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Interesting Diffusion Model Papers: 
Q. Zhu, G. Aarts, W. Wang, K. Zhou, and L. Wang, Physics-Conditioned Diffusion Models for Lattice Gauge Theory, arXiv:2502.05504 
G. Aarts, D. E. Habibi, L. Wang, and K. Zhou,  On learning higher-order cumulants in diffusion models, Mach. Learn.: Sci. Technol. 6 025004



Disordered system
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The Hamiltonian of a disordered system is given as follows,

H = − Jijσiσj − hiσi, σi = ± 1,

where  is the random coupling between spins , and  is the 
external field.

J σ h

Jij ∼ 𝒩 (J0, σ2
J )

Spin glass model:

hi ∼ 𝒩 (h0, σ2
h)

Random field Ising model:



Neural network as a disordered system
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Define a deep neural network with  hidden layers and an 
activation function  with input data  as follows,

L
ϕ x

ya = ZaiϕL (zL−1
i ), zl

i ≡ Wl
ijϕ

l (zl−1
j ), z0

i ≡ W0
ijxj,

Define a mean square error (MSE) as follows,

ℒ =
1
2 (y* − y)2,

where  is the target vector.y*

The output of the last layer  are often called features.ϕL
i

 and  are called weight matrices and  are pre-activations.Z Wl zl



Neural network as a disordered system
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Expanding the expression of MSE,

ℒ =
1
2 (y* − y)2,

=
1
2 ∑

i,j,a

ZT
iaZajϕiϕj − ∑

i,a

y*T
a Zaiϕi +

1
2 ∑

a

y*T
a y*a ,

=
1
2 ∑

i,j

Jijϕiϕj − ∑
i

hiϕi + C,

where we introduced spin-glass system like notations,

Jij ≡ ZT
iaZaj, hi ≡ y*T

a Zai

Deep neural network is a disordered system of learnt features!

H = − Jijσiσj − hiσi,

ya = ∑
i

Zaiϕi

E. Gardner and B. Derrida, J. Phys. A: Math. Gen. 21 (1988) 271-284



Neural network as a disordered system
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Disordered system Neural Networks

Cost function Hamiltonian
 Loss function


Spin degree of 
freedom

Hard spin
 Soft spin (feature)


External field Alignment to the external field Alignment between feature 
spaces

Coupling Gaussian distribution Wishart distribution

Dynamics Equilibrium Non-equilibrium

H ℒ

σ ∈ {−1, + 1} ϕ (zl−1)



Dynamics of neural network
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Stochasticity is introduced by using a finite batch size   
finite sample size effect.

→

⟨Δp⟩p∈B
≡

1
|B | ∑

p∈B

Δp, Δp ≡
∂ℒ

∂W(n)
ij p

W(n+1)
ij = W(n)

ij − α ⟨Δp⟩p∈B
, α: Step size (Learning Rate)

B: Batch

where,

Stochastic Gradient Descent (SGD)

There are two hyperparameters in the optimiser, the step size  
and the batch size .

α
|B |



Dynamics of neural network
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Training a neural network is a non-equilibrium relaxation process 
from an off-equilibrium initial distribution to the final target 
distribution at equilibrium temperature .T

But what ?T
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: Number of data in one iteration.|B |
: Length scale of one iteration.α

: 
Number of data in 
unit length scale 
(number density)

n ≡ |B | /α

Imagine a gas of i.i.d. data 
confined in a volume .α

P = nT
Ideal gas equation.

n−1 =
α

|B |
∝ TThe number density  is inversely 

proportional to the temperature.
n

Effective temperature
Ideal gas intuition

W(n+1)
ij = W(n)

ij − α ⟨Δp⟩p∈B
, α: Step size

B: Batch
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The learning curve is 
equivalent in both 
cases. Figure from *.

T =
α/k
|B |

=
α

k |B |
, k > 0

* S. L. Smith, et. al., ICLR  2019, arXiv:1711.00489 
 P. Goyal, et. al. arXiv:1706.02677 
 G. Aarts, B. Lucini, C. Park, PRE 111, 015303, arXiv:2407.16427†

Effective temperature
Linear scaling rule

Variance of the final distribution scales with . Figure from .T = α/ |B | †

T′￼

T



Langevin equation for SGD
Effective temperature
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W(n+1)
ij = W(n)

ij − α𝔼B [Δij] + α
α

|B |
𝕍B [Δij]η

The correct continuum stochastic differential equation (SDE) 
limit is only obtained by fixing the ratio .α/ |B |

·Wij = − 𝔼B [Δij] + T𝕍B [Δij]η

α → 0, |B | → 0 fix T ≡
α

|B |

S. Yaida, Fluctuation-Dissipation Relations for Stochastic Gradient Descent, arXiv:1810.00004

W(n+1)
ij = W(n)

ij − α ⟨Δp⟩p∈B
, α: Step size

B: Batch



Empirical phase diagram of 
Tanh Deep Neural Network
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Three distinctive regimes are observed

High-temperature regime

Well-trained regime

Jammed regime
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Empirical phase diagram
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The neural network undergoes two regime transitions along the 
temperature axis.

• Low-temperature 

 Well-trained fxed-point

• High-temperature 

 Non-convergent dynamics

• Jamming 

 Gradient vanishing fixed point

T ∼ (10−2, 100)
ℒ ∼ 0, ∇ℒ ∼ 0

⋯

T ∼ (100, 101)
ℒ ≠ 0, ∇ℒ ≠ 0

⋯

T ∼ (101, 102)
ℒ ≠ 0, ∇ℒ ∼ 0

⋯
After the training
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Empirical phase diagram
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The neural network undergoes one transition along the initial 
variance axis.

At initialisation
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Dynamics of eigenvalues during training
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Classifying phases from the weight matrix eigenvalue dynamics
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• Neural networks can be modelled as a disordered system.

• The phase diagram gives intuition on how to choose the 
hyperparameters of the model to achieve good convergence.

Summary

16

Outlook
• Other types of architectures? Universality classes?

• Directly solving it as a disordered system.

• Eigenvalue distribution and relation with random matrix theory.
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Thank you!



Empirical phase diagram
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Three regimes can also be identified by measuring other 
observables inspired from the spin-glass model.

q ≡ lim
t→τ

⟨ϕ(0)ϕ(t)⟩

Temporal overlap captures 
the slow dynamic in the 
jamming phase.

⟨hϕ⟩

Alignment to the external field 
captures paramagnetic phase 
and ferromagnetic phase.

H = − Jijϕiϕj − hiϕi,



10! 2 10! 1 100

!/ |B|

! 8

! 6

! 4

! 2

"l
n

[L
]#

10! 2 10! 1 100

!/ |B|

! 0.5

0.0

0.5

1.0

1.5

2.0

"|
|#

L|
|$

Empirical phase diagram
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MNIST dataset
Similar phase structure is observed.
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Dyson-Brownian motion of eigenvalues
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The Langevin equation of eigenvalues can be 
derived from the random matrix theory.

·xi = − Ki + T∑
j≠i

Vij

xi − xj
+ TViiηi,

where we have introduced  for 
notational simplicity.

K ≡ 𝔼 [Δ], V ≡ 𝕍 [Δ]

G. Aarts, B. Lucini, C. Park, arXiv:2407.16427

We aim to build a “one-particle theory”, by choosing mean 
level spacing  as the characteristic degree of freedom.S

⟨S⟩ =
!

dS P(S) S ≃
!

1
N

N−1

∑
i

(xi+1 − xi)"

A. Pimpinelli, H. Gebremariam, T. L. Einstein, PRL 95, 246101



Phase boundary from the dynamics
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·S = − KS + T
VS

S
+ TDη

∂SPτ(S) =
[

−
KS

T
+

VS

S ]
Pτ(S)

·xi = − Ki + T∑
j≠i

Vij

xi − xj
+ TViiηi,

At training time , the stationary distribution satisfies,τ
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(a) → (a′￼)

(b) → (a)

• Dynamics (a)

• Dynamics (b)

T
S0

≤
KSτ

VSτ

T
S0

>
KSτ

VSτ

(b) → (b)

(b) → (a)

Dynamics at 
t = 0 → t = τ


