) gl=d/2n p—d/2 |5 ) d/2Ku( /;ﬂlx—yI)

Define Teduced’ Bessel function

2Ky (uz) = S p"27" K, (uz)
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Dim-Reg in Position space

Massive Heat Kernel

Massive HK integral

0 Jt e—th*—(z—y)?/4t Lo\ led/2m .
/O t e (= (p2)§0@-20) gl=d/2n p—d/2 |5 ) d/zKU( /;ﬂlx—yI)

Define Teduced’ Bessel function

2Ky (uz) = S p"27" K, (uz)
If v<0

lim K, (uz) = T(—v)

z—0
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[I. QFT application



[imitations of standard QFT

Motivation

Off-shell calculations sensitive to choice of parametrisation
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[imitations of standard QFT

Motivation
Off-shell calculations sensitive to choice of parametrisation

.. . . insky. Vilkovisk ,
Gauge-fixing in gauge theory and quantum Qravity miee rems nos s

Kunstatter (1987), Odintsov (1990)]

Q uantum ]CrQ me p rO b | em [Burns, Karamitsos, Pilaftsis (2016),
Falls, Herrero-Valea (2019), Finn,

Karamitsos, Pilaftsis (2020) .. ]

Parametrisation dependent SMEFT expansion [Alonso, Jenkins, Manohar (2016),
Cohen, Craig, Sutherland (2021),

Talbert (2023), Assi, Helset,
Mcanohar, Pages, Shen (2023) ...]
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[imitations of standard QFT

Motivation
Off-shell calculations sensitive to choice of parametrisation

.. . . insky. Vilkovisk ,
Gauge-fixing in gauge theory and quantum Qravity miee rems nos s

Kunstatter (1987), Odintsov (1990)]

Q uantum ]Cr(] me p rO b | em [Burns, Karamitsos, Pilaftsis (2016),
Falls, Herrero-Valea (2019), Finn,

Karamitsos, Pilaftsis (2020) .. ]

Parametrisation dependent SMEFT expansion [Alonso, Jenkins, Manohar (2016),
Cohen, Craig, Sutherland (2021),

Talbert (2023), Assi, Helset,
Mcanohar, Pages, Shen (2023) ...]

Solution?

Covariant differential geometric approach to QFT

S —— e S — S ——— e ——— S S
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Ordinary Effective Action Z

Non-covariance of standard formulation

Path integral formulation of QFT

Z1J] = exp (%W[J]) _ / dg]y/det(G) exp [%S[qﬁ] + %Jaqb“]

Effective Action (EA) definition

exp (§T1]) = [1a6] exp 5 |ST6]-
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Ordinary Effective Action %

Non-covariance of standard formulation

Path integral formulation of QFT

Z1J] = exp (%W[J]) _ / dg]y/det(G) exp [%S[qﬁ] + %Jaqba]

Effective Action (EA) definition

o (31161) = f1ae oo {110+ 7]

_ not a vector
ordinary functional

derivatives

}
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Ordinary Effective Action %

Non-covariance of standard formulation

Path integral formulation of QFT

Z1J] = exp (%W[J]) = [1d¢]\/det(G) exp [%S[qﬁ] 4 %Jaqba]

Effective Action (EA) definition

exp( ) /[dgb exp<r£[5[gb] Im[:cp —ng

Nnot a vector

Ij

ordinary functional
derivatives

—_—) [:Vﬁliovisky—DeWitt formalism in field SpOC@]
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QFT in Field Space

Supermanifolds
Field-space supermanifold of dimension (N|8M) in 4d spacetime
Fields are the chart [DeWitt (2012)]

¢A
@ = (07 = | oF
@YT

Field reparameterization = diffeomorphism

P* - P = YD)

Viola Gattus 9



QFT in Field Space

Supermanifolds

Field-space supermanifold of dimension (N|8M) in 4d spacetime

Fields are the chart "
d = {3°) = |
@YT

Field reparameterization = diffeomorphism

" — ¢ = 9(P)

Diffeormophically - or frame invariant Lagrangian

[DeWitt (2012)]

[Finn, Karamitsos, Pilaftsis (2021),
V@G, Finn, Karamitsos, Pilaftsis

[L — lgwaﬂqﬁ Akp(®) 0,05 + %gf;(cb) 0,04 — U((I))]

2

(2022)]
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QFT in Field Space

Supermanifolds

Supermanifold metric

Viola Gattus

AGp = (4GB)*"

[

—>

(=

=

S

symmetric rank-2 FS tensor
ultralocal
determined from action




QFT in Field Space

Supermanifolds

Supermanifold metric

r:  —

aGp = (4Gp)*' symmetric rank-2 FS tensor
- —» | ultralocal
LToleterrmneol from action ]

Global metric found from vielbeins and local metric

[Finn, Karamitsos, Pilaftsis (2021),
VG, Finn, Karamitsos, Pilaftsis
(2022)]

[(1y O 0
0 0 1y

\ 0 —1g4s/ O
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Covariant Effective Action

Implicit equation

Implicit equation for effective action using VDW [Vilkovisky (1984), DeWitt (1985).

Finn, Karamitsos, Pilaftsis (2022)]

exp (%r[cp]) _ / /| sdet G| [D®,] exp (%S[(I)q] + % / 5o /=g T[®], ©° [<1>,<1>q])
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Covariant Effective Action

Implicit equation

Implicit equation for effective action using VDW [Vilkovisky (1984), DeWitt (1985).

Finn, Karamitsos, Pilaftsis (2022)]

exp (%r[cp]) _ / /| sdet G| [D®,] exp (%S[(I)q] + % / 5o /=g T[®], ©° [<1>,<1>q])

Master functional differential equation for 1Pl QEA at all orders [Kirn (2006)]
b
2i (I‘(”) ; M) IA% = str[ Z )F ATIH) AH(l. 110 (5A) }
1PI self-energy covariant propagator
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Covariant Effective Action

Implicit equation

Implicit equation for effective action using VDW [Vilkovisky (1984), DeWitt (1985).

Finn, Karamitsos, Pilaftsis (2022)]
oxp (%I‘[cI)]) = [V/Isdet G| [D@,]exp (%S @)+ [ 55y =g T[®] , 5 [<I>,<I>q])

Master functional differential equation for 1Pl QEA at all orders [Kirn (2006)]
(_

n—1
2 (I‘(”) M‘Sab) SA™ = str [A—l S (—DFATWATIRA LTI (JA)}
k=1

One and two loops expressions

V@] = % In sdet (“Sb) = % str (ln “Sb)
1 1
_és{abcd} Achba + _(_l)bc+m(b+d) S{

) [q)]
12

) /\ab/\cd/\mn {ndb}S

mca
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Covariant Effective Action

Implicit equation

Implicit equation for effective action using VDW [Vilkovisky (1984), DeWitt (1985).

Finn, Karamitsos, Pilaftsis (2022)]

exp (%r[cp]) _ / /| sdet G| [D®,] exp (%S[(I)q] + % / 5o /=g T[®], ©° [<I>,<I>q])

Master functional differential equation for 1Pl QEA at all orders [Kirn (2006)]
? n—1
2 (ﬂn) ; Aab) SA™ = str [A‘l S (—DFATWATIRA LTI (JA)}
k=1

One and two loops expressions
p p aSb = a?S%(, = aAb_l

F(l)[cp] — %lnsdet (“Sb) = %str (ln

1 1

A% S, = 95,
Viola Gattus 10




Covariant Interactions

Scalar-Fermion Theories

D O p erator [Ecker, Honerkamp, (1972)]

(0u®%)p = (5AB Q(LA) + T 3M<1)M> 0(xa —xp) = (Du)%

Viola Gattus 11



Covariant Interactions

Scalar-Fermion Theories

D O |Oe rator [Ecker, Honerkamp, (1972)]

(0u®%)p = (5AB B;SA) + T 8u(I)M) 0(xa —xp) = (Du)%

Important supergeometric identity

[(Du)ab;c = Rabem mmj
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Covariant Interactions

Scalar-Fermion Theories

D O p erd tO 1 [Ecker, Honerkamp, (1972)]

(0, 9% = (5AB a/SA) + T 8uq)M) 0(xa —xp) = (Du)%

Important supergeometric identity
(Du)ab;c — Rabcm a,u(I)m
Complete covariant inverse superpropagator [VG, Pilaftsis (2024)]

Sur = () (D)% b (D7) + 0,8 ( by By, 90
1
4 (=)™ s (D) + 5 (<1 ki 00"

+i(=1) (N (D)5 + (1) aMiy 0,8™) — U

Viola Gattus 11



Covariant Interactions

Scalar-Fermion Theories

D operator [Ecker, Honerkamp, (1972)]
(0,8%) = (6% O + T, 8,2M) 6(xa — z5) = (D,)",
Important supergeometric identity
(Dy)abe = Rapem 0,P™

Complete covariant inverse superpropagator [VG, Pilaftsis (2024)]
bosonic sector

r S—

Swp =|(= D)™ (D)% ki (D) + 8™ (b Ry, 0487

1
+ (=) mknfa (D)7 + 5(—1)"(a+b) mFn;ab 5“<I>"’)

i(=1)" ((Na (D) + (1" aAmip O q)m]EU“b]

fermionic sector mixed potential

[+

Viola Gattus 11



QEA with Curvature

Pure scalar theory

Scalar frame invariant Lagrangian

1

L = 59’“’(9“&4 4Gg(9) 0,¢"

Mixed-rank covariant inverse propagator
aSb — _(Du)am (D,u)'nlv; o Rambp(au¢m)(8u¢p) R Uab
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QEA with Curvature

Pure scalar theory

Scalar frame invariant Lagrangian

1

L = 59’“’(9“&4 4Gg(9) 0,¢"

Mixed-rank covariant inverse propagator
aSb — _(Du)am (D,u)'nlv; o ambp(au¢m)(8u¢p) R Uab

Project D? operator with vielbeins

(D?% = (D)4 (DM = “eq (D?) Begd
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QEA with Curvature

Pure scalar theory

Scalar frame invariant Lagrangian

1

L = 59’“’(9“&4 4Gg(9) 0,¢"

Mixed-rank covariant inverse propagator
aSb — _(Du)am (D,u)'nlv; o ambp(au¢m)(8u¢p) R Uab

Project D? operator with vielbeins

(Dz)AB = (DM)AM (D“)Aé = Ae,Z (D/\2)A§ BG?BT

Extract covariant heat kernel

—(za—xp)?/4t
tD2 A €
|5UB> = K’y

(xale
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QEA with Curvature

Pure scalar theory

Scalar frame invariant Lagrangian

1

L = 59"0,¢" 4GB(¢) 8,0°

Mixed-rank covariant inverse propagator
aSb — _(Du)afm (D,u)'rrg o mbp( H¢m)(au¢p) b

Project D? operator with vielbeins

(Dz)AB = (D#)AM (D“)% = Aez (DA2)A§ Beg

Extract covariant heat kernel

—(za—xp)?/4t

2 6

(zale'” |zB) g £)d/2 ?

[KA = A :L'A 2 ICB —> 5A [WA —)]

Viola Gattus 12




QEA with Curvature

Pure scalar theory

Covariant heat diffusion equation

0
e <33A|€tD2

ot

z5) = (za| D*eP|ep) = (wale'” D*|ap)
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QEA with Curvature

Pure scalar theory

Covariant heat diffusion equation

0
e <33A|€tD2

ot

z5) = (za| D*eP|ep) = (wale'” D*|ap)

Explicit computation

F(l) [(I)] — % In sdet (aSb) — % str (ln aSb)

Viola Gattus 13



QEA with Curvature

Pure scalar theory

Covariant heat diffusion equation

a tD2

2 wale®lan) = (oal D lap) = {zal e Do)

Series expansionin t

dt e~ (xga— :I:B) /4t t2
I = / [ gy [t (R 86 0°6% 4 U%) + GUAUY,
TA,XRB

(RAMPN 0,M "¢ Uy + UpRfyan 0,0™ 097)

+ R MPN ¢M 0'¢™ Rligar 0,0° 8V¢T] §(zp —x4) + ATW
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QEA with Curvature

Pure scalar theory

Covariant heat diffusion equation

0
e <£EA|€tD2

ot

z5) = (za| D*eP|ep) = (wale'” D*|ap)

Integrate over t

/m ) (4 —25)?] " (Ruw 8,8™ 89" + U%) 8(zp — )

(]
 16m2

()
647m2€

1
rf -

_I_

/ [(wA - $3)2]6 {UIL}WUAQ + R’y py 0,9™ "¢ Rigp 0,0° 8"

+RA L 8,0M 86N UP, + UARE,, v 8,6M ¥ ¢V } 5(zp —z4) .
+ ATW
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QEA with Curvature

Pure scalar theory

Covariant heat diffusion equation

8 2 2 2
Y (zale™ |zp) = (xa| D* e |zp) = (zale” D*|zp)
Integrate over t o~ 0

—14-¢
FS\)/ 167T / Lﬂ?A—JJB ] " (RMNayqu@”qb —|-UA) 5($B—$§
Z v
6472 /:EA B [(ZA B xB)z] {UA U + R MPN “¢M 0" ¢N R SAT V¢S 0 ¢T
+ Riypy 0,0 09" U+ USRS 4y ,6™ 06" L 8w — 24)

+

dte (xa—xp)?%/4t +2 ,
] [T o BT,
TA,TB

L = (D)D) % (Riypan 09" 06" +UG) |oa) |

_I_

9

T
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QEA with Curvature

Pure scalar theory

Covariant heat diffusion equation

0 2 2 2
o (@ale|zs) = (24| D*eP|ap) = (za] e D?lzp)
Integrate over { Pl )

=g | I[lm ~a2p)’] " (Run 0,6M 06N + U4,) 8(ap — :vg

UV 16n2
+ 6471'26 /:EA B [(37,4 B 1'3)2] {l’]";lv"(]]\:[4 T RAMPN a“¢M 8M¢N RPSAT 8V¢S 8 ¢T
+RA L 8,0M 86N UP, + UARE,, v 8,6M ¥ ¢V } 5(zp —z4) .
+|AT®
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QEA with Curvature

Pure scalar theory

Covariant heat diffusion equation

0
e <£I?A|8tD2

ot

z5) = (za| D*eP|ep) = (wale'” D*|ap)

Integrate over t

/m ) (4 —25)?] " (Ruw 8,8™ 89" + U%) 8(zp — )

[/

1672
—

i 647m2€
| + RAypy 0,8M 86N Uy + USR 4y 0,6 80" Y 3(25 — ). |

terms with 1/¢- poles

1
rf -

e |
/ . [(wA - xB)z] {UlewUAil + Ry py 0,0 06" Rigup 0,¢° 0”97
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QEA with Curvature

Pure scalar theory

Covariant heat diffusion equation

a tD2

o (ale” |es) = (a| D* e |zp) = (za|e”” D|zp)

Integrate over t

(

—1+4€
FS\)/ = — 1672 / [(II}'A — ;L'B)2] (RMN 8V¢M 8V¢N 4 U/}Ll) 5(333 . [BA)
TA,ZB
| B ]
" 64m2¢ / [(mA B xB)z] {UA U + Rypy 0,9™ 06" Rigur 0,9° 0"
TAXLB
L + Ry 0,8M 8N Uy + USR 4y 0,6 00" Y 8(ap — a.4) |
terms with 1/e- poles [Alon;o, Jenkins, Manohar (2016),
U VFCO ntributing terms (Jzegir)ls,]Manohan Natemp:ges
1
M3 =~ [ (VAU + Ran 0,0Y 096" UB + UL RS, 1y 0,0 046"
TA
+ R’ M 9N R 0,0° 067 )
L MBN Ou® ¢ sar O ¢ ]

Viola Gattus 13



Fermionic One-loop QEA

New Clifford Algebra and Bosonization

Fermionic invariant Lagrangian

L= Ci(®)0,8" — U(®)

Mixed-rank covariant inverse propagator
“Sp = “M(tD,)T + ( 1)emapk 10,0™ — U,

m;
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Fermionic One-loop QEA

New Clifford Algebra and Bosonization
Fermionic invariant Lagrangian

= S CU(®)9,8" — U(®)

Mixed-rank covariant inverse propagator
(—=1)om "N 10,0™ — U,

N |

( (B (—1)atbrab, C“)
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Fermionic One-loop QEA

New Clifford Algebra and Bosonization

Fermionic invariant Lagrangian

L= Ci(®)0,8" — U(®)

Mixed-rank covariant inverse propagator
“Sp = “M(tD,)T + ( 1)emapk 10,0™ — U,

m;

New Clifford algebra in FS
Mo A+ AL TAY = 20 46,
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Fermionic One-loop QEA

New Clifford Algebra and Bosonization
Fermionic invariant Lagrangian

L= Ch(®@)0," — U®)

Mixed-rank covariant inverse propagator
"5y = (D) + (~1)" N, 08,87 — °U

New Clifford algebra in FS

RUAPYE %”n: 2
[ = {oo -]
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Fermionic One-loop QEA

777
New Clifford Algebra and Bosonization
Fermionic invariant Lagrangian
L = 5 Ch(®)9,0" — U®)
Mixed-rank covariant inverse propagator
"5y = (D) + (~1)" N, 08,87 — °U
New Clifford algebra in FS
Mo A+ AL TAY = 20 46,
Bosonise to extract HK
. 1 =, 1 5
Insdet (sA*D),) = iln sdet (—)\“Du)\ D,,) = 5lnsdet (—D — A)
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Fermionic One-loop QEA

New Clifford Algebra and Bosonization
Fermionic invariant Lagrangian

L= Ch(®@)0," — U®)

Mixed-rank covariant inverse propagator
"5y = (D) + (~1)" N, 08,87 — °U

New Clifford algebra in FS
Mo A+ AL TAY = 20 46,

Bosonise to extract HK kernel covariant

. 1 _ 1 operator
Insdet (i\"D,,) = 7 Insdet (—\D,\"D, ) = 5 Insdet (I—Dz!!—A]

S

A = M[D,,N|D, + M |

Viola Gattus 14



Fermionic One-loop QEA ﬁ

Extracting divergent terms

Fermionic one-loop effective action

' = —% trln (—Dz—A) — %trln [l—l— z’j\“’Du (—Dz—A)_1 V]

Viola Gattus
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Fermionic One-loop QEA

Extracting divergent terms

o _ | V = (1), 10,9 — °U,
Fermionic one-loop effective action

' = —% trln (—Dz—A) — %trln [l—l— z’j\“Du (—Dz—A)_1
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Fermionic One-loop QEA ﬁ

Extracting divergent terms

Fermionic one-loop effective action

—1

' = —% tr In (—Dz—A) — %trln [l—l— z’S\“Du (—Dz—A) V]

Series expansionin t
r® — %tr(ll o — I +..))
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Fermionic One-loop QEA

Extracting divergent terms

Fermionic one-loop effective action

' = —% trln (—D2—A) — %trln [l—l— z'j\“Du (—Dz—A)

Series expansionin t
@ — %tr212—13+...) B = A? - [D?, A

S —

o 1 | 912 1 1 ;
[Il = [ @al (zloa = al ™7+ fgloa —al A = 1o faa = anlB) 'xﬂ

TA,XTB

=1 + 1+ I

Viola Gattus
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Fermionic One-loop QEA

Extracting divergent terms

Fermionic one-loop effective action

e — —% trln (-D*— A) — %trln 1+ z’X“Du(—D2—A)_1 V]

Series expansionin t

T — %tr(11—13+...)

. 1 —4+2¢ 1 —2+42¢ 1 1
h :A43<$B| (ﬁkﬂA ~ B + H'xA z5| A 2 1672%¢

24— 25[*B) |2

Y ]- — € 1 € 1 1 €
E . /<xA| iN'Dy o) (ol (4—7r2|xB — o] - 167T2€|xB =84 564#%'333 —acl™ B) Y |x‘§

TA,XB,ZC

——

=D+ '+ I
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Fermionic One-loop QEA ﬁ

Extracting divergent terms

Fermionic one-loop effective action

—1

' = —% tr In (—Dz—A) — %trln [l—l— z’S\“Du (—Dz—A) V]

Series expansionin t

r® — %tr(ll 28, T+ .. )

1 1 1

1 _ _
b= [l (Bl L -

24— 25[*B) |2

A2 2 1672%¢
TA,XRB
I, = /(a;A| iN“D, |z) (o] (ika — x| — L lzp — zc|*A —|—1 L lzp — xc|2+2eB) V| za)
pa i o K 472 1672¢ 2 6472¢
8 Y 1 —2+42¢ 1 2€A 1 1 2+26B V j
s x: _,L-/m(xA| XDy |es) (zd (4—7r2|xB ~ %ol - 167r2e|xB — %] U 564#%'303 ~ Zol ) zp)
P apyd
A -\ vV 1 —2+2€¢ 1 2e ! ! 2+2¢
| (xp|iA"D, |xg) (zF| 4—7T2|:BE—xF| — 167T26|xE—mF| A+ 5647rze|xE_xF| BV |z4)
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Fermionic One-loop QEA %

Extracting divergent terms

Only terms with scaling factor |z4 — zg|* are non zero
1

2 1672¢ 74— xB|2EB) a)

1 1
2 6472%¢

- 1 g1 6
L= [ (@D, los) (ze (4—7T2|a:3—:1:(;| 22 _ o5 — To| %A +
TAXB,ZC

Viola Gattus
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Fermionic One-loop QEA

Extracting divergent terms

Only terms with scaling factor |z4 — zg|* are non zero

_ T -|-26 — -I-2eA -
[ tes M 2 167r

LA, LB

1 1
2¢
I, :a;A a:laffA| Z)‘“Du ) (x| (M 167r2 w8 —c|"A +3 2 6472€

Viola Gattus

24— 25[*B) |z

25 — :vc|2+2eB) V|z4)
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Fermionic One-loop QEA ﬁ

Extracting divergent terms

Only terms with scaling factor |z4 — zg|* are non zero

= S +2€ - +2€A . _ 263)
xB| M 2 167‘(‘ 24 — 28] )
TAXLB
1 1
— 2¢ 24-2¢
I —mA wlx(fAh)\“Du lzB) (xc] (4 5175 167r2 lzg — zc|™A + 2 5 6Am2e lzp — z0| B) V |Za)

No leftover o- function integration — keep O(D?) terms

5 1 942 1 2 1 1 2+2¢
" . ngAl N Dules) el (47r2 25 — 2o — g les —wclPA + 5y v — ool B>V 7o)
TD,TE,XF

- 1 1 1 1
'AVDV (_ . —2+2¢ . . 2¢ . 242¢ )
(xpl|i lzg) (xF| 47r2|$E Tr| 62 lzgp — zp|“A + 5 6dnte lzg — xp|""B |V |z4)
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Fermionic One-loop QEA

Extracting divergent terms

Only terms with scaling factor |z4 — zg|* are non zero

= S +2€ - ‘|‘2€A . _ 2€B)
xB| M 2 167‘(‘ 24 — 28] )
TAXLB
1 1
— 2e 242¢
I —xA wlx(fAh)\“Du lzB) (xc] (4 5175 167r2 lzg — zc|™A + 2 5 6Am2e lzp — z0| B) V |Za)

No leftover o- function integration — keep O(D?) terms

N 1 — € € €

TD,TE,XF

(2p| XD, |z5) (a:F|( B

N | —

+2€B V |£IIA

Viola Gattus 17



Fermionic One-loop QEA %

Divergent terms

Many new fermionic operators in the UV

from Iy

/ AL D" (X*(DaX®)) + 229D, (3(DuX®))| Rus — 22D, (W(D, M))

+ MD,, (WA (DaX?)) Rus}

/ AN(D*VI)XN Ry + NDy(NV)N Ry + 25 (D, V)N Ra |

Viola Gattus
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Fermionic One-loop QEA %

Divergent terms

Many new fermionic operators in the UV

from Iy

(

D)oy =
(z")uv 647m2€

/ A{)\“DM WA DL(ADsV)| A + XD, WD, (X Da (V)] s
T A
+ D" XD, (A*D,V)| A, + 25D, | X*Do (N DsV)| A,

+ 3D, [WD, (A3 D,V)] X“}A

from I3

1 _ _ _
(B)ov = ~353 / ADMVALDRV) + (D2XVALY + 2D N)VAL(D'V)]

A

Viola Gattus 19



Outlook ﬁ

QFT Geometric QFT
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Outlook

QFT — —) Geometric QFT
r o o - B

Field-space metric

Covariant effective action |

L 1
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Outlook

QFT - —) Geometric QFT
r o o - B

Field-space metric

Covariant effective action |

L 1

New Tools

Covariant D operator language

ntuitive approach to Schwinger-DeWitt HK technique

Field dependent Clifford algebra

Viola Gattus 20



Next up

Off-shell covariant vertices

Geometric interactions UV covariant EA

Gravity
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Next up

Off-shell covariant vertices

Geometric interactions UV covariant EA

Gravity

Global/local symmetry ? FFT applications ?

new portal to dark-sector
dynamics ?

Viola Gattus 21
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Backup slides



QFT in Field Space

Supermanifolds
Field-space supermanifold of dimension (N|8M) in 4d spacetime

Fields are the chart o [DeWitt (2012)]
® = {07 = | ¥
@YT
Field reparameterization = diffeomorphism
P — P = PY(P)

[Finn, Karamitsos, Pilaftsis (2021),
V@G, Finn, Karamitsos, Pilaftsis

Diffeormophically - or frame invariant Lagrangian

(2022)]
; .
[L — 59“”5’“(1)‘4 Akp(®) 0,05 + %gf;(cb) 0,04 — U((I))]

4/ !

-
rB (gl‘)A = Ca where %uz d( 5/067 IEL)

Viola Gattus 38




Covariant Effective Action

Master Equation for All Loop Orders

Goal: Recursive relation for QEA at all orders

Covariant generalisation of the identity

I T = — 46
Use 1PI - 2PI EA equivalence at extrema
n—1 n (g
=3 TWe = 20y 70—
k=0 =1 @aAb

covariant inverse propagator

Write (n — 1)th loop order EA as

n—1

pir=heb — el A Z(—l)’“AH<l2>...AH<lk>A]b

k=1
1PI self-energy

Viola Gattus



Covariant Effective Action

Master Equation for All Loop Orders

After some algebra...

Master functional differential equation for 1PI QEA at all orders

2 (I‘(">

Egn=1

Egn=2

Viola Gattus

5

5 Aab

) 5Aba

RHS

RHS

n—1
— str [A—l S (-DFATWATEA . TI) (5A)

k=1

str[A™1 0A]

—(-1)° (IW 6A)°

|



Covariant Interactions

Scalar-Fermion Theories

D O p erd tO 1 [Ecker, Honerkamp, (1972)]

(0, 9% = (5AB 8;(LA) + T 8uq)M) 0(xa —xp) = (Du)%

Important supergeometric identity
(Du)ab;c — Rabcm a’u(bm
Complete covariant inverse superpropagator [VG, Pilaftsis (2024)]

Sur = () (D)% b (D7) + 0,8 ( by By, 90
1
4 (=)™ s (D) + 5 (<1 ki 00"

+i(=1)* (aXa(DW)s + (—1)'™ oMy 0,2™) — Udy

N = 5 (ol = (C1e )

1

Viola Gattus



Covariant Heat Kernel Method

Integral identities

(D)% field-dependent differential operator in single-state Hilbert space

9

(zalz) = 0(xa —2B), (D) = eip“x“a 2 za) = 2y |T2a) Pu = z%

Covariant heat diffusion equation

0
e <£UA|6tD2

ot

z5) = (za| D> |zp) = (zale'” D*|ap)

Useful identities

oo dt t? 1
|55 (@al D¢ fog) 6(wa — w5) ~ —
o t 2 EIR

00 2 )
/0 @t—<xA|(D2)26tD lz5) 6(xa —x8) = 0

Viola Gattus



QEA with Curvature

Minimal fermionic model with FS curvature

Previously: termionic model with FS curvature

£ = JK&)0,6)(06) + & (o0 +ad0) [Br(O) — OB1* ] — U

The supermetric
k0 O _ _
G — ( 0 0 fT) f= (90+91¢¢) 14 + g9
0 0

Mixed Lorentz and FS-tensor

r;
K 0 /Yllj;a W
ay =190 " flat part
Y O curvature part
e J

Lo ( @t G0+ (07)ath — 2005,
| 2 \ (YY) + (W7 )stha — 2(P9) V' — Yo (P )b — Vs (¥7H)a

— —

Viola Gattus



Fermionic One-loop QEA

More on Bosonization

Equivalence of the EA
sdet (“Ms, (iD,)%) = sdet (“Ay, (iD,)%) = () + f(,9)

One-loop EA
[0 = Insdet (i\“D,) +  Insdet [1+ (ixD,) " V]

Bosonisation for inverse differential operator

(iXD,)' = XD, (-D* - A) "

Viola Gattus



Fermionic One-loop QEA

Extracting divergent terms

A new magnetic-moment-type operator

Mg = Y(T* Ru)s

New mixed differential two-form rank-2 field-space tensor

A(Rw/)B = A[DM,D,,]B = (_1)MNRABMN auq)M 0, "

. _ | novelfeature of SG-QFTs with non-zero
fermionic curvature

Viola Gattus
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Higher-Point Covariant Interactions

Covariant Three-Vertex

Notation
[abc] = abe + (—1)%bac + (—1)“T)cab (symmetrisation)
(abc) = abc + (—1)*® 9bea + (1) eab  (cyclic permutation)

Three-vertex

1
Sabc — 8uq)m (( )cp k R bpic (_1)an mkn;[a Rnbc]p + 5(_]_)p(ob—i—b+c) kpa c) 8#@?

+ (=1)™(Dy)%, (mkn Ry + (1P kg ) 94D + 0,8™ ks R

abp

(=)™ N 10, 8™) — U -

Viola Gattus

(D*)%
+ (_1)am+bn(D )nZa, mkn;b (D )nc) + ?’(_]‘)a (a)‘um bcpa OF + ( l)bm a)\lum;[b(DM)

"



SpIn connection in oG-QFTS

[nertial effects

Spin connection encodes the inertial effects

A B(A+B) 1A C _sT B AL
W E_( 1) ( )FBC esh, wCAB__(_l)ABwCBA

Tetrad postulate in field space

A sT‘ A_sT FAB+( 1)B(A—|—A) wBA __ B_sT _ 0

oy
Q
AN

Projected D operator

AN AN

A B sT

(D)% = “ez(za) 252’5 0;V0(xa — wp) +w! 5(z4) 6(za — 25) | "€ (wp)

Viola Gattus



Spin connection in oG-QFTs

[nertial effects

Covariant HK

. A e—(xA—xB)z/élt )
1) = K3 S [

e—(:z:A—:L'M)Z/4t 12

A A A A M 2 A
W4, = /mM )7 e1(z4) (x|t Q§+§( Qp M5 - |07,

where
Q= 2w,0" + (Mw,) + w, w"
A _ A
qug = (-1)¢ 8“<I>C wl 5

Viola Gattus



