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THE GRAVITATIONAL TWO-BODY PROBLEM

Einstein’s equations cannot be solved exactly. Two ways to approximate: 

➤ Numerical relativity: good for the merger (strong fields, short duration) 

➤ Perturbation theory: good for the inspiral (weak fields, many cycles)

The next generation of gravitational wave detectors — LISA, Einstein Telescope, Cosmic Explorer 
—  will have 100x signal-to-noise ratio! We require high-precision gravitational wave templates:

Our approach: use Quantum Field Theory (QFT) to perturbatively solve the classical 2-body problem
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Figure 1: The physical e↵ect of the GW polarizations h+ and h⇥. In the illustration, a sinusoidal GW travels through the z
axis or perpendicular to the page and the e↵ect over the ring of particle that lay in the xy plane or over the page is to stretch
and to squeeze the separation distance between them.

C. Gravitational Waves from Inspiral Binary Systems

The first two direct observations of GW signals recently reported by the LIGO team (GW150914 and GW151226)
were produced by the coalescence of two stellar-mass black holes [13, 14]. In these systems, the two objects gradually
spirals inwards while GW are emitted. In this process, the system evolves in three di↵erent phases, inspiral, merger
and ringdown (Figure 2).

In the inspiral phase the two objects are orbiting and approaching each other while the orbital frequency increases.
At this stage, post-Newtonian approximations to general relativity analytically model the evolution of the system
and thus, high accurate signals can be computed [22]. The resulting GW waveform is a chirp signal, i.e., a sinusoid
increasing in frequency and amplitude up to a limit. The merger phase initiates when the separation distance between
the two objects reaches the so-called innermost stable circular orbit (ISCO). In consequence, the objects collide and
plunge into one. The system is dynamically unstable which leads to a highly complex non-linear system of the Einstein
equations where no analytical solution exits. Therefore, numerical relativity is needed to compute the GW signal [23].
Finally, the ringdown phase stars after the collision and the resulting object, a black hole, relaxes to a stationary
state. In this process, the perturbation theory can used to analytically solve the Einstein equations. This leads to
the quasi-normal modes of the final Kerr black hole where the GW signal is described by well-modeled exponentially
damped sinusoidal oscillations [24]. These three stages in the life of a compact binary system are known as Compact
Binary Coalescence (CBC).
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Figure 2: The three phases in the temporal evolution of a binary system. In the inspiral phase the two object are orbiting and
approaching each other. In the merger phase the two objects fuse into one. In the ringdown phase the resulting object relaxes
to a stationary state.

This work focuses in the detection of GW from the inspiral phase using LIGO data. To accomplish this, we need
the analytical model of the GW. The masses of the two astrophysical objects are m1 and m2, they are separated
a distance a and are orbiting in their common center of mass. The reference frame of the source (Figure 3) is the
Cartesian coordinate system (x, y, z) where the origin is the center of the binary, and the GW is observed at point

inspiral merger
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FROM BLACK HOLE SCATTERING TO GRAVITATIONAL WAVEFORMS
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Good reasons to focus on black hole scattering: 

➤ Natural post-Minkowskian (PM) expansion in G, allows for 
arbitrary fast velocities 

➤ Gauge-invariant scattering observables: impulse, spin 
kick, scattering angle, fluxes, … 

➤ Mature QFT-based scattering technology

1PM 2PM

Scattering observables are input data for 
Effective-One-Body (EOB) gravitational 
waveform models, e.g. SEOBNR-PM
Buonanno, GM, Patil, Pompili  Phys. Rev. Lett. 133 (2024) 
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WORLDLINE EFFECTIVE FIELD THEORY (EFT)
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During the inspiral phase, the bound two-body problem enjoys a separation of scales:

Far away, black holes & 
neutron stars appear like 

point particles!
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Motivates a point-particle, worldline-based description of astrophysical compact objects:

Goldberger, Rothstein, Steinhoff, Porto, Levi, Foffa, Sturani, … 

Point-particle action Finite-size corrections, tidal effects
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Can also consider Einstein-Hilbert extensions, beyond GR, 
particular interest in spin!

Near ZoneInternal Zone Far Zone Tail effect  breakdown near/far⟹
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SPINNING PHASE SPACE
Spinning degrees of freedom captured by the position , momentum , spin tensor xμ pμ Sab
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{xµ, p⌫} = �µ⌫ ,

{Sab, Scd} = ⌘bd Sac + ⌘ac Sbd � ⌘bc Sad � ⌘ad Sbc ,

We only seek to describe rotations , not boosts . So we need a spin-
supplementary condition (SSC):

Si = 1
2 ϵijkSij S0i
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Weak equality  means vanishing when ≈ H = Zμ = 0
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µ = {Zµ

, HT } ⇡ 0

Ambrosi, Kunar, Van Holten ’15 

Objective: pick a total Hamiltonian  that preserves the covariant SSC  HT Zμ = 0
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N=2 SUSY (SPIN-1 PARTICLE)
One possible realisation using an  SUSY algebra:𝒩 = 2
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Corresponding Lagrangian description, up to quadratic spins:

But… no realisation beyond !𝒩 = 2

These are a set of first-class constraints, and the SSC is automatically enforced:
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spin degrees of freedom neutron star term
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Jakobsen, GM, Plefka, Steinhoff  Phys. Rev. Lett. 128 (2022)
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HAMILTONIAN DESCRIPTION OF SPINNING BODIES
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The SSC is a second-class constraint (Dirac), so we can solve for a Lagrange multiplier :ζμ
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We are free to make an ansatz for , in terms of only the spin vector :H Sμ
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Z-corrections are then determined order-by-order in spins, giving the total Hamiltonian:
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BOSONIC OSCILLATORS  Haddad, Jakobsen, GM, Plefka ’24 

We seek a worldline action, i.e. a Lagrangian description. So introduce new variables:
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Desired Lagrangian is given by a Legendre transform, solve for the canonical momentum:
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Resulting worldline action, up to linear curvature:
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We have now performed spinning black hole calculations using WQFT up to !S4

9



WORLDLINE QUANTUM FIELD THEORY (WQFT)

Promote gravitons, deflections to propagating d.o.f’s:

Causality demands use of retarded propagators (from Schwinger-Keldysh in-in formalism) 

Gravitons live in the bulk, carry momentum; deflections live on the worldline, carry energy.

10

1.7 Feynman rules for perturbative quantum gravity 17

One indeed verifies that I↵�,�� P��,⇢ = �↵(⇢�
�
)

. The graviton self-interaction vertices
take an involved structure due to a proliferation of indices. Exemplary we exhibit the
three-graviton vertex [7]

µ
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1
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+ P3(k1⇢k2�⌘µ⌫⌘↵�) + P6(k1⇢k1�⌘µ⌫⌘↵�) � 2P6(k1⌫k2�⌘�µ⌘↵⇢)

+ 2P3(k1⌫k2µ⌘�⇢⌘�↵) � 2P3(k1 · k2⌘⌫↵⌘⇢�⌘µ�)] , (1.77) {3gravitonvertex}{3gravitonvertex}

with the symbol Pn denoting the symmetrisation in the index blocks (k1µ↵, k2⌫�, k3⇢�)
associated with the three legs and resulting in n distinct terms.

The higher point vertices take a schematic structure as

⇠
p

G
2
k2 , ⇠

p
G

3
k2

⇠
p

G
4
k2 , . . . (1.78) {gravitonvertexscaling}{gravitonvertexscaling}

Through the Fadeev-Popov procedure one also picks up a ghost sector. The local
symmetry transformation are now the general coordinate transformations given in
eq. (1.71). Hence, the gravity ghosts carry a vector index: b⌫(x) and b̄µ(x). The ghost
contribution to the Lagrangian takes the form

LGH = �b̄µ(
�Gµ

�⇠⌫
)b⌫ . (1.79)

From the de Donder gauge fixing function of eq. (1.73) one deduces the di�erential
operator in the ghost sector


�Gµ

�⇠⌫
= ⌘µ⌫@

2+(@⇢hµ⌫@⇢+@⇢h⌫⇢@µ+@⇢(@⌫hµ⇢)�@µh⌫⇢@⇢� 1
2@µ(@⌫h)) , (1.80)

where the first term gives rise to the kinetic term of the ghost fields yielding the
propagator

↵ � =
i ⌘↵�

p2 + i0
. (1.81)

The remaining terms yield a graviton-ghost-anti-ghost interaction vertex

↵ �

⌫µ
(1.82)

However, ghosts will play no rôle in the modern approaches to scattering amplitudes
developed in this book. Therefore we do not need to spell out this involved vertex
here.

GM, Plefka, Steinhoff  JHEP 02 (2021) 
Jakobsen, GM, Plefka, Sauer JHEP 10 (2022)

Tree-level one-point functions = Solutions to classical equations of motion
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SCATTERING OBSERVABLES
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For momentum impulse draw tree diagrams with 1 outgoing line:
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All graphs are trees. Integrate on internal energies/momenta:
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Loop integrals from tree-level diagrams

Loop integrals arise from lack of momentum conservation:

0SF scale-free 
loop integration



IN-IN FORMALISM
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➤ Also known as Schwinger-Keldysh, or Closed-Time Path (CTP):

➤ Simple example of a scalar field — path integral involves 2 copies of the theory:
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Jakobsen, GM, Plefka, Sauer  JHEP 10 (2022)
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KELDYSH BASIS
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➤ Huge simplification in the Keldysh basis, with advanced & retarded propagators:

➤ Upshot: calculate tree-level 1-point functions using in-out Feynman rules + retarded 
propagators. 

➤ We use this in WQFT, with retarded bulk and worldline propagators
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structure of a rooted tree, i.e. take a form such as

� +
. (2.30)

From this structure it is immediately clear that inserting a vertex with three (or more)

minus-labeled (outgoing) legs in the shaded box inevitably leads to a loop-level graph,

as we just have a single outgoing leg. So we learn that at tree level only single-minus

vertices may contribute to the one-point functions. Similarly, the h�+�+i Hadamard

propagator cannot make an appearance, as conecting to plus labeled (ingoing) legs

of a vertex inevitably yields a loop diagram as every vertex has at least one minus

labeled leg. The consequence is that exclusively retarded propagators appear in the

computation if one assigns a momentum flow according to causality from Q sources

to the outgoing operator line. Therefore, in practical computations of one-point

functions in a background field theory one may e↵ectively forget about the in-in

formalism altogether. One simply applies the usual (in-out) Feynman rules and uses

retarded propagators everywhere, with the direction of causality always pointing

towards the outgoing line.

In hindsight, this fact is not surprising. As we showed in eq. (2.25), it is a

well-known fact that at tree level the path integral is dominated by solutions to the

classical equations of motion of the theory (the saddle-point approximation). The

sum of rooted tree diagrams is then simply a visual interpretation of a perturbative

expansion of the classical solution in powers of the coupling constant. From a purely

classical perspective, using retarded propagators is then necessary to ensure fixing of

boundary conditions at past infinity.

2.4 In-in formalism for WQFT: observables

We now implement the in-in formalism for the WQFT. In the non-spinning case there

are two key observables to be computed which we typically evaluate in momentum

space: The impulse and the waveform. In the spinning case this is augmented by the

spin-kick. For the worldline coordinate we expand x
µ

i
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µ

i
+ v

µ

i
⌧i + z
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i
(⌧i) with
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µ

i�} but we do not double the background

b
µ

i
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µ

i
⌧i. This is justified, as in the end of the calculation the expectation value of

the minus fields are set to zero, cp. (2.25). We proceed analogously in the spin case

[49, 50], where we have the background field expansion  µ

i
=  µ

i
+  

0µ
i
, and double

according to  0µ
i

! { 
0µ
i+
, 

0µ
i�} in the Keldysh basis. Finally, the graviton field is

doubled according to h
µ⌫

! {h
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µ⌫

� }.
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k

The generating functional W [J1, J2] has a path integral representation upon dou-

bling the fields. It is established by inserting the unit operator 1 =
P

| i | i h | into

eq. (2.16) using eq. (2.12):

e
i
~W [J1,J2] =

X

| i

h0|ÛJ2(�1,1) | i h |ÛJ1(1,�1)|0i (2.18)

=

Z
D[�1,�2] exp

n
i

~

h
S[�1]� S[�2] +

Z
d4
x

⇣
J1(x)�1(x)� J2(x)�2(x)

⌘io
.

The �1 field propagates forward in time, the �2 field backwards. Importantly, in the

path integral above the two fields are linked via the boundary condition at future

infinity �1(t = +1,x) = �2(t = +1,x), while at past infinity both fields vanish

�1(t = �1,x) = �2(t = �1,x) = 0. This is a consequence of the sum over all

states | i in the first line above.

In order to set up the in-in perturbation theory we need to establish the propa-

gator structure in the free theory. We encounter a 2⇥2 propagator matrix D
AB(x, y)

related to the doubled fields. It is most easily derived from the free-field generat-

ing functional W0[J1, J2] in the operator representation (2.16) [11, 93, 94] — see

Appendix A for a derivation (A,B = 1, 2):

h�A(x)�B(y)i =

✓
h0|T �(x)�(y)|0i h0|�(y)�(x)|0i

h0|�(x)�(y)|0i h0|T ⇤
�(x)�(y)|0i

◆
=

✓
DF (x, y) D�(x, y)

D+(x, y) DD(x, y)

◆
,

(2.19)

with the Feynman DF (x, y) and Dyson (or anti-time-ordered) DD(x, y) Green’s func-

tion appearing on the diagonal. The o↵-diagonal entries are known as the Wightman

Green’s functions, D+(x, y) = h0|�(x)�(y)|0i = D�(y, x). Note that here |0i is the

Fock vacuum of the free theory which is stationary under time evolution.

We find it convenient to adopt the Keldysh basis [46] by introducing the sum

and di↵erence of the two fields and sources:

�� = �1 � �2 , �+ = 1

2
(�1 + �2) ,

J� = J1 � J2 , J+ = 1

2
(J1 + J2) .

(2.20)

The propagator matrix in the Keldysh basis then becomes (a, b = +,�) [11]

h�a(x)�b(y)i =

✓
1

2
DH(x, y) Dret(x, y)

�Dadv(x, y) 0

◆
, (2.21)

with the advanced Dadv(x, y) and retarded Dret(x, y) Greens’s functions as well as

the symmetric Hadamard function DH(x, y) = h0|{�(x),�(y)}|0i. In the Keldysh

basis the generating functional of the interacting theory takes the form

e
i
~W [J+,J�] (2.22)

=

Z
D[�+,��] exp

n
i

~

h
S[�+ + 1

2
��]� S[�+ �

1

2
��] +

Z
d4
x

⇣
J+�� + J��+

⌘io
.

8

The true vacuum expectation value of the Heisenberg field operator may now be

computed from the one-point function of �+ at vanishing sources J± by

h�̂H(t,x)iin-in = h�̂H +(t,x)iin-in
���
J±=0

=
�W [J+, J�]

�J�

���
J±=0

(2.23)

=

Z
D[�+,��]�+(t,x) exp

n
i

~

h
S[�+ + 1

2
��]� S[�+ �

1

2
��]

io
,

using h�1iin-in|Ji=0 = h�2iin-in|Ji=0 in the Schwinger basis. Importantly, the in-in e↵ec-

tive action �[h�±i] is obtained as the Legendre transform of the generating functional

�[h�+i, h��i] = W [J+, J�]�

Z
d4
x (J�h�+i+ J+h��i) . (2.24)

Finally, at tree level the in-in e↵ective action gives rise to the classical equations of

motion that are solved by the expectation value (2.23):

0 =
��

�h��i

���
h��i=0, h�+i=�class, J±=0

. (2.25)

Note that at tree level the h�+�+i component DH(x, y) of the Keldysh propagator

matrix (2.21) does not contribute — in momentum space it is D̃H(k) = �
�(k2) and only

has on-shell support — as we will show this in the next section. Hence, the tree-level

or classical physics result can only depend on advanced and retarded propagators.

This is the key relation to exploit for our purposes: applying the in-in formalism

to the computation of the one-point functions hz
µ

i
i and hhµ⌫i of WQFT yields a

PM perturbative, diagrammatic procedure to establish the solutions zclass(⌧) and

h
µ⌫

class
(t,x) to the equations of motion of the classical two-body scattering problem.

2.3 In-in one-point functions in background field theory

Evaluating the in-in path integral can be quite laborious due to the need to establish

“doubled” Feynman rules from eq. (2.22) — now adopting the Keldysh basis. These

involve vertices dressed with plus- and minus-labeled legs and novel symmetry factors

(the tensorial structure of the vertices remains inert with respect to the standard in-

out Feynman rules). As for the propagators, in momentum space the retarded and

advanced propagators are

eDret(k) =
� +

=
�i

(k0 + i0)2 � k2
,

eDadv(k) = + �
=

�i

(k0 � i0)2 � k2
,

(2.26)

with the direction of the arrow above indicating the direction of causality flow — i0

denotes a small positive imaginary part. However, for the special case of tree-level

one-point functions in a background field theory the in-in diagrammatics are very

9

➤ Diagrams conspire to ensure forward-in-time flow of causality:

Absorbs the cuts present in e.g. KMOC formalism



SPINNING SCATTERING OBSERVABLES

14

 Haddad, Jakobsen, GM, Plefka ’24 

In order to test our spinning Lagrangian, we compute scattering observables up to :S4

Observables appear as the components of  with a cut external line:𝒵μ
I

<latexit sha1_base64="munE3Q47gXJJPMjnhuFFZqkIy6c="></latexit>

Zµ
I (!) = {zµ(!),↵0µ(!), ↵̄0µ(!)}

We reproduce all relevant results from the literature up to !S4



SPINNING LAGRANGIAN ANSATZ

15

<latexit sha1_base64="pKYE2p+c5eOM9Ng+pjTfC1u3abk="></latexit>

S = �m

Z
d⌧

✓
1

2
gµ⌫ ẋ

µẋ⌫ � i⌘ab↵̄
aD↵b

d⌧
� Lnm

◆

To verify our Hamiltonian-based analysis, start from a Lagrangian Ansatz:

We seek to fix the coefficients . Demand no change in the SSC vector:C(Z)
n

Constrains coefficient values to those agreeing with the Hamiltonian:

<latexit sha1_base64="/+Ylz/SswYo6JJQj8IgOHwz/m+4="></latexit>

�Zµ
i = �pi,⌫S

µ⌫
�1,i + pi,⌫�Sµ⌫

i +�pi,⌫�Sµ⌫
i = 0

<latexit sha1_base64="32ZLVjF4RL/HuIOkNGUmBgb/m1I="></latexit>

C(Z)
n = n⇥

(
CESn�1 , n odd,

CBSn�1 , n even,

<latexit sha1_base64="s/v8+jareFD7zaujpHLZYG4PTDY="></latexit>

C(Z)
R2,1 = 0, C(Z)

R2,2 = CES2(CES2 � 1),

C(Z)
R2,3 = �C(Z)

R2,4 = CES2 � 1.

Linear Curvature Quadratic Curvature



SCATTERING SPINNING BLACK HOLES: STATE-OF-THE-ART

S0 

(Spin-0)
S1 

(Spin-1/2)
S2 

(Spin-1)
S3 

(Spin-3/2)
S4 

(Spin-2)
S5 

(Spin-5/2)

1PM  
(tree level) G G2 G3 G4 G5 G6

2PM 
(1 loop) G2 G3 G4 G5

Guevara, Ochirov, Vines ’18 
Chen, Chung,Huang, Kim ’21 

Haddad, Jakobsen, GM, 
Plefka ‘24

Bern, Kosmopoulos, Luna, 
Roiban, Teng ’22; Aoude, 

Haddad, Helset ’23; Bautista ’23; 
Chen, Wang ’24; Bohnenblust, 

Cangemi, Johansson, Pichini ‘24 

3PM 
(2 loops)

Bern, Cheung, Parra-Martinez, Ruf, 
Herrmann, Roiban, Shen, Solon, 

Zeng, Kälin, Liu, Porto, Di Vecchia, 
Heissenberg, Russo, Veneziano,  

Travaglini, Brandhuber, Damgaard, 
Planté, Vanhove, Bjerrum-Bohr 

Jakobsen, GM ’22 
Akpinar, Cordero, 

Kraus, Ruf, Zeng ‘24

Jakobsen, GM ’22 
Akpinar, Cordero, 

Kraus, Ruf, Zeng ‘24

Akpinar, Cordero, 
Kraus, Smirnov, 

Zeng ‘25

Akpinar, Cordero, 
Kraus, Smirnov, 

Zeng ‘25
G8

4PM 
(3 loops)

Dlapa, Kälin, Liu, Neef, Porto, 
Damgaard, Hansen, Planté, 

Vanhove, Bern, Parra-Martinez, 
Roiban, Ruf, Shen Solon, Zeng 

Jakobsen, GM, Plefka, 
Sauer, Xu ’23 G6 G7 G8

5PM 
(4 loops)

Driesse, Jakobsen, 
Klemm, GM, Nega, 

Plefka, Sauer, 
Usovitsch ‘24

G6 G7 G8 G9 G10

Higher orders in spin are suppressed by physical PM counting:
<latexit sha1_base64="0HiNqvontyr5QXPqccqROG21me4="></latexit>

aµi = Gmi�
µ
i , |�i| < 1

Tail effect 
’slog v



5PM MOMENTUM IMPULSE

17

1SF

<latexit sha1_base64="6EiC5JFVYoxcFvvJ2CWNJeKR6eo="></latexit>

�p(5)µ1 =

➤ Integrand divides naturally into mass sectors, following Self-Force (SF) 

➤ Quickly generate from Feynman rules using recursive FORM algorithm. 

➤ All propagators are retarded, causality flow towards the outgoing line — in-in formalism

Our first 5PM 
calculation

Very difficult!

When conservative,
Δpμ

1 = − Δpμ
2

Very easy! 0SF

2SF

0SF

1SF

0SF: 63 diagrams 1SF: 426 diagrams

m1m5
2

m2
1m4

2

m3
1m3

2

m4
1m2

2

m5
1m2

New results!



1SF LOOP INTEGRATION
At 1SF all loop orders we need only 1 planar integral basis to handle all contributions:

18

Integrals depend trivially on , non-trivially on |q | γ = v1 ⋅ v2

Red graviton propagators are active: can go on-shell, so the i0 matters.
<latexit sha1_base64="q3HaJ3LDdzqtKKnSbLNlJI6mguY="></latexit>

k
=

1

k · vi + i0+
<latexit sha1_base64="hXYg47BjqRosxRuzroUJcZyoQjw="></latexit>

k = �(k · vi)

<latexit sha1_base64="IG9jadlGHEDVjVfqAfJJISI4nXA="></latexit>

I{�}
{n} =

Z

`1···`L

�(n̄1�1)(`1 · v1)
QL

i=2 �
(n̄i�1)(`i · v2)QL

i=1 D
ni
i (�i)

Q
I<J DnIJ

IJ

<latexit sha1_base64="0xH9CKHnaoeOrMxzxInJp+JIZ78="></latexit>

D1 = `1 · v2 + �1i0
+ , Di>1 = `i · v1 + �ii0

+ ,

Loop integrals with retarded propagators: 

1. Integration-by-Parts (IBPs) unaffected 

2. Differential Equations (DEs) unaffected 

3. Symmetries are affected 

4. Boundary conditions ( ) are affectedv → 0<latexit sha1_base64="NbAB5fwRPbbZNq+pKzdx/O9+wdw="></latexit>

Dij = (`i � `j)
2 , Dqi = (`i + q)2 , D0i = `2i

Interpret as cut propagator
<latexit sha1_base64="XE5Y2ETJD+RGa5oCqRZ3Nm5sD8U="></latexit>

k =
1

(k0 + i0+)2 � k2



5PM-1SF CONSERVATIVE

19

<latexit sha1_base64="y+0lRG4JYHq4A90uxmV4B7h2jiM="></latexit>

�pµ1,cons = |p| sin ✓cons
bµ

|b| + (cos ✓cons � 1)pµ

The conservative impulse has a universal form:

Result depends only on the scattering angle:
b-terms v-terms

<latexit sha1_base64="7iz7EYJdt5YoWuokCD32wKVQpjk="></latexit>

✓cons =
E

M

X

n�1

✓
GM

|b|

◆n ⇣
✓(n,0)cons (�) + ⌫✓(n,1)cons (�) + · · ·

⌘

 consists of Multiple PolyLogarithms (MPLs) up to weight-3, alphabet θ(5,1)
cons ai ∈ {0, ± 1, ± i}

<latexit sha1_base64="IrIEylkmiq5GHgU+DIRfUqTTXRE="></latexit>

G(a1, . . . , an; y) =

Z y

0

dt

t� a1
G(a2, . . . , an; t)

ν =
m1m2

M2

<latexit sha1_base64="TzNt5EHwiO3W1pH8xNlKO8tRbkA="></latexit>

✓(5,1)cons =
31X

k=1

ck(�)fk(�)

No other special functions in the conservative 5PM-1SF result!

Driesse, Jakobsen, GM, Plefka, Sauer, Usovitsch  Phys. Rev. Lett 133 (2024)

<latexit sha1_base64="4tmY8hGLxXvUUFpBDlUYpjNnpHY="></latexit>

pµ = (0,p) =
E2p

µ
1 � E1p

µ
2

M



NOW AVAILABLE: COMPLETE 5PM-1SF

20

We now have the full 5PM-1SF impulse, including radiation-reaction!

<latexit sha1_base64="WoRPTgDcfJp9izk+ZkVVIFNSAbU="></latexit>

Pµ
rad = ��pµ1 ��pµ2

<latexit sha1_base64="Ud2PqhdemHwl3VQos6tXpInIpWg="></latexit>

Erad = P̂com · Prad

Encodes scattering angle, MPLs only 
Even (pure real) integrals

<latexit sha1_base64="mXw+KdPmfLgSD02/1L0/uTcqNQ0="></latexit>

�p(5)µ1SF =
1

b5

⇣
b̂µcb(�) + v̌µ2 cv(�) + v̌µ1 c

0
v(�)

⌘
,

�p(5)µ
1SF

=
1

b5

⇣
b̂µc̄b(�) + v̌µ2 c̄v(�) + v̌µ1 c̄

0
v(�)

⌘
,

Encodes radiated momentum, contains K3 & CY3 kernels 
Odd (pure imaginary) integrals

PN Small-  Expansionv

<latexit sha1_base64="q5PDvMIWr0Pmpc96gAiBzge+NGY="></latexit>

✓(5,1) =
4

5v8
� 137

5v6
+

3008

45v5
+

41⇡2

4 � 3427
6

v4
+

84⇡2

5 � 4096
1575

v3
+

� 12544 log(2v)
45 + 3593⇡2

72 � 445867
432

v2
+

2144536
11025 + 453⇡2

35

v

+

✓
�7552 log(2v)

1575
+

246527⇡2

1440
� 1111790903

756000

◆
+

✓
19424344

363825
+

1787⇡2

672

◆
v

+

✓
�1762784 log(2v)

11025
� 184881⇡2

2240
+

56424801733

49392000

◆
v2 +

✓
16004496043

104053950
� 835619⇡2

59136

◆
v3 + · · ·

Driesse, Jakobsen, Klemm, GM, Nega, Plefka, Sauer, Usovitsch ’24 
Accepted to Nature   



COMPARING THE SCATTERING ANGLE WITH NUMERICAL RELATIVITY (NR)

21

Increasing PM 
orders show NR 
convergence 

NR data: Damour, 
Rettegno, Pratten, 
Thomas, Schmidt 
’23

Calls for EOB 
resummation!



CALABI-YAU THREE-FOLD (CY3)

22

The odd-in-  sector contains a period of Calabi-Yau Three-fold:v

<latexit sha1_base64="qRyoTOPyA7cEWiNTInU2Ay1fSKo="></latexit>h⇣
z
d

dz

⌘4
� z

⇣
z
d

dz
+

1

2

⌘4i
$(z) = 0

Driesse, Jakobsen, Klemm, GM, Nega, Plefka, Sauer, Usovitsch ’24 
Accepted to Nature   

Picard-Fuchs Equation
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E(5)
rad =

M6⌫2⇡

5�b5v3

h
122 +

3583

56
v2 +

297⇡2

4
v3 � 71471

504
v4
⇣9216

7
� 24993⇡2

224

⌘
v5

+
⇣2904562807

6899200
+

99⇡2

2
� 10593

70
log

v

2

⌘
v6 +

⇣7296
7

� 2927⇡2

28

⌘
v7

+
⇣4924457539

29429400
+

8301⇡2

112
� 491013

3920
log

v

2

⌘
v8 +

⇣99524416
40425

� 46290891⇡2

157696

⌘
v9+ · · ·

i
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↵1 =
$2

0

x($0$0
1 �$0

0$1)

We have full analytic control, can PN expand:



CONCLUSIONS & OUTLOOK
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Worldline 
EFT Model

Scattering 
Observables

Resummed 
Hamiltonian Gravitational 

Waveforms
WQFT 

EOB Large-angle 
scattering

Future directions 

1. Physical effects in worldline EFT description: beyond GR, dynamical tides, higher spins, … 

2. Higher-PM scattering observables: 5PM-2SF, 4PM-S2, radial action, waveform, fluxes, … 

3. Improved EOB resummation: inspiration from radial action, self-force expansion… 

4. Enhanced GWs: more NR calibration, more PM data, fluxes, mode decomposition, …

Gravitational Waves from 
Worldline QFT


