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THE GRAVITATIONAL TWO-BODY PROBLEM

The next generation of gravitational wave detectors — LISA, Einstein Telescope, Cosmic Explorer
— will have 100x signal-to-noise ratio! We require high-precision gravitational wave templates:
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Einstein’s equations cannot be solved exactly. Two ways to approximate:
» Numerical relativity: good for the merger (strong fields, short duration)

» Perturbation theory: good for the inspiral (weak fields, many cycles)

Our approach: use Quantum Field Theory (QFT) to perturbatively solve the classical 2-body problem



FROM BLACK HOLE SCATTERING TO GRAVITATIONAL WAVEFORMS

Good reasons to focus on black hole scattering:

» Natural post-Minkowskian (PM) expansion in G, allows for
arbitrary fast velocities

» Gauge-invariant scattering observables: impulse, spin
kick, scattering angle, fluxes, ...

» Mature QFT-based scattering technology
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WURLDLINE EFFECTIVE FIELD THEORY (EFT) Goldberger, Rothstein, Steinhoff, Porto, Levi, Foffa, Sturani, ...

r r neutron stars appear like

\QC ro<<r << R point particles!
Tail effect = breakdown near/far

Motivates a point-particle, worldline-based description of astrophysical compact objects:
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Point-particle action Finite-size corrections, tidal effects
. . . . . 84
Can also consider Einstein-Hilbert extensions, beyond GR, Fy = Ruaugm T g
® ® ® ® '
particular interest in spin! B, = R*al/ﬁﬂ- _e



SPINNING PHASE SPACE Ambrost, Kunar, Van Holten ’15

Spinning degrees of freedom captured by the position x*, momentum p,, spin tensor S ab
1

(apu} =38 M = P+ 30uanS
{Sab7 Scd} _ nbd gac nac de . nbc Sad . 77ad Sbc’ QU . e’;eZSab |
We only seek to describe rotations S = %eiij J not boosts SY. So we need a spin-
supplementary condition (SSC):
1
SM — 58,1,,/,0,171"/3’0% Z“ — Sw/ﬁ'y Decompose In the inertial frame 7*

Objective: pick a total Hamiltonian H that preserves the covariant SSC Z* = ()

(Z“ — {Z“, HT} ~ ()> Weak equality ¥ means vanishing when H = Z# = (




N=2 SUSY (SPIN'1 PARTICLE) Jakobsen, GM, Plefka, Steinhoff Phys. Rev. Lett. 128 (2022)

One possible realisation using an ./ = 2 SUSY algebra:

1 _ _
H = 5(9'[“/71-#771/ —m” — Rabcdwawbwcwd) )

J = nab&awb ; Q — waegﬂ-u ; Q — waegﬂ-u

These are a set of first-class constraints, and the SSC is automatically enforced:

rH
S0 — —Qiﬁ[awb] SHr, = —i(P*Q + Y Q) ~ 0 ¢ (T
Corresponding Lagrangian description, up to quadratic spins:

SBH/NS — —m / dT %g,wx'“ " + “EDH? T %Rabccﬂ;azpb&cwd T OERa,ubuj?'uj?V&awb QZ ' w

spin degrees of freedom neutron star term

But... no realisation beyond ./ = 2!



HAMILTONIAN DESCRIPTION OF SPINNING BODIES

The SSC is a second-class constraint (Dirac), so we can solve for a Lagrange multiplier { W

1
Hp = cH[e%(2), pu S + CuZ" Su= sepnd”SP" 20 = S,

We are free to make an ansatz for H, in terms of only the spin vector $*:

Hp, = (Gm)*m?(Cg=E,, E" + Cp2B,,B""),
Hpzg2 = (Gm)*m? (C’E252E§ME5~“ + CB2S2B§MB§“) :
Hpegs = (Gm)*m*(Cpegs EgaEqq + Cp2g1BaaBas)

oo fﬁs_"; (Vs)n_QESS, n even,
5 Cpsn (Vs)n_ZBSS s N odd .

mmn—2

Z-corrections are then determined order-by-order in spins, giving the total Hamiltonian:

€ ~ ~
by = & (s - mQ._ 2 s Hes)
n>1

Linear-curvature correction Quadratic-curvature correction

Hpmgn = (14 |7| 'V 2)Hgmgn



BUSUNIC USCILLATO RS Haddad, Jakobsen, GM, Plefka ’24

We seek a worldline action, i.e. a Lagrangian description. So introduce new variables:
a =by _ .,.ab S,ul/ _ -~V
{a®,a’} = —in = —2ia*a

Desired Lagrangian is given by a Legendre transform, solve for the canonical momentum:

~ B . - b 7] . . .
S = — /dT puat —1aa’ngy — Hr|. o ={z", Hr} =m Lrt 4+ ... corrections

Resulting worldline action, up to linear curvature:

_ D a
S:I—/dT _%gw,j;%”—ma df‘_ Bsz

_mz CESn 1—|—‘.C13|_ VZ)(VS)”— Ess, neven,}'
—iCpgsn (1 + |2|7'V2)(Vs)" ?Bss, n odd,

n>1

We have now performed spinning black hole calculations using WQFT up to S*!



WORLDLINE QUANTUM FIELD THEGRY (WQFT) kb GO Pl o B 10 2023
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Promote gravitons, deflections to propagating d.o.f’s:

1
1 Uy (w—+10)2
p po _ Mu(plow — p=gluwllpe K w ] L
SN T i) — k3 I w J m 1 i N

Z] (w) = {#"(w), " (w),a"(w)}
Causality demands use of retarded propagators (from Schwinger-Keldysh in-in formalism)

Gravitons live in the bulk, carry momentum; deflections live on the worldline, carry energy.

................................ () .
% — m Bik'bﬁ(k . ’U)’U'u’Uy , % = 2mPle"k'b5(k U+ w) (wau(f‘dz) + v*0"k,) E N \/EZkZ , 3%; N \/53]{2 @ N \/54]{2 L
2mPl b (k)
oy (K)

Tree-level one-point functions = Solutions to classical equations of motion
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SCATTERING OBSERVABLES

For momentum impulse draw tree diagrams with 1 outgoing line:
G G2 G°

o Hrer wwmm WWW

Apr= §+ ot TA A Al FITTINGT T + L K. [T+

2OUT b TUTT B0 XOT P oy M

+ 18 more + 190 more + 417 more
All graphs are trees. Integrate on internal energies/momenta:
CO
— B / O(w — €-v1)0(w + (g — £) - v1)d(€ - v2)0((q — £) - v2) g
- Jate (w+1i0)202(£ — q)°
/Q)(\ *\GVL B /5((] v1)0(q - UQ)eiq.b/ 5(.[@2) OSF scale-free
e @ -- . ¢ (-1 +10)202(0 — ()° e

loop integration

Loop integrals arise from lack of momentum conservation:

Loop integrals from tree-level diagrams
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IN-IN FORMALISM Jakobsen, GM, Plefka, Sauer JHEP 10 (2022)

» Also known as Schwinger-Keldysh, or Closed-Time Path (CTP):

(O X))y = OV (=00, DOt X)U (1, ~0)[0),,.

» Simple example of a scalar field — path integral involves 2 copies of the theory:

| (Sl61] = Sl + [ate(7i(@)on (@) — ()6 (a) }

(Dp(w, y) D_(z, y))

OTe@m)0)  (0l6(y)é()[0)
(Pa(2) &5(v)) = ( (016(2)é(y)]0) <orr*¢<x>¢<y>\o>)

12



KELDYSH BASIS

1 - —
(6o () dp(y)) = ( 3D (2, y) Dret(fv,y)> b1 =561+ 02) | Pul)= 2 = igp e
a —Dadv(exy y) 0 ¢— — ¢1 — ¢2 Gadv(k’) = = = = _7;);2 — J

» Diagrams conspire to ensure forward-in-time flow of causality:

k 1 1
k2 + sgn(k°)i0 k2 + 40

- 2im(—k°)5(k?)

» Upshot: calculate tree-level 1-point functions using in-out Feynman rules + retarded
propagators.

» We use this in WQFT, with retarded bulk and worldline propagators
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SPINNING SCA]TERING UBSERVABLES Haddad, Jakobsen, GM, Plefka ’24

In order to test our spinning Lagrangian, we compute scattering observables up to S*:

(2 (w) = (), "), @M (W)} ) (Elee

"""""" Z5i(—w)
(28 (~w))ro = % “

Observables appear as the components of £ ’; with a cut external line:

Ap = —miw® (2 (=w)),os0
Z z ¢ ASY = —2im;(@" Aa)) + Aata” | + Al A
Aot =iw (0" (—w)) (& A + AG, @ Aai)

’Z

w—0 °

We reproduce all relevant results from the literature up to S*!
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SPINNING LAGRANGIAN ANSAIZ

To verifty our Hamiltonian-based analysis, start from a Lagrangian Ansatz:

oo

E(a) — Z (Va)zn_2 (CES% Eaa iCBSQ"H'l VaBaa) )

b A on)! on + 1
S — —m/dT lgul/a’"ju,jj‘y — Z??abo_éa Da Enm n:1Z ( n) ( ) ) 7
2 dr r2) _ Cz( )B - V; - (V )2n—4 CQn V.8 ICQ(n)l £
nm ~ 9 a3 m s a (2 ) aq 1 (2n— 1) aa

We seek to fix the coefficients C'*). Demand no change in the SSC vector:

o v pv pyo
CAZ@ — Api,l/S_oo 7 T D1, VAS T Apz I/AS )
Constrains coefficient values to those agreeing with the Hamiltonian:
C(Z) v CE'Sn—l, T Odd, C(Z) — 07 C}(QZQ)Q — CE52 (CES2 B 1)7
=N

" CBSn—l, L. €vell, C;ZQ) — C<Z) = (Cpq2 — 1.

Linear Curvature

Quadratic Curvature

15



SCATTERING SPINNING BLACK HOLES: STATE-OF-THE-ART

SO St S2 S3 S4 SO
(Spin-0) (Spin-1/2) (Spin-1) (Spin-3/2) (Spin-2) (Spin-5/2)

1PM
(tree level)

G G3 G4 G GO

Bern, Kosmopoulos, Luna,

Guevara, Ochirov, Vines ’18 ,
Roiban, Teng ’22; Aoude,

2PM

G3 G4 GS Chen, Chung,Huang, Kim "21 Haddad, Helset ’23; Bautista ’23;
(1 '.00 p) Haddad, Jakobsen, GM, Chen, Wang ’24; Bohnenblust,
Pletka 24 Cangemi, Johansson, Pichini 24

Bern, Cheung, Parra-Martinez, Ruf,

3PM Herrmann, Roiban, Shen, Solon, |~ Jakobsen, GM ’22  Jakobsen, GM ’22 Akpinar, Cordero, Akpinar, Cordero,
Zeng, Kilin, Liu, Porto, Di Vecchia, . . . .
Heissenberg, Russo, Veneziano, | AAKpinar, Cordero,  Akpinar, Cordero, Kraus, Smirnoyv, Kraus, Smirnoyv,

(2 lOOpS) fravagiini, Brandhuber, Bameaard, | Krays, Ruf, Zeng ‘24 Kraus, Ruf, Zeng ‘24 Zeng ‘25 Zeng ‘25

Planté, Vanhove, Bjerrum-Bohr

Dlapa, Kailin, Liu, Neef, Porto, .
ll-PM Damgaard, Hansen, Planté, Jakobsen, GM, Plefka, G6 Tall effeCt

Vanhove, Bern, Parra-Martinez S ’
’ ’ , auer, Xu ’23 ’
’ log v’s

(3 loo ps) Roiban, Ruf, Shen Solon, Zeng

Driesse, Jakobsen,
5PM Klemm, GM, Nega,

(4 [Qops) Plefka, Sauer,
Usovitsch ‘24




5PM MUMENTUM IMPULSE OSF: 63 diagrams  1SF: 426 diagrams

S
"' s’ m1m2

Our first 5PM
calculation

Very difficult!

When conservative,
ARl
Apl = Ap2

Very easy!

» Integrand divides naturally into mass sectors, following Self-Force (SF)

» Quickly generate from Feynman rules using recursive FORM algorithm.

» All propagators are retarded, causality flow towards the outgoing line — in-in formalism .



1SF LOOP INTEGRATION

LV VYV 1 . O—>——@- - - L

. w0k T T T kot

Integrals depend trivially on |¢|, non-trivially on y = v, - v, r

T — =2
n L 4% ny
\{ / 1,2, D;"(04) HI<JDIJJ J

D1 :fl ’U2—|—0-17;O_|_, Dz’>1 :€i°?}1—|—0'iio+,
Dij = (t; —£;)°, Dgi=li+q)*, Do =1;

a8 {0} §(M=D (4 - vy) HL 51 (g, - /UQ)X ‘1. Integration-by-Parts (IBPs) unaffected
- ./61---& 12. Differential Equations (DEs) unaffected "

Symmetries are affected

4. Boundary conditions (v — 0) are affected }
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5PM-1 SF CUNSERVATIVE Driesse, Jakobsen, GM, Plefka, Sauer, Usovitsch Phys. Rev. Lett 133 (2024)

b-terms v-terms
Result depends only on the scattering angle:

K 7,0 .1 N L UL
ng—z( N GO R U R |

0:1) consists of Multiple PolyLogarithms (MPLs) up to weight-3, alphabet ¢, € {0, = 1, % i}
31 v g
050 = 3 (1) f() Glarvanig) = | 5 Glaz.sanit)
l—1 0 t — al

No other special functions in the conservative 5PM-1SF result!
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Driesse, Jakobsen, Klemm, GM, Nega, Plefka, Sauer, Usovitsch 24

NOW AVAILABLE: COMPLETE aPM-1S5F Accepted to Nature

)’ Pr'L;d — _Aplf _Apg

>, Erad:Pcom'Prad

Encodes scattering angle, MPLs only Encodes radiated momentum, contains K3 & CY3 kernels
Even (pure real) integrals Odd (pure imaginary) integrals
4172 3427 847° 4096 12544 log(2v) | 35937° 445867 2144536 | 4537°
9(5,1) _ 4 137 | 3008 | 4 6 | 5 1575 | 45g | 72 432 | 11025 ' 35
5v8  bd  45v° V4 V3 g v

L (_T552log(20) | 2465277 1111790903 | (19424344 1787n%) r——
1575 1440 756000 363825 | 672 P
( 1762784 log(2v) 1848817 56424801733) o (16004496043 835619w2> .

11025 2240 49392000 104053950 59136
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COMPARING THE SCATTERING ANGLE WITH NUMERICAL RELATIVITY (NR)
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Increasing PM
orders show NR
convergence

NR data: Damour,
Rettegno, Pratten,
Thomas, Schmadt
’23

Calls for EOB
resummation!
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Driesse, Jakobsen, Klemm, GM, Nega, Plefka, Sauer, Usovitsch 24

CALABI'YAU THREE'FULD (CY3) Accepted to Nature

(CY3)

(o) —+(g+3) J=ar=¢

Torus (n =1 K3 (n =2 CY3 (n=3 . .
=l "= "= Picard-Fuchs Equation

We have full analytic control, can PN expand:

6,2 2 2 — %0
Eﬁic)i — gbgvg [122 | 32231)2 | QQZW v 7;8111@4(92716 2422?; >v5 o r(wow) _’W6’W1)
N (29()45628()7 : 9972 10593 o E>v6 N (7296 29277r2)v7
6899200 2 70 2 7 28
N (4924457539 830172 491013 o g) s (99524416 46290891772)/09+m}
29429400 = 112 3920) 2 40425 157696
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CONCLUSIONS & OUTLOOK

Gravitational Waves from
Worldline QFT EOB Large-angle

scattering

Worldline Scattering Resummed

EFT Model Observables Hamiltonian S
Gravitational
? Waveforms
>USEOBNR

WQFT

;' 1. Physical effects in worldline EFT description: beyond GR, dynamical tides, higher spins, ...
2. Higher-PM scattering observables: 5PM-2SE 4PM-S2, radial action, waveform, fluxes, ... |
,3. Improved EOB resummation: inspiration from radial action, self-force expansion...
'4

4. Enhanced GWs: more NR calibration, more PM data, fluxes, mode decomposition, ... .



