
First Quantisation for Physics in Strong Fields, 
Edinburgh, 25 February 2025



𝛻 ⋅ 𝐸 = 𝜌E

𝛻 ⋅ 𝐵 = 0

𝛻 × 𝐸 = −
𝜕𝐵

𝜕𝑡

𝛻 × 𝐵 = −
𝜕𝐸

𝜕𝑡
+ Ԧ𝑗E

No magnetic 
charges

(Maxwell, Treatise on Electricity and Magnetism, 1873)
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 Duality 𝐸 + 𝑖𝐵 → 𝑒𝑖𝜃 𝐸 + 𝑖𝐵

 Magnetic monopole = Particle with non-zero magnetic charge 𝑔

𝛻 ⋅ 𝐸 = 𝜌E

𝛻 ⋅ 𝐵 = 𝜌M

𝛻 × 𝐸 = −
𝜕𝐵

𝜕𝑡
− Ԧ𝑗M

𝛻 × 𝐵 =
𝜕𝐸

𝜕𝑡
+ Ԧ𝑗E

N
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Dirac 1931

 Quantum mechanics: Dirac monopole configuration (Dirac 1931)

 Dirac string unobservable if all electric charges 𝑒 and magnetic charges 𝑔 
satisfy the Dirac quantisation condition 𝑒𝑔 ∈ 2𝜋ℤ 

 The magnetic charge 𝑔 must be an integer multiple of 

the Dirac charge 𝑔𝐷 =
2𝜋

𝑒0
≈ 20.7, where 𝑒0 is the elementary electric charge

N
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(Dirac 1948)

https://doi.org/10.1098/rspa.1931.0130
https://doi.org/10.1103/PhysRev.74.817


‘t Hooft 1974 Polyakov 1974

 Smooth “hedgehog” solution in SU(2) gauge theory with an adjoint scalar field 
(‘t Hooft 1974, Polyakov 1974):

Φ𝑎 ∝ 𝑥𝑎,    𝐴𝑖
𝑎 ∝ 𝜖𝑖𝑎𝑗𝑥𝑗

 Magnetic charge 𝑔 = ׬ 𝑑 Ԧ𝑆 ∙ 𝐵 = 2𝑔𝐷 = 4𝜋/𝑒

 Finite, semiclassically calculable mass 𝑀 ≈
4𝜋𝑣

𝑒
~

𝑚

𝑒2
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https://doi.org/10.1016/0550-3213(74)90486-6
http://jetpletters.ru/ps/1789/article_27297.shtml


GrossPerry 1983

Raut, Shafi  Thapa 2022

 Grand Unified Theory (GUT): 
Electroweak & strong forces unified 
above ∼ 1016GeV 
→ ‘t Hooft-Polyakov monopoles 
 of mass ~ 1017GeV

 String theory monopoles typically 
~ 1020GeV (Gross&Perry 1983)

 Lower mass in some models, 
e.g,. Pati-Salam – like 
𝑆𝑈 3 𝑐 × 𝑆𝑈 3 𝐿 × 𝑆𝑈 3 𝑅 trinification 
(Raut, Shafi & Thapa 2022): 

𝑀 ∼ 160 TeV

Electro- 
weak 
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https://doi.org/10.1016/0550-3213(83)90462-5
https://link.springer.com/article/10.1140/epjc/s10052-022-10727-w


ChoMaison 1996

Cho et al 2012 Ellis et al 2016

BenešBlaschke 2020

Hung 2020 Ellis, Hung  Mavromatos 2020

 Standard Model: No finite-energy magnetic monopole solution

 UV modification ⇒ Dirac-like singular monopole with finite energy
(Cho&Maison 1996)

◦ Mass bound 𝑀 ≳ 5.5 TeV (Cho et al 2012, Ellis et al 2016)

◦ Another variant 𝑀 ≳ 2.4 TeV (Beneš&Blaschke 2020)

 With additional scalar triplets ⇒ Non-singular monopole solution 
(Hung 2020; Ellis, Hung & Mavromatos 2020)

◦ Mass 900 GeV ≲ 𝑀 ≲ 3 TeV

◦ Also explains sin2 𝜃𝑊 ≈ 0.231 and neutrino masses
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https://doi.org/10.1016/S0370-2693(96)01492-X
https://doi.org/10.1142/S021773231650053X
https://doi.org/10.1016/j.physletb.2016.02.048
https://doi.org/10.22323/1.390.0677
https://doi.org/10.1016/j.nuclphysb.2020.115278
https://www.sciencedirect.com/science/article/pii/S0550321321001656?via%3Dihub


Schwinger 1966 Zwanziger 1971

Farakos et al 2024

 Elementary particle with a magnetic charge, arbitrary mass

 Quantum field theory formulations: Schwinger 1966, Zwanziger 1971

◦ Also lattice formulation (Farakos et al 2024)

 Dirac quantisation condition 𝑔 = 2𝜋/𝑒 ≈ 20.7 ≫ 1 ⇒ Non-perturbative

 Quantum effects ⇒ Effective size 𝑅 ∼ 𝑔2/4𝜋𝑀? (Goebel 1970) 

N
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https://doi.org/10.1103/PhysRev.144.1087
https://doi.org/10.1103/PhysRevD.3.880
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.109.114512


 Nominal mass bound 𝑀 ≳ 3 TeV

 Based on tree-level 
Drell-Yan/photon fusion processes

 But perturbation theory is not valid
because 𝑔D = 2𝜋/𝑒 ≈ 20.7 ≫ 1 

(ATLAS Collaboration, 2023)
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Witten 1979 DrukierNussinov 1982

DemidovLevkov 2011

 Semiclassical argument for solitonic monopoles:
pair production from two-particle collisions 

suppressed by ~ 𝑒−4/𝛼 ∼ 10−238

(Witten 1979, Drukier&Nussinov 1982)

 Confirmed numerically for kinks in 1+1D
(Demidov&Levkov 2011)

 Production of solitonic (and elementary?)
monopoles may be practically 
impossible in two-particle 
collisions

25 February 2025A. Rajantie, Magnetic monopoles pair production in strong magnetic fields,

https://www.sciencedirect.com/science/article/pii/0550321379902323?via%3Dihub
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.49.102
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.107.071601


Schwinger 1951

 Consider instead pair production from a strong magnetic field

 Electromagnetic dual to usual Schwinger pair production:
(Sauter 1931, Heisenberg&Euler 1936, Schwinger 1951)
Tunneling through Coulomb potential barrier

 No direct experimental
confirmation yet:

◦ 𝑒+𝑒− pairs need

𝐸 ≫
𝑚2

𝑒
∼ 1018 V/m

◦ 1000 x stronger than the
most powerful lasers

𝐸 𝑟 = 2𝑚 −
𝑒2

4𝜋𝑟
− 𝑒𝐸 ⋅ Ԧ𝑟
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https://doi.org/10.1103/PhysRev.82.664


DunneSchubert 2005

 Dunne&Schubert 2005:

Decay rate Γ = 2𝒱−1 Im − log Ω መ𝑆𝐸 Ω , where መ𝑆𝐸 is the Euclidean S-matrix

Ω መ𝑆𝐸 Ω = න 𝒟𝐴𝜇𝒟𝜙 𝑒−𝑆

= න 𝒟𝐴𝜇exp −Tr log −𝐷2 + 𝑚2 − ׬ 𝑑4𝑥
1

4
𝐹𝜇𝜈𝐹𝜇𝜈 

 Express the tracelog as a worldline 

𝑒−Tr log −𝐷2+𝑚2
= ෍

𝑘

1

𝑘!
න

0

∞ 𝑑𝑠

𝑠
׬ 𝒟𝑥𝜇  𝑒−𝑆0 𝑥𝜇;𝑠  

𝑘

,

 where  𝑆0 𝑥𝜇; 𝑠 =
1

4𝑠
0׬

1
𝑑𝜏 ሶ𝑥𝜇  ሶ𝑥𝜇 + 𝑚2𝑠 + 𝑒 ׯ 𝑑𝑥𝜇 𝐴𝜇

14 March 2018A. Rajantie, Thermal Schwinger pair production, 12

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.72.105004


 Integrate out the photon

Γ = −
2

𝒱
Im log ෍

𝑘

1

𝑘!
න

ෑ

𝑗=1

𝑘
𝑑𝑠𝑗

𝑠𝑗
𝒟𝑥𝑗

𝜇

× exp − ෍

𝑗=1

𝑘

𝑆0 𝑥𝑗
𝜇

; 𝑠𝑗 −
𝑒2

2
෍

𝑖𝑗

ර 𝑑𝑥𝑖
𝜇

ර 𝑑𝑥𝑗
𝜈 𝐺𝜇𝜈(𝑥𝑖 , 𝑥𝑗)

 where  

𝐺𝜇𝜈 𝑥𝑖 , 𝑥𝑗 = −
𝛿𝜇𝜈

4𝜋2 𝑥𝑖 − 𝑥𝑗
2
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 Dilute instanton gas approximation: 𝑘 = 1

Γ = −
2

𝒱
Im log න

𝑑𝑠

𝑠
𝒟𝑥

𝜇

× exp −𝑆0[𝑥𝜇; 𝑠]  −
𝑒2

2
න

0

1

𝑑𝜏 𝑑𝜏′ ሶ𝑥𝜇 𝜏 ሶ𝑥𝜈(𝜏′)𝐺𝜇𝜈(𝑥(𝜏), 𝑥 𝜏′ )

 Weak field 𝑒 𝐸 /𝑚2 ≪ 1  Saddle point approximation Γ ∝ 𝑒−𝑆 𝑥 , where 

𝑆 𝑥 = 𝑚 ׬ 𝑑𝜏 ሶ𝑥𝜇 ሶ𝑥𝜇
ൗ1

2 + 𝑔׬ 𝑑𝜏 ሶ𝑥𝜇𝐴𝜇
ext 𝑥

−
𝑒2

2
න

0

1

𝑑𝜏 𝑑𝜏′ ሶ𝑥𝜇 𝜏 ሶ𝑥𝜈(𝜏′)𝐺𝜇𝜈(𝑥(𝜏), 𝑥 𝜏′ )

 Prefactor = functional determinant
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Affleck, Alvarez  Manton 1982

 Pair production rate per spacetime volume  Γ ∼ exp −𝑆inst

◦ 𝑆inst is the instanton action

◦ Prefactor from functional determinant

 Worldline instanton: (Affleck, Alvarez & Manton 1982) 

◦ Circle of radius 𝑟 = 𝑚/𝑒 𝐸

◦ Action 𝑆inst =
𝜋𝑚2

𝑒 𝐸
−

𝑒2

4

⇒ Γ =
𝑒2 𝐸

2

8𝜋3
𝑒

−
𝜋𝑚2 

𝑒 𝐸
+

𝑒2

4

 Arbitrary coupling but weak field 𝑒 𝐸 ≪ 𝑚2

29 November 2023A. Rajantie, Monopoles and baryons from sphalerons and instantons,

− +

https://doi.org/10.1016/0550-3213(82)90455-2


AffleckManton 1982 GouldAR 2017

 The calculation does not require weak coupling: 𝑔 ≫ 1 is not a problem

 Largely independent of microscopic structure of monopoles
(elementary or solitonic)

 Pair production rate (constant field, 𝑇 = 0): 
(Affleck&Manton 1982; Gould&AR 2017)

Γ =
𝑔2 𝐵

2

8𝜋3
𝑒

−
𝜋𝑀2 

𝑔 𝐵
+

𝑔2

4

 Pair production if 𝑀 ≲
𝑔3 𝐵

4𝜋

1/2

 Strongest magnetic fields in lab 𝐵  ~ 100 T ∼ 10−13 GeV2

 Mass bound 𝑀 ≳ 10 keV
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N S

https://www.sciencedirect.com/science/article/pii/0550321382905119?via%3Dihub
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.119.241601


GouldAR 2017

Klyuev 2024

 Neutron stars with very strong magnetic fields 

 Exterior: 𝐵 ~ 1011 T ≈ 10−4 GeV2

◦ Monopole pair production would
make the field decay

◦ Bound
 𝑀 ≳ 0.3 GeV, 𝑔 = 𝑔𝐷

 𝑀 ≳ 0.7 GeV, 𝑔 = 2𝑔𝐷

(Gould&AR 2017)

 Interior: 𝐵 ~ 1013 T ?

◦ Monopoles production would
lead to field fluctuations
(Klyuev 2024)
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https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.119.241601
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.110.023011


GouldAR 2017

 Strongest magnetic fields in the Universe:
Ideal for monopole search (Gould&AR 2017)

 Run 2: Pb-Pb collisions with 𝑠𝑁𝑁 = 5.02 TeV

 Ultraperipheral collision:
Time-dependent field 

𝐵 𝑡 ≈
𝐵max

1 + 𝜔2𝑡2
3
2

with peak strength 

𝐵max ≈
𝑍𝑒𝛾

2𝜋𝑅2
≈ 7.3 GeV2 ∼ 1016 T

and 𝜔 ≈ 𝛾/𝑅 ≈ 73 GeV

 Highly time-dependent
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Gould, Ho  AR 2019 

𝑆 𝑥 = 𝑚 ׬ 𝑑𝜏 ሶ𝑥𝜇 ሶ𝑥𝜇
ൗ1

2 + 𝑔𝐵max׬ 𝑑𝜏
ሶ𝑥4𝑥2

1 − 𝜔2𝑥4
2

−
𝑔2

8𝜋2
න

0

1

𝑑𝜏 𝑑𝜏′
ሶ𝑥𝜇 𝜏 ሶ𝑥𝜇 𝜏′

𝑥 𝜏 − 𝑥 𝜏′ 2

 Gould, Ho & AR 2019 :

◦ Leading order in 𝑔3𝐵/𝑚2: Ellipse

◦ Action to NLO:

𝑆 𝑥 =
4𝑚2

𝑔𝐵𝜉2
𝐄 −𝜉2 − 𝐊(−𝜉2) −

𝑔2

8

2 + 𝜉2

1 + 𝜉2

where 𝜉 = 𝑚𝜔/𝑔𝐵

◦ All orders: Solve numerically
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https://journals.aps.org/prd/abstract/10.1103/PhysRevD.100.015041


Gould, Ho  AR, 2019

 Time dependence 
and interactions both
enhance the production rate 
(Gould, Ho & AR, 2019)
⇒ Stronger mass bounds

 Numerical calculation 
cannot reach LHC 
parameters yet:
Need 𝜉 ≳ 40 𝜉 ≈ 𝑀/(2𝑛GeV)

Γ ∼ exp(−𝑆)

Self-interactions:
― None
― Leading order
― All orders

=
𝑀𝜔

𝑔𝐵

25 February 2025A. Rajantie, Magnetic monopoles pair production in strong magnetic fields,

− Free particle approximation (FPA)
− Back reaction to leading order
− Back reaction to all orders

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.100.015041


HoAR 2021

 4D field theory
instanton solution
(Ho&AR 2021)

 Georgi-Glashow model:
SU(2)+adjoint scalar

 Action determines the
quantum Schwinger rate
Γ ∝ exp −𝑆inst  

(Ho and AR, 2021)
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HoAR 2021

 4D field theory
instanton solution
(Ho&AR 2021)

 Georgi-Glashow model:
SU(2)+adjoint scalar 

 Action determines the
quantum Schwinger rate
Γ ∝ exp −𝑆inst  

◦ Enhanced by nonzero size

◦ Becomes unsuppressed at
critical field 𝐵crit = 𝑚v

2/𝑒

(Ho and AR, 2021)

= 𝑔3𝐵/4𝜋𝑀2
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𝛽 = 𝑚s/𝑚v

https://iopscience.iop.org/article/10.1088/1367-2630/ac4921


Gould, Ho  AR 2021

Nature 2022

 Conservative bounds:
Worldline instanton with 
the free particle approximation

 Momentum distribution: Gould, Ho & AR 2021

 MoEDAL, Nature 2022:

◦ LHC Run 2: 
235 𝜇b−1 at 𝑠𝑁𝑁 = 5.02 TeV

◦ 800 kg of aluminium trapping detectors

 Lower mass bound 𝑀 ≳ 80 GeV
for all magnetic charges

(MoEDAL Collaboration, Nature 2022)
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https://journals.aps.org/prd/abstract/10.1103/PhysRevD.104.015033
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PRL 2024

 MoEDAL, PRL 2024

◦ CMS beam pipe from LHC Run 1: 
174.29 𝜇b−1 at 𝑠𝑁𝑁 = 2.76 TeV

 Lower mass bound 𝑀 ≳ 80 GeV
for all magnetic charges

(MoEDAL Collaboration, PRL 2024)
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https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.133.071803


PRL 2025

 ATLAS Collaboration, 
PRL 2025

 LHC Run 3:
262𝜇b−1 at 𝑠𝑁𝑁 = 5.36 TeV

 High ionisation signal
in the ATLAS pixel detector

 No events:
Mass bound 𝑀 > 120 GeV
for 𝑔 = 1𝑔𝐷

with free-particle approximation
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 More theoretical work is needed to fully account for finite size and spacetime 
dependence: Will improve current conservative bounds

 Free-particle approximation:

Reach masses 𝑀 ∼
𝑠𝑁𝑁

70

 FCC-hh : 𝑠𝑁𝑁 ∼ 100 TeV
⇒ 𝑀 ∼ 1.4 TeV (EW monopoles!?)
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BeachamZimmermann 2021

 Beacham&Zimmermann 2021:
Largest collider achievable
with current technology

 Collision energy 𝑠𝑁𝑁 ∼ 14 PeV 

 Enough to produce monopoles
with mass 𝑀 ∼ 200 TeV 
(e.g. Pati-Salam monopole!?)
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