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Hadronic Resonances

Phenomenological description:

• cross-section “enhancements”

• process dependent

[Protopopescu  et al, PRD, 1973]

πp → Δππ ( → ρ → ππ)e+e− → ππ ( → ρ → ππ)
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Hadronic Resonances

Phenomenological description:

• cross-section “enhancements”

• process dependent

[Protopopescu  et al, PRD, 1973]

πp → Δππ ( → ρ → ππ)e+e− → ππ ( → ρ → ππ)

eg, Breit-Wigner

σ ∝
1

(s − m2
bw)2 + Γ2

bwm2
bw
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(Beyond) Standard Model

K → ππ (σ?)
D → ππ, KK̄ ( f0(1710)?)

CP violation in strange, charm
LHCb [Aaij et al, PRL, 2019]

BaBar [Aubert et al, PRL, 2008]

⋮

B → K*ℓ+ℓ−

B → ρℓν

LFUV

Belle II [Abudinén, 2206.05946v4, 
2020] [Bernlochner, PRD, 2014]

LHCb [Aaij et al, JHEP, 2016] [Aaij 
et al, Nature, 2022] [Aaij et al, 
PRD,2023]

⋮

⋮

[Aaij et al, JHEP, 2016] 

Muon g − 2
e+e− → ρ → ππ

Muon g-2 [Aguillard et al, PRD, 2024]
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LHCb [Aaij et al, JHEP, 2016] [Aaij 
et al, Nature, 2022] [Aaij et al, 
PRD,2023]

⋮

⋮

[Aaij et al, JHEP, 2016] 

Muon g − 2
e+e− → ρ → ππ

Muon g-2 [Aguillard et al, PRD, 2024]

nonperturbative phenomena
[Gurbernari et al, PRL, 2019]
[Schacht & Soni, PRB, 2022]

⋮

control the QCD side→
this work: → ρ → ππ, K* → Kπ

3

Experiments

⋮
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partial waves
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Tℓ = [S − 1]ℓ

scattering amplitude

= (cot δℓ − i)−1
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Sℓ(Ecm) = e2iδℓ(Ecm)

partial waves

unitarity & symmetry

Tℓ = [S − 1]ℓ

scattering amplitude

= (cot δℓ − i)−1

Poles

Tℓ(E𝖼𝗆) → Tℓ( s), s complex

resonance pole: typically above 
 , with  (unitarity) 

and on sheet-II (causality)
E𝗍𝗁𝗋 Im  s ≠ 0

resonance

s𝗋𝖾𝗌 = M −
i
2

Γ

physical 
scattering
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Quantisation Condition (QC)

Confined barrier            V(x){ = 0, |x | > R
> 0, |x | < R

R < L

−L /2 L /2

R

Phase shift         in : ψ(x) → out : ψ(x − δ)

δ > 0 repulsive

∝ ψ

Periodicity       ψ(x) = ψ(x + L)

δ(k) = nπ − kL/2, n ∈ ℤ

E ∝ k2 ↔ δ(k)
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generalised to multiple channels, spin,…
[Rummukainen & Gottlieb, 1995] [Kim & Sachrajda & Sharpe, 2005] [Hansen 
& Sharpe, 2012] [Leskovec & Prelovsek, 2012] [Fu, 2012] [Briceno, 2014]…

[Lüscher, 1986] 

[Lüscher, 1991] 

δ(E𝖼𝗆(L)) = nπ − ϕ(E𝖼𝗆(L), L), n ∈ ℤ
driven by , neglects → 𝒪(L−b) 𝒪(e−mL)

Periodic 3d:
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known functionat lattice E𝖼𝗆(L)

generalised to multiple channels, spin,…
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Scattering from lattice QCD
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[Briceño, Dudek, Young - RevModPhys, 2018] [Mai et al, PhysRep, 2023]

• baryons


• hidden-charm


• charm-light


• doubly-charm


• exotics, hybrids


• multiple-channels


• three-body

[Green et al, PRL, 2021] 
[Bulava et al, PRD, 2024]

[Wilson et al, PRL & PRD, 2021] 
[Prelovsek et al, JHEP, 2021]

[Yeo et al, JHEP, 2024] [Gayer et al, 
JHEP, 2021] [Lang & Wilson, PRL, 2021] 
[Mohler et al, PRD, 2013]

[Woss et al, PRD, 2021] 
[Woss et al, PRD, 2019] 

[Dudek et al, PRL, 2014] 
[Wilson et al, PRD, 2015] 

[Hansen et al, PRL, 2021] 
[Mai et al, PRL, 2021]

[Whyte et al, PRD, 2025]

…



Scattering from lattice QCD

7

 and ππ → ρ → ππ Kπ → K* → Kπ

[Fischer et al - PLB, 2021][Rendon et al - PRD, 2021] [Wilson et al - PRL, 2019] [Bali et al - PRD, 2016] [Bret et al - 
Nuc.Phys.B, 2018] [Aoki et al - PRD, 2011] [Feng et al - PRD, 2011] [Lang et al - PRD, 2011] [Pelissier et al - PRD, 2013] 
[Dudek et al - PRD, 2013] [Bulava et al - Nuc.Phys.B, 2016] [Fu et al - PRD, 2016] [Andersen et al - Nuc.Phys.B, 2019] 
[Erben et al - PRD, 2020] [Alexandrou et al - PRD, 2017]
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7

 and ππ → ρ → ππ Kπ → K* → Kπ

[Fischer et al - PLB, 2021][Rendon et al - PRD, 2021] [Wilson et al - PRL, 2019] [Bali et al - PRD, 2016] [Bret et al - 
Nuc.Phys.B, 2018] [Aoki et al - PRD, 2011] [Feng et al - PRD, 2011] [Lang et al - PRD, 2011] [Pelissier et al - PRD, 2013] 
[Dudek et al - PRD, 2013] [Bulava et al - Nuc.Phys.B, 2016] [Fu et al - PRD, 2016] [Andersen et al - Nuc.Phys.B, 2019] 
[Erben et al - PRD, 2020] [Alexandrou et al - PRD, 2017]

having  
important for precision!

mπ ≈ mphys
π ≈ 139 MeV



Physical  determination:  and mπ ρ K*

Main decay products ( )





J = ℓ = 1

K*(892) → Kπ, Kγ, Kππ, …

ρ(770) → ππ, πγ,4π, …

[PDG, 2024]
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90 ×

[Blum et al, PRD, 2016]

RBC-UKQCD lattice

Nf = 2 + 1 {mu = md
ms 9

[physics.adelaide.edu.au/theory/staff/
leinweber/VisualQCD/Nobel]

http://physics.adelaide.edu.au/theory/staff/leinweber/VisualQCD/Nobel
http://physics.adelaide.edu.au/theory/staff/leinweber/VisualQCD/Nobel
http://physics.adelaide.edu.au/theory/staff/leinweber/VisualQCD/Nobel


90 ×

[Blum et al, PRD, 2016]

RBC-UKQCD lattice

Nf = 2 + 1 {mu = md
ms 9

Distillation: sources built 
from covariant Laplacian

[Peardon et al, PRD, 2009]
[Morningstar et al, PRD, 2011]

“raw” observables

[physics.adelaide.edu.au/theory/staff/
leinweber/VisualQCD/Nobel]

http://physics.adelaide.edu.au/theory/staff/leinweber/VisualQCD/Nobel
http://physics.adelaide.edu.au/theory/staff/leinweber/VisualQCD/Nobel
http://physics.adelaide.edu.au/theory/staff/leinweber/VisualQCD/Nobel


correlators ⟨Oi(t)O†
j (0)⟩

= ∑
n

AinAjne−tEn
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• agnostic to action

• stochastic/diluted sources

workflow example

Running

•  DiRAC machines, same high-level code

• 'raw' correlators publicly shared

2

[repository.cern/records/vy9x7-bzn92] Tursa (GPU)Tesseract (CPU)

[dirac.ac.uk/extreme-scaling-edinburgh]

http://dirac.ac.uk/extreme-scaling-edinburgh
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correlators

Generalised Eigenvalue Problem (GEVP)

 such that  ?{Oi} → {Ωi} ⟨0 |Ωi |n⟩ ≈ δni
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Phase-shift model

δ1(E𝖼𝗆(L)) = nπ − ϕΛ(E𝖼𝗆(L), L), n ∈ ℤ
QC reminder:

(i) ≡ (n, irrep Λ, flavour)

Allows computation of , but poles inaccessibleδ1(E(i)
𝖼𝗆)

Instead, find  with parameters  through a fitδ𝗆𝗈𝖽 α𝗆𝗈𝖽

II-sheet

T𝗆𝗈𝖽( s) =
1

cot δ𝗆𝗈𝖽( s) − i
Substitute and 
analytically-continue

find  complex poleT𝗆𝗈𝖽
1

find root  cot δ𝗆𝗈𝖽 − i{

aM

°a°

T−1( s𝗋𝖾𝗌)

Resonance Pole



aM

°a°

Uncertainties?
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aM

°a°

statistical errors

Uncertainties?

13

propagate through

systematical errors

model average: w𝗍(𝖼𝗁𝗈𝗂𝖼𝖾) ∝ e−AIC𝗍𝗈𝗍(𝖼𝗁𝗈𝗂𝖼𝖾)/2

QCdistillation+GEVP
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next frontier:  
continuum limit

[Green et al, PRL, 2021] 
[Peterken & Hansen, 
2408.07062, 2024]

0 ← a

0.11
a (fm)

0.08

[Blum et al, PRD, 2016]
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Conclusions

 and  at  from Lattice QCD


Data-driven systematic via sampling method of lattice energies

K*(892) ρ(770) mπ ≈ 139 MeV{
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lattice analysis systematics

operators, higher waves, IB/QED,  3-body, …≥{

• continuum limit


• reliable errors
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Data-driven systematic via sampling method of lattice energies

K*(892) ρ(770) mπ ≈ 139 MeV{

Outlook:

• hadronic decays

• heavy flavour weak decays

• scalars

D → Kπ, …
B(s) → K*ℓ+ℓ−

B → ρℓν

0 ← a

0.11
a (fm)

0.08

Important towards precision

lattice analysis systematics

operators, higher waves, IB/QED,  3-body, …≥{

• continuum limit


• reliable errors

16

PhysRevD.111.054510 
PhysRevLett.134.111901

Thanks for the attention!

σ, f0 → ππ 0+(0++), κ → Kπ 1/2(0−)dp393
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Outlook

Hadronic  decays at  pointD → Kπ SU(3)f

taken from [Hansen, talk at Lattice 2023]

[Joswig et al, Lattice2022 & MIT Colloquium]
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“Heavy-flavour weak decays into resonant scattering states” [Erben et al]

• 232 MeV pion mass, DWF

• Allocated DiRAC project ⟨n, P |Jμ(0,q) |B, pB⟩

B(s) → K*ℓ+ℓ−

B → ρℓν
e.g. see [Erben, Lattice2024 plenary] 
[Leskovec et al, Lattice2022]

⋮

3pt-functions
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Phase Shift

∼ out⟨π(p1)π(p2) | S | π(p3)π(p4)⟩in
• -matrix  

element
S

asymptotic states

 scattering2 → 2

• scattering        amplitude − ∼ [S − 1]ℓ ≡

Tℓ = (cot δℓ − i)−1

• phase        shift Sℓ(Ecm) = e2iδℓ(Ecm)

partial waves

unitarity & symmetry

27
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E𝗍𝗁𝗋

[Asner & Hanhart, 50.Resonances, PDG, 2022]

Poles
T(E𝖼𝗆) → T( s), s complex

virtual 
bound state

bound state

• bound state: below  on sheet-I (or virtual on sheet-II) E𝗍𝗁𝗋

resonance

• resonance: above  pushed into  (unitarity) on sheet-II (causality)E𝗍𝗁𝗋 Im  s ≠ 0

resonance

28

s𝗋𝖾𝗌 = M −
i
2

Γ
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What about scattering?

∏
i

∫i
e−ipixi ( □i + m2) ⟨O1O2O3O4⟩ ∼

on-shell
⟨p1p2 |S |p3p4⟩LSZ:

can compute nonperturbatively, but…

Euclidean
analytical continuation of statistical data

(Periodic) Finite volume
discrete spectrum, -dependentL

29
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Two particles in a box
Generic effective dofs: scalar fields, mass m

No interactions:  E(L) = 2 m2 + p2

det [iT(E𝖼𝗆(L)) + F(E𝖼𝗆(L), L)] = 0

generalised to multiple channels, spin,…
[Rummukainen & Gottlieb, 1995] [Kim & Sachrajda & Sharpe, 2005] [Hansen 
& Sharpe, 2012] [Leskovec & Prelovsek, 2012] [Fu, 2012] [Briceno, 2014]…

known function
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Two-point functions

⟨O(x)O(y)†⟩ = 𝒵−1 ∫ DU (O(x)O(y)†)[U] e−S𝗅𝖺𝗍[U] ≈
n𝖼𝖿𝗀

∑
i

(O(x)O(y)†)[U(i)]

 : integrate in terms of  S𝗊𝗎𝖺𝗋𝗄 ∝ ψ̄Dψ D−1 = ⟨qq̄⟩

∋
31
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∑
n

⟨0 |OV |n⟩⟨n |O†
V |0⟩e−tEn = ∑

n

Zne−tEn
t≫1 Z0e−tE0

=
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ζ ∼ δ(y) ∼

not very 
hadron-like…

∼ 0.1 fm

•  expensive  compute columns 


• large freedom to choose source  and 
D−1 → (D−1ζ)β

b(x)
ζ O

 more interpolators? hadronic dimension? →

sp
ati

al 
2d

-sl
ice

lower , worsemπ
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Non-local
OMM′￼

(x, y, t) ∼ (q̄1γ5q′￼1)(x, t) (q̄2γ5q′￼2)(y, t)

⟨OMM′￼
(x, y, t) OMM′￼

(z, 0,0)†⟩F

∑
x,y,z

e−ix⋅p−iy⋅q−iz⋅k ×

∋



Multi-hadron operators 

Information from  is needed (all-to-all)


• dimension  : unfeasible

D−1(x; y)αβ
ab

4 × 3 NtN3 ∼ 𝒪(108)
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Multi-hadron operators 

Information from  is needed (all-to-all)


• dimension  : unfeasible

D−1(x; y)αβ
ab

4 × 3 NtN3 ∼ 𝒪(108)

Use freedom to build sources: 


• smaller and more efficient basis than entire lattice?

32
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Distillation

Low-lying  eigenvectors of 3D- covariant Laplacian Nvec −∇2
ab(t)

□ (t) =
Nvec

∑
k=1

vk(t)vk(t)†

projection q → □ q

full propagator 
D−1(x; y)αβ

ab

perambulator
τ(t, t′￼) = v(t)†D−1(t, t′￼)v(t′￼)

space-color 
encoded in 
va

k (x, t)

33

[Peardon et al, PRD, 2009] [Morningstar et al, PRD, 2011]
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Distillation

Low-lying  eigenvectors of 3D- covariant Laplacian Nvec −∇2
ab(t)

□ (t) =
Nvec

∑
k=1

vk(t)vk(t)†

projection q → □ q

full propagator 
D−1(x; y)αβ

ab

perambulator
τ(t, t′￼) = v(t)†D−1(t, t′￼)v(t′￼)

space-color 
encoded in 
va

k (x, t)

Source is built from  inversions  for each 


• their superposition gives source with smeared 
spatial profile

Nvec D−1vk t′￼

Reusable , various , , …pi γμ

33

[Peardon et al, PRD, 2009] [Morningstar et al, PRD, 2011]



Hidden until now

Finite-volume breaks rotational into cubic subgroup

•  : 24 symmetries of a cube (  spin)


• parity  : 48 elements
SO(3) → O ℤ

→ Oh
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Rest and moving frames (MF) mapped into  
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J = 1,2,... → [001]E
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Hidden until now

Finite-volume breaks rotational into cubic subgroup

•  : 24 symmetries of a cube (  spin)


• parity  : 48 elements
SO(3) → O ℤ

→ Oh

Rest and moving frames (MF) mapped into  
subgroups

• all states/operators labelled by irreps  of 

• parity in MF is not always a good quantum number 

Oh

Λ[P] Oh

“Subduction”:


J = 1,3,... → [000]T1u

J = 1,2,... → [001]E
⋮m1 ≠ m2

J = 0,1,2,... → [001]A1
34



Phase-shift model

δ(E𝖼𝗆(L)) = nπ − ϕΛ(E𝖼𝗆(L), L), n ∈ ℤ
QC reminder:

(i) ≡ (n, Λ, flavour),  lattice

Allows computation of , but poles inaccessibleδ1(E(i)
𝖼𝗆)
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Phase-shift model

QC reminder:

(i) ≡ (n, Λ, flavour),  lattice

Allows computation of , but poles inaccessibleδ1(E(i)
𝖼𝗆)

Minimise correlated 

χ2
𝖯𝖲(α𝗆𝗈𝖽) = ∑

i,j
[Ei

𝖼𝗆 − ℰi
𝖼𝗆(α𝗆𝗈𝖽)](Cov−1)ij[Ej

𝖼𝗆 − ℰj
𝖼𝗆(α𝗆𝗈𝖽)]

to constrain δ𝗆𝗈𝖽

35

δ𝗆𝗈𝖽(ℰ𝖼𝗆(L)) = nπ − ϕΛ(ℰ𝖼𝗆(L), L), n ∈ ℤ

Invert QC: given model  with parameters , find δ𝗆𝗈𝖽 α𝗆𝗈𝖽 ℰ(i)
𝖼𝗆



Eigenvalue fits

Correlated  to constrain itχ2
⟨Ωn(t)Ω†

n(0)⟩ = ∑n
Zne−tEn

Remember
Model: λ𝗆𝗈𝖽(t) = Z𝗆𝗈𝖽

n e−tEn
𝗆𝗈𝖽 +⋯{{λn(t) t≫1 ≈ Zn e−Ent
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• fit on every replica:          


•
En

𝗆𝗈𝖽,b → σ2 ≈ Var(En
𝗆𝗈𝖽,b)

En
𝗆𝗈𝖽,b

𝖻𝗈𝗈𝗌𝗍 En
𝖼𝗆,b

Statistical errors in  from MC: few samples : bootstrap  replicas λn(t) Nb
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⟨Ωn(t)Ω†
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Model: λ𝗆𝗈𝖽(t) = Z𝗆𝗈𝖽

n e−tEn
𝗆𝗈𝖽 +⋯{{λn(t) t≫1 ≈ Zn e−Ent

For all levels:


{𝖿1, 𝖿2, …} = 𝖿

{E𝖼𝗆}
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Akaike information criterion (AIC)


• probabilities  for different models


• hybrid: “Bayesian” model comparison, but frequentist weights


• uncertainty prescription: spread of final weighted distribution

Model-averaging

w ∝ exp −
1
2 [

AIC

χ2 + 2n𝗉𝖺𝗋]

37



Different   different models [t𝗆𝗂𝗇, t𝗆𝖺𝗑] = 𝖿 ↔

wi
𝖼𝗈𝗋𝗋(𝖿(i)) = exp −

1
2

AIC𝖼𝗈𝗋𝗋(𝖿i)

w ∝ exp −
1
2 [

AIC

χ2 + 2n𝗉𝖺𝗋 − n𝖽𝖺𝗍𝖺]
Akaike information criterion (AIC)


• probabilities  for different models


• hybrid: “Bayesian” model comparison, but frequentist weights


• uncertainty prescription: spread of final weighted distribution

Model-averaging
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one fit
 {E𝖼𝗆} → δ𝗆𝗈𝖽

static data[ [static data

 fits

 

n 𝗅𝖾𝗏

λi, 𝖿i → Ei
𝖼𝗆

i ≡ (n, Λ, flavour)
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First, imagine

w𝗂𝖽𝖾𝖺𝗅(𝖿, δ𝗆𝗈𝖽) ∝ e−AIC𝗂𝖽𝖾𝖺𝗅(𝖿,δ𝗆𝗈𝖽)/2

one fit {λ, 𝖿} → δ𝗆𝗈𝖽global minimisation unfeasible

[ [static data
subproduct



back to blocked 
procedure

[ [static data w𝗂𝖽𝖾𝖺𝗅(𝖿, δ𝗆𝗈𝖽) ≈
w𝗍(𝖿, δ𝗆𝗈𝖽) ∝ e−AIC𝖯𝖲(𝖿,δ𝗆𝗈𝖽)/2

w𝖯𝖲

∏
i

e−AIC𝖼𝗈𝗋𝗋(𝖿(i))/2

w𝖼𝗈𝗋𝗋
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Proposal
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e.g. Breit-Wigner

cot δ𝖡𝖶
1 ( s) =

6π(m2 − s) s
p3

𝖼𝗆g2

α𝖡𝖶 = [g, m]

central value 
histogram

gK*→Kπ


